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Preface

Since the publication of my previous books [99, 106], many papers and mono-
graphs have appeared which develop similar themes. So, now is a good time
for an “intermediate finish”, a new book containing results obtained up to
the present.

The themes of the book cross the borders of several mathematical subjects
including the geometry of manifolds, stochastic analysis, set-valued analysis
and some chapters of mathematical physics. Thus, an important feature of the
book is that it includes a significant amount of preliminary material. However,
my original intention to make the book completely self-contained yielded such
an incredible volume of text that I had to reduce the preliminaries and assume
the reader to be at least a little familiar with the aforementioned branches
of mathematics. Nevertheless, I hope that the remaining preliminaries will
be useful for an expert in one of the subjects who wishes to understand the
others and will also familiarize non-experts with the general themes of this
work.

I want to express my thanks to a lot of people who aided me in my research.
First of all, I am obliged to my advisor Yu.G. Borisovich who introduced me
to mathematics. In particular, I owe my interest in Global Analysis and its
applications to Mathematical Physics to him. Another strong influence (this
time in Stochastic Analysis) was exerted on my research by K.D. Elworthy. I
am indebted to him for long and extremely useful discussions of the problems
that interested me, as well as for repeated invitations to Warwick University,
allowing me to ventilate my ideas with many mathematicians from all over
the world. In addition, I should specially mention Yu.L. Daletskii who was
also a great help.

I express my gratitude to my colleagues and co-authors: Ya.l. Belopolskaya,
B.D. Gelman, I.V. Fedorenko and T. Zastawniak and my former students and
co-authors: S.V. Azarina, Yu.S. Baranov, L.A. Morozova, A.V. Obukhovskii,
P.S. Ratiner and P.S. Zykov for their interest in our joint work. I am grate-
ful to Z. Brzezniak, V.Ya. Gershkovich, A.I. Shnirelman, A. Truman, A.M.
Vershik and many others for very useful discussions.
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My research, the results of which are included in this book, was supported
in part by INTAS Grants 94-00378 and 99-00559, RFBR Grants 96-01-00444,
99-01-00819, 03-01-00112, 04-01-00081, 07-01-00137 and 08-01-00155 as well
as by Grants UR.04.01.003 and UR.04.01.008 of the program “Universities
of Russia” and by Grant VZ-010-0 of the Russian Ministry of Education and
CRDF. I am grateful to all these foundations.

Yuri E. Gliklikh
September, 2009
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Introduction

The main aim of this book is to develop and combine the methods of Global
Analysis and Stochastic Analysis allowing a more or less common treatment
of areas of mathematical physics that are traditionally considered distant
from one another and which have formerly required different methods of
investigation. Among the areas we mention are classical mechanics on non-
linear configuration spaces and some problems of statistical physics, quantum
physics and hydrodynamics. The idea, yielding the unification of these top-
ics, is based on the use of a geometrically invariant form of Newton’s second
law and its analogs (stochastic, set-valued, infinite-dimensional, etc.) as a
fundamental equation of motion. The realization of this idea allows one to
elaborate general approaches to the investigation of the above-mentioned the-
ories whose modification in each concrete case permits us to create effective
methods of investigation and to obtain new important results.

The principal project of the book incorporates a huge amount of math-
ematical machinery including, among other things, some branches of global
analysis, stochastic analysis, set-valued analysis and analysis on infinite di-
mensional manifolds. The large amount of space devoted to preliminary ma-
terial and recent results in the above-mentioned branches of mathematics is
a result of the author’s desire to make the book as self-contained as possible.
Some of this preliminary material can be used as a first introduction to the
subject. In those cases where a detailed description of the material would be
too lengthy to include, we simply give a survey of notions and constructions
without detailed proofs. Generally we limit ourselves to the material that is
necessary for the applications to mathematical physics which appear in the
last part of the book. Nevertheless, for the sake of completeness, we often
describe notions, results and constructions that are not used in the book but
that are close to its main theme.

The book consists of three parts (subdivided into chapters, sections and
sometimes subsections), devoted, respectively, to global analysis, stochastic
analysis and applications to mathematical physics. The contents of these
parts are interrelated, however each part can be read independently. The

XV



xvi Introduction

first part contains an introduction to the geometry of manifolds from the very
beginning to branches that are often absent in textbooks and monographs.
In particular, it includes the machinery that is used in stochastic analysis
on manifolds. Thus the first two parts together present a rather complete
introduction to the latter. Some chapters of Part 3 are related only to Part 1
and can be read without reference to the material of Part 2. Other chapters
use results and constructions from both Part 1 and Part 2.

The material of Part 1 is devoted to global analysis and forms the basis
for the subsequent exposition. We begin with a glossary of commonly used
definitions and formulae from the theory of manifolds. Following this we look
at Lie groups and algebras, fiber bundles and related topics, and introduce
Riemannian metrics, tensors, differential forms and Lie derivatives.

Most important for the forthcoming material is Chapter 2, devoted to the
theory of connections. For vector bundles we use the approach to connections
based on the so-called connectors (connection maps) first introduced by P.
Dombrovski in the 1960s (see [56]). This is easily generalized to, say, man-
ifolds of maps. The connections on manifolds are introduced as connections
on their tangent bundles. We look at curvature and torsion tensors and Rie-
mannian connections (in particular, the Levi-Civitd connection), connections
on principal bundles and a connection on the total space of a vector bundle
generated by a connection on the bundle and by a connection on the base. We
conclude the chapter with the notion of second order tangent vectors that are
transformed into ordinary (i.e., first order) tangent vectors by a connection.

Chapter 3 is devoted to ordinary differential equations on manifolds. The
first topic addresses the necessary and sufficient conditions for completeness
of flows of vector fields. We show how to modify the sufficient conditions
for completeness in both one-sided and two-sided cases in order to obtain
necessary and sufficient conditions. In both cases the necessary and sufficient
conditions involve a transition to the extended phase space. One-sided con-
ditions are formulated in terms of the existence of a proper function on the
extended phase space such that its derivative in the direction of the natural
extension of the right-hand side of the equation onto the extended phase space
is uniformly bounded. For this type of necessary and sufficient condition we
also find a natural infinite-dimensional generalization that is applicable also
to some cases where the right-hand side is given only on an everywhere dense
subset of the phase space.

Two-sided conditions are formulated in terms of the existence of a complete
Riemannian metric on the extended phase space such that the norm of the
natural extension of the right-hand side of the equation is uniformly bounded
with respect to this metric.

We then describe the basic construction and properties of integral opera-
tors with parallel translation, elaborated by the author. These operators and
their stochastic generalizations are applied to the investigation of various
equations below.
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In the remaining part of the chapter we describe second order differential
equations on manifolds as special vector fields on tangent bundles and as given
in terms of covariant derivatives. The latter, in particular, involve geodesic
sprays of connections. For completeness we conclude the chapter with a brief
account of Hamiltonian systems.

Chapter 4 is devoted to elements of set-valued analysis and forms the
basis for all following set-valued problems. Besides the standard notions of
upper and lower semi-continuous set-valued maps, differential inclusions, etc.,
here we also present two new results establishing the existence, in the finite-
dimensional case, of a sequence of special e-approximations for an upper semi-
continuous set-valued map with convex values that point-wise converges to
a Borel measurable selector of the set-valued map as ¢ — 0. These results
are important in the later study of various stochastic differential inclusion
problems.

In Chapter 5 we describe analysis on groups of Sobolev diffeomorphisms
of a compact manifold. These groups are natural configuration spaces for sys-
tems of hydrodynamics in the framework suggested by Arnold-Ebin-Marsden.
The case of the group of diffeomorphisms of a flat torus is of special interest
since a fluid motion on the torus is often considered in classical hydrodynam-
ics.

The second part is devoted to the constructions and results from con-
temporary stochastic analysis with the main focus on stochastic analysis on
manifolds. In Chapter 6 we recall some material that is not generally in-
cluded in a standard university course. We describe, among other topics,
conditional expectations, martingales, weak convergence of probability mea-
sures, stochastic integrals and stochastic differential equations in Euclidean
spaces (both in It6 and in Stratonovich forms) and stochastic flows and their
generators (forward and backward).

In the next chapter we pass to manifolds. It should be pointed out that
topological and geometric constructions are used considerably in stochastic
analysis on manifolds. Thus the material of this chapter is based on the ma-
terial of Part 1 (first of all on the theory of connections) and, of course, on
the material of the previous chapter. First we describe stochastic differential
equations on manifolds in Stratonovich form. This formalism is widely used
since the right-hand sides of such equations are transformed under coordinate
changes like ordinary tangent vectors. Then we show that on each manifold
there exists a Riemannian metric having the so-called uniform Riemannian
atlas. If the coefficients of a Stratonovich equation are C'-smooth and uni-
formly C' bounded with respect to such a metric, the flow is complete.

We then turn to It6 stochastic differential equations on manifolds. We de-
scribe an approach treating such equations as cross-sections of a special fiber
bundle (the It6 bundle) with an interesting structure group, interrelated ap-
proaches elaborated by Belopolskaya and Daletskii and by Baxendale (based
on the theory of connections), an approach based on integral operators with
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parallel translation along stochastic processes (due to the author), and some
other contemporary constructions.

We should mention a necessary and sufficient condition for completeness of
a stochastic flow, continuous at infinity. In some sense this is a generalization
of the one-sided necessary and sufficient condition for completeness of the
flow of a vector field described in section 3.1. There is also a result on criteria
of weak compactness of measures on path spaces corresponding to solutions
of stochastic differential equations on manifolds.

Besides the well-known Eells-Elworthy development we introduce another
one, the so-called It6 development whose construction is based on It6 equa-
tions. On this basis we introduce the notion of It6 processes on manifolds (as
Itd developments of 1td processes in tangent spaces), along which the parallel
translation is well-defined. The use of It6 processes makes the construction
of parallel translation simple and clear.

In addition, some general existence of solution theorems are proved, in par-
ticular for the so-called equations with unit diffusion coefficient on stochas-
tically complete Riemannian manifolds.

The chapter concludes with the notion of a martingale with respect to a
connection.

We then consider (in Chapter 8) a version of differential calculus for
stochastic processes, Nelson’s theory of mean derivatives. Later some equa-
tions of mathematical physics (in mechanics with random perturbation of
forces or velocities, in quantum theory and in hydrodynamics) are given in
terms of these derivatives.

The classical Nelson mean derivatives give information only about the drift
of a stochastic process. By a slight modification of a certain idea of Nelson we
introduce a new sort of mean derivative (called the quadratic mean deriva-
tive) that is responsible for the diffusion term. Considering the quadratic
derivative together with Nelson’s classical derivatives, we investigate first or-
der differential equations and inclusions with mean derivatives: with forward
mean derivatives, with backward mean derivatives and with the so-called
current velocity, having a physical interpretation as a stochastic analog of
ordinary physical velocity. In particular we prove some existence of solution
theorems. We create a list of the first and second mean derivatives for a
Wiener process, for solutions of It6 equations, for It6 diffusion type processes
with unit diffusion coefficient, etc., that allow us in forthcoming chapters to
prove the existence of solutions of higher order equations in mean derivatives.

The features of mean derivatives on manifolds are of special interest. The
construction of forward and backward mean derivatives on a manifold in-
volves a connection. It turns out that the forward and backward derivatives,
determined with respect to a certain connection, are naturally related to 1t6
equations in Belopolskaya-Daletskii form, determined by the same connec-
tion. We show that forward and backward mean derivatives are related to for-
ward and backward generators of a flow that is governed by the It6 equation
(cross-section of the It6 bundle) corresponding to the Belopolskaya-Daletskii
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equation with respect to the given connection. This relationship is described
in terms of the same connection as a fiber-wise linear mapping from the sec-
ond order tangent bundle to the ordinary (i.e., first order) tangent bundle to
the manifold.

Note that the quadratic mean derivative and current velocity are defined
without using connections and have the form of a (2,0)-tensor field and a
vector field, respectively.

Some existence of solutions theorems for equations and inclusions in mean
derivatives on manifolds are proved.

We conclude Part 2 with elements of stochastic analysis on groups of
diffeomorphisms. We consider right-invariant It6 stochastic differential equa-
tions in Belopolskaya-Daletskii form on general groups of diffeomorphisms
and on volume preserving groups. The Wiener process, used in the construc-
tion of the equations, is finite-dimensional. In the general case it is taken
from a Euclidean space in which the finite dimensional manifold is embedded
by Nash’s theorem. For the particular case of the group of diffeomorphisms
of a flat n-dimensional torus a special n-dimensional Wiener process is con-
structed that allows one to apply the corresponding equations to the investi-
gation of viscous hydrodynamics described below. Some existence of solution
theorems are obtained.

Making use of the material of Parts 1 and 2, Part 3 is devoted to the de-
scription and investigation of various mechanical and physical systems. The
exposition begins with a description of classical Newtonian mechanics in the
language of invariant geometry and topology. Newton’s second law is intro-
duced in terms of the covariant derivative of the Levi-Civita connection of a
Riemannian metric that determines the kinetic energy on the configuration
space. After introducing such mechanical systems in a very general form, we
consider the special case of conservative systems, including Hamilton’s prin-
ciple of least action and Noether’s theorem. We also consider systems with
group structure, systems with discontinuous forces (where Newton’s law is
given in terms of differential inclusions), systems with delayed forces (de-
scribed in terms of parallel translation), systems with constraints given in
geometric form due to Vershik and Faddeev (including non-holonomic me-
chanics and the so-called vakonomic systems, i.e., variational problems with
constraints), integral equations of geometric mechanics (involving parallel
translations), velocity hodographs, and so on.

In Chapter 12 we apply the machinery developed above to the qualitative
behavior of trajectories of mechanical systems. We consider the two-point
boundary value problem for trajectories, i.e., whether it is possible to join
two points of configuration space by a trajectory. It should be noted that
on non-linear configuration spaces (i.e., on Riemannian manifolds), even for
smooth bounded forces independent of velocities, this problem may not have a
solution at all, unlike the case of linear configuration spaces. This may happen
if the points are conjugate along all geodesics of the Levi-Civitd connection
joining them (this is true for all types of forces, e.g., for forces depending on
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velocities with linear or quadratic growth). Besides, it is a well-known fact
that for forces with quadratic growth, all trajectories starting at a certain
point may be confined to some bounded domain for all time, unable to reach
an exterior point. Examples of all these cases of non-solvability are described
in the first section of the chapter.

A certain geometric condition is found for the geometry of a manifold, a
pair of points and a force field, having quadratic growth, such that if the
points are not conjugate along at least one geodesic and the condition is sat-
isfied, the points can be connected by a trajectory at least in a small enough
time interval. It is shown that if the force has less than quadratic growth,
this condition is always satisfied and so the problem is solvable for all pairs
of points, non-conjugate along at least one geodesic. If the manifold is flat
(in particular, this means that conjugate points are absent) and the force
is uniformly bounded, the construction yields the classical result that the
problem is solvable for any pair of points in any time interval. For forces with
quadratic growth an additional condition is found which, in combination with
the first condition, ensures that the problem is solvable in any time interval.
All results are proved for the general case of set-valued force fields with vari-
ous continuity conditions (ordinary single-valued results follow as corollaries)
and so they are connected with the problem of controllability for mechanical
systems. A generalization to systems with non-holonomic constraints is also
presented. In this case it is natural to investigate the problem of connecting
a point with a certain submanifold.

A modification of the constructions of this chapter is later applied to a
certain analogous problem on Lorentz manifolds.

In Chapter 13 we deal with the general theory of relativity. The material of
the first section can be considered as an introduction to the subject, presented
axiomatically, as is habitual for mathematicians. This part of the chapter is
the basis for all following relativistic problems. We then investigate a certain
two-point boundary value problem arising in A. Poltorak’s concept of refer-
ence frame. In this concept the reference frame is a certain manifold equipped
with a connection. On the basis of the machinery developed in Chapter 16, for
two particular cases of reference frame some geometric conditions are found
under which we can conclude from the fact that two events are connected by
a time-like geodesic in the reference frame, that the same can be done in the
space-time (i.e., if the second event belongs to proper future of the first one
in the reference frame, the same is true in the space-time).

In the last section we describe the motion of a classical particle in a classical
gauge field in terms of a special version of Newton’s law on a fiber bundle
with a connection (recall that mathematically the notion of a gauge field
coincides with the notion of a connection on a fiber bundle). This section
also contains a short introduction to the geometric theory of gauge fields.

In Chapter 14 we consider mechanical systems with random perturbation
of either the force fields or of the velocities. Newton’s laws for such systems
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are expressed in terms of forward mean derivatives and corresponding integral
operators with stochastic parallel translation.

First we investigate the so-called Langevin equation on a Riemannian man-
ifold. This is Newton’s law for a mechanical system on a nonlinear configura-
tion space whose force field takes the form a(t,m(t),m(t)) +
A(t, m(t),m(t))w(t), where a(t,m,X) is a deterministic vector force field,
A(t,m, X) is a (1,1)-tensor field (i.e., a field of linear operators in tangent
spaces), depending on velocity X, and w(t) is an It6 white noise in tangent
space. In particular such an equation describes the motion of a physical Brow-
nian particle in a non-linear configuration space. We present a well-posed
mathematical description of this equation in terms of mean derivatives and
of integral operators with parallel translation that avoids using distribution
theory. Existence theorems for weak and strong solutions are proved. Nat-
ural analogs of Ornstein-Uhlenbeck processes on Riemannian manifolds are
described. Generalizations to the case of the so-called Langevin differential
inclusion (where both a and A are set-valued) are also considered.

We then consider the case where the velocity of a mechanical system tra-
jectory is subjected to random perturbation. This situation is motivated by
the motion of a particle, subjected to a deterministic force, that in addition
moves in a medium under random influence. Such systems are described by
Newton’s law in terms of mean derivatives, whose form is different from that
in the Langevin case. The stochastic integrals with stochastic parallel trans-
lation are applied to the investigation of such systems on manifolds. We also
consider such systems in linear spaces (in particular, with set-valued forces)
since some more general results can be obtained for them.

Another stochastic version of Newton’s second law, namely the so-called
Newton-Nelson equation, is considered in Chapter 15. It is given in terms of
mixed second order mean derivatives and describes the motion of a quantum
particle in the framework of Nelson’s stochastic mechanics. The main result
here is the existence of solution theorem where the force field is the sum of
a vector field, independent of velocities, and a (1,1)-tensor field (i.e., a field
of linear operators in tangent spaces), applied to the current velocity of the
process. We investigate the non-relativistic case (in R™ and on a manifold)
as well as the relativistic case (in Minkowski space and on a space-time of
general relativity). In fact we obtain a revised version of stochastic mechanics
that is free of the defects found by Nelson within his initial approach to this
theory.

In Chapter 16 we describe hydrodynamics via the modern Lagrangian
formalism suggested in the works of V.I. Arnold, D. Ebin and J. Marsden.
This formalism arises from Newton’s law on the group of Sobolev diffeomor-
phisms of a finite-dimensional manifold, formulated in terms of the covariant
derivative of the Levi-Civitd connection of a weak Riemannian metric (de-
termining the topology of the functional space L?). The basic system here
is the one of so-called diffuse matter. By considering a special force field we
obtain the description of a perfect barotropic fluid and, by defining a special
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constraint, the description of a perfect incompressible fluid. If we collect the
velocity vectors of a solution in the tangent space at the unit to the group
by right translations, the curve that we obtain in that tangent space satisfies
the Euler equation. The differential equation of motion (Newton’s law) on
the group usually has a smooth right-hand side. Passing to the Euler equa-
tion yields loss of derivatives. We prove, among other results, local existence
of solutions theorems, regularity of solutions theorems (including the case
of finite-dimensional manifolds with boundary) and a version of Noether’s
theorem.

For the description of viscous incompressible fluids we use stochastic anal-
ysis, particularly the machinery of mean derivatives. We mainly deal with the
model problem of a fluid moving on an n-dimensional flat torus. A special
second order equation is found with backward mean derivatives on the group
of diffeomorphisms, subjected to a certain constraint (a special stochastic
analog of Newton’s law), such that the expectations of its solutions are flows
of a viscous incompressible fluid on the torus. (It should be noted that the
stochastic Newton law here is expressed in terms of backward mean deriva-
tives and so it has a form different to that appearing in Chapters 14 and
15.) Passing to the Euler description yields a Navier-Stokes equation in the
tangent space at the unit in complete analogy to the appearance of the Euler
equation in the case of a perfect incompressible fluid.

In complete form this construction is realized under the assumption that
the backward mean derivative of the process satisfying the stochastic Newton
law, mentioned above, is generated by a right-invariant vector field. If this
is not the case, in the “algebra”, after passing to the Euler approach, some
other types of hydrodynamical equations may arise.

We finish the chapter by introducing a special stochastic perturbation
of a flow of diffuse matter on the group of diffeomorphisms such that the
perturbed flow satisfies the stochastic Newton law and the corresponding
curve in the tangent space at the unit satisfies the Burgers equation. The
same perturbation of a perfect incompressible flow without external force
satisfies the stochastic Newton law with zero force, but yields a curve in the
tangent space at the unit that is a solution of a Reynolds type equation.
Nevertheless, under the action of a certain special external force on the flow,
this curve becomes a solution of a Navier-Stokes equation without external
force. As above, we consider a fluid motion on the flat n-dimensional torus 7.

Everywhere in the book we use Einstein’s summation convention:

Einstein’s Convention.

A monomial with a shared upper and lower index represents the summation
where the common index ranges from 1 to n, n being the dimension of the
manifold under consideration.
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n

ik _ ik : :

¥ = %" a!®. Further to this convention, we treat upper
i=1

indices appearing in a denominator as lower indices and lower indices ap-

pearing in a denominator as upper indices. Examples of such expressions are:

_ i 0 _ o
X=X'32 and P=P L.

For example, a
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Global Analysis






Chapter 1
Manifolds and Related Objects

1.1 Manifolds, Vectors and Covectors. A Glossary

A manifold will generally be denoted by the symbol M. Recall that a finite-
dimensional manifold, as a topological space, is assumed to be Hausdorff and
satisfy the second countability axiom. Unless otherwise stated, dim M = n
for a finite-dimensional manifold M.

We denote the charts of a maximal atlas by the symbols (V,, ¢4), where
V4 is an open ball in R™, and the corresponding neighborhoods in M by
Uo = ©aVea- Usually we do not distinguish between V, and U, and so the
latter are also called charts. Recall that in this case R™ is called the model
space.

The change of coordinates between U, and Ug (i.e., between V,, and Vg) is
denoted by pgo = ap[;lgoa. If the changes of coordinates are homeomorphisms,
the manifold is called topological, and if C*-smooth, a C*-manifold. If k = oo,
the manifold is said to be smooth.

Convention 1.1 Fverywhere below, unless stated to the contrary, all mani-
folds are assumed to be smooth, i.e., C°°-smooth.

Theorem 1.2 (Whitney) Every smooth manifold with dimension n can be
embedded as a smooth surface into a linear space with dimension 2n + 1.

Finite dimensional manifolds are clearly locally compact. It is a well-known
fact that all locally compact spaces satisfying the second countability axiom
are paracompact (see, e.g., [30]). Thus every finite-dimensional manifold is
paracompact.

We introduce coordinates ¢',...,¢" in a chart V, as in a domain in R"
and analogously coordinates qll, ceey q”/ in another chart V. As there is no
chance of confusion, the corresponding coordinates in U, and Ug, obtained
by the homeomorphisms ¢, and ¢g, are denoted by the same symbols. They
are called local or curvilinear coordinates. The change of coordinates g, is
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given by expressing the coordinates ¢* of every point m € Uqp in terms of
" =q"(q",...,q"). Of course the inverse mapping @us
is determined by expressing the coordinates ¢* in terms of qi/. The change
of coordinates is smooth if all ¢ (¢*,...,¢") and ¢/ (¢"',...,¢"") are jointly
smooth functions of all their variables.

On smooth manifolds the notion of a smooth mapping is well-defined. A
mapping f : M — N is determined not only by a chart U, on M but also by
a chart U, on IV and is denoted by f,. For other charts Ug on M and Us
on N we obtain fs3 = @5y © fya ©@as. Recall that the changes of coordinates
@5, and ¢, are smooth. Thus, if f., is smooth at the point ¢ 1(m), fsg is
smooth at the point <p51(m).

A particular case of the above definition is a mapping from an interval of
R to a manifold, called a curve (or path) in the manifold. Thus, the notion
of a smooth curve is well-defined.

A submanifold M’ of a manifold M is a subset of M that is a manifold
with the property that each point of M’ belongs to a chart U of M such that
for the corresponding ball V of U (where V is a ball in a space E, say) the
intersection U [ M’ corresponds to an open ball of a linear subspace of E.

For certain manifolds M the charts for some points are not open balls but
“half-balls”, i.e., intersections of open balls with a closed half-space. Such
points form the boundary of M, which is usually denoted by the symbol OM.

If two copies of a manifold M with boundary OM are pasted together in
such a way that identical points of OM are pairwise identified and so that the
resulting manifold has no boundary, the latter manifold is called the double
of the manifold M. In the double of M the boundary OM is a submanifold
of codimension 1.

The case where the model space of a manifold is infinite-dimensional has
some special features. First of all the model space is assumed to be a Hilbert
or a Banach space since in more general infinite-dimensional spaces the notion
of differentiability is not completely well-defined. Manifolds with Hilbert or
Banach model spaces are respectively called Hilbert or Banach manifolds.

In addition, an infinite-dimensional manifold is not assumed to satisfy the
second countability axiom: it is a well-known fact that a topological space
satisfying the second countability axiom is separable, while many manifolds
arising in applications have non-separable model spaces. Usually (but not
necessarily) the manifolds are assumed to be paracompact.

A scalar field f on a manifold M is a mapping from M to a vector space
R*, f: M — R¥.If this map is continuous (smooth), it is called a continuous
(smooth, respectively) scalar field. A scalar is a value of a certain scalar field
at some point m € M, but usually (when it does not lead to confusion) a
scalar field also is called a scalar. Note that according to this convention a
scalar may have dimension greater than 1 (this corresponds to the use of the
term scalar by physicists).

its coordinates ¢’ : g
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The characteristic feature of any scalar f(m) is that its presentation in
a chart does not transform under coordinate changes, unlike all other fields
(see below).

For the sake of future applications we should also give another presentation
of scalar fields. Consider the direct product M x R* and denote by 7 the
projection onto M. Then a scalar field can be considered as a map f: M —
M x RF such that for each m € M the relation m(f(m)) = m holds. This
relation is often expressed in operator form: mo f = id where id is the identity
map.

The tangent space to M at m € M is denoted by T,,M and the total
tangent bundle by TM. By w : TM — M we denote the natural projection.

In every Ty, M there is a basis generated by coordinates (¢!,...,q") in a
chart U, > m. This basis is denoted by %, ey %, where the vector a(?;i
is the derivative of the i-th coordinate axis passing through m, with respect
to the corresponding parameter ¢’. Thus every tangent vector X € T}, M is

represented in U, > m with coordinates (¢, ...,q") as X, = X* 8?#- and in
Ug 2 m with coordinates (qll, ce q"/) as Xg = X 82, . Note that the indices

of vectors are subscripts while those of vector coordinates are superscripts.
The relation between X, and Xg is described by the formula

’

dgq .
. ¢ 1.1
e (1)

g

X3 = ¢aXa, ie., in coordinates X" =

where Lp’ﬂa is the Jacobi matrix of ¢go. Formula (1.1) is the transformation
rule for vectors under a change of coordinates.
Given the basis aiqi in T,, M, we can create a coordinate system in 7., M

with respect to this basis. Denote by ¢* the coordinate corresponding to a?f

and consider its coordinate axis passing through a certain point X € T;, M.
Consider the tangent space TxT,,M to T,, M at X. The coordinate system
(¢%,...,q") in T,, M generates in Tx T}, M the basis %, e % by complete
analogy with the procedure that creates the basis B?ﬁ in T,, M from the

coordinate system (g, ...,q") in Ug.

Obviously the linear space T'x T, M is naturally isomorphic to the linear
space T,, M (visually they differ only by the location of the origin: the origin of
Tx T, M is located at the point X € T,,M). Denote by p : TxT,, M — T,, M
the linear isomorphism between them which is defined by the rule

Note that the construction of p is valid for any linear vector space and its
tangent. For example, consider the space R* and (using the previous notation)

denote a basis in it by a%l’ e £n. Then at a given point X € RF create
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the basis aiqh e % in TxR* as described above. Now p : TxR* — RF is
well-defined by formula (1.2).

Consider a chart U, on M and denote by TU,, the restriction of the tangent
bundle to U,. Note that TU, can be presented as the direct product TU,, =
U, x R™ since every point of TU, can be described by 2n coordinates: n
coordinates of the point in U, and n coordinates of the vector with respect to

the basis 8‘{; . Such a presentation as a direct product is called a trivialization,

in the case under consideration, with respect to coordinates (¢!, ..., ¢"). If we
choose another system of coordinates in U, , we obtain another trivialization.
There exist some other types of trivializations, for example, by a field of
orthonormal frames in a chart of a Riemannian manifold (see below).

Consider TU,, as a chart in T'M. The change of coordinates between 17U,
and T'Ug is given as a pair:

(#Bas Psa) : Ua X R™ — Ug x R” (1.3)

where g, sends the coordinates of points with respect to U, into those of
the same points with respect to Ug and ‘P,laa sends coordinate columns of a
vector with respect to the basis Biqi into those of the same vector with respect
to the basis % according to formula (1.1).

Note that if g, is a C¥-map, gaba is only a C*~'-map, i.e. TM is a C*~1-
manifold if M is C*. However, if M is C>°, T M is also C* (recall that, unless
the contrary is stated, we assume our manifolds to be C*°).

Convention 1.3 In what follows we denote the points of a tangent bundle in
two different ways: (m, X) as a point in TM and X, as a tangent vector to M
at m. Both symbols have the same meaning and can be used interchangeably;
we will favor one when it is more suitable that the other. Strictly speaking, this
notation makes proper sense only in charts but for the sake of convenience
we also use it in invariant language.

Definition 1.4. A vector field on M is a map X : M — TM such that
7X =id, i.e., X (m) = m for each m € M.

Note that for a general mapping X : M — TM the value X(m) could
belong to any fiber but from the relation 7X(m) = m it follows that X (m) €
T, M.

Definition 1.5. We say that a vector field X is continuous (smooth) if the
map X : M — T'M is continuous (smooth, respectively).

Clearly the derivative of a smooth curve is a tangent vector. Let a smooth
vector field X be given on M. The curve m(t) described by equation

m(t) = X (m(t)). (1.4)

is called the integral curve of X.
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In a given chart, (1.4) can be considered as a differential equation in vec-
tor space. Hence, we can apply the theory of ordinary differential equations
o (1.4). In particular, since the right-hand side of (1.4) is smooth, we ob-
tain from the classical existence theorem that for any point mg € M there
exist a real number &,,, > 0 and a unique solution m(t) of (1.4) with the
initial condition m(0) = mg that is well-defined for ¢t € [0,&,,,). In order
to investigate all solutions of (1.4) we denote by g;(mg) the solution such
that go(mg) = mg. From the theorem on smooth dependence of a solution
on initial values and parameters it follows that g;(mg) : U — M is jointly
smooth in ¢t and my € M, where U is some neighborhood of 0 x M in R x M.
From the uniqueness theorem for solutions of ordinary differential equations
it follows that g:(-) is a diffeomorphism for all ¢ such that g:(m) exists for all
m e M.

Definition 1.6. g;(-) is called the general solution of (1.4) or the flow of
vecotr field X .

Let f: M — R be a real-valued function on M. Specify a point m € M
and denote by m(t) the integral curve of X such that m(0) = m. Consider
the restriction of f onto m(t), i.e. the function f(m(t)). Note that f(m(t)) is
a real-valued function of a real argument.

Definition 1.7. < f(m(t));—o is called the derivative of f in the direction
of X at m. Having found the derivative of f along X at all points of M, we
obtain a new function on M, denoted by X f, that is called the derivative of
f in the direction of X.

Note that applying the above construction to the derivative of f in the
direction of a vector field %, we obtain the partial derivative g qf This is
the reason for denoting this vector field by the partial derivative symbol.

Let X be a vector field on M and in a chart U, let it be presented in
coordinate form as X = X* B‘Zi' Then we easily obtain the following formula

for X f in U,:
Of
Xf=X"—

Let X and Y be smooth vector fields on M.

(1.5)

Definition 1.8. The Lie bracket [X,Y] of X and Y is the vector field on M
such that for any smooth real-valued function f on M its derivative along
[X,Y] is given by the formula: [X,Y]f = X(Yf) = Y(Xf).

Usually the definition of [X,Y] is given in operator form as follows:
[X.Y]=XoY - YoX. (1.6)

By direct calculation one can easily show that the vector field [ X, Y] exists,
is unique and, in local coordinates, is described by the formula
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oY+ oX*k\ 9
XY= (X'""F-Y'"F+) . 1.7
A ( oq' 8ql>3qk ()
The Lie bracket is evidently skew-symmetric: [X,Y] = —[Y, X].

Proposition 1.9 The Lie bracket satisfies the so-called Jacobi identity:
(X, Y, 2N+ [V, [Z, X)) + 2, [X, Y]] = 0. (1.8)

Consider a smooth mapping of manifolds F' : M — N. Specify a point
m € M and its image F(m) € N. The mapping F' generates a mapping
dnF' : T;uM — Tp(yN that in a chart at m and in a chart at F'(m) is
described by the Jacobi matrix of F' at m. We call d,, F' the differential of F'
atm e M.

Definition 1.10. The tangent mapping TF : TM — TN is defined by the
formula

TF(m,X) = (F(m),d,F(X)).

So, the tangent mapping TF is defined globally as a mapping of tangent
bundles, and the differential d,, F’ of F' at m is a restriction of T'F to T,, M.
Note that for a smooth curve m(¢) in M we have the relation

d d
—F =TF | — 1.
) =1 (min). (1.9
which can be considered as a coordinate-free definition of T'F.

If F sends M into a linear space, say, F : M — R*, the construction of
the differential can be modified so that it becomes a map from TM to R*.
We introduce it as the composition

dF =pod,,F : T,,M — R* (1.10)

where p is defined in (1.2). Note that dF' can be applied to vectors from any
T..M, m € M, so it is well-defined on the entire tangent bundle T'M.

Definition 1.11. A cotangent vector (which we also call a covector or 1-
form) b at m € M is a linear functional on the tangent space T,,M, i.e. a
linear map b : T, M — R. The set of all covectors at m is called the cotangent
space at m and is denoted by T M.

By definition, T} M is a linear space, dual to 7,, M. The total cotangent
bundle is denoted by T* M.

In every chart U, the coordinates (¢, ..., q") generate the basis dq¢?,. ..,
dgq™ in every 17 M, dual to the basis 8%1, ey a?n (i.e., dqi(a%j) = 0% where &}
equals 1 if ¢ = j and 0 otherwise). Thus every covector a in U, has coordinate
representation a® = a;dq’ (note that the indices of covectors are superscripts
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while the indices for their coordinates are subscripts). The relation between
such presentations a® and a” in the charts U, and Ug is given by the formula
i

0
a® =ao (¢fsa) " ", ie., in coordinates aj = ij,ai. (1.11)
Note that in (1.11) the Jacobi matrix ¢j, is applied to the row a® from
the right while in (1.1) it is applied to the column X, from the left. Having
transposed both sides of (1.11) we obtain (1.11) in the form similar to (1.1):

e

ag = [((p’ﬁa)_l]ToaT. (1.12)

Proposition 1.12 The transformation rules (1.1) and (1.11) coincide if and
only if (,D/Ba 18 an orthogonal matrix.

Indeed, if and only if ¢/, is orthogonal, we have [(¢},) "]
characteristic property of orthogonal operators.

Recall that the velocity of a curve, in particular of the trajectory of a
mechanical particle, is a tangent vector. The momentum p of the trajectory
is introduced in elementary text books by the property that the inner product
of p and the velocity v is equal to the kinetic energy multiplied by 2:

T =¢h, by a

p-v=2K. (1.13)

Note that in fact p is a covector. Indeed the kinetic energy K is a scalar, i.e.
it takes the same value in all charts and coordinate systems. So, since v is
a vector (transforming under changes of coordinates by (1.1)), p-v in (1.13)
can take the same value in all coordinate systems if and only if p transforms
by (1.11), i.e., if p is a covector.

Another physical example of a covector is force. Indeed, the inner product
of a force f and velocity v is a scalar known as the power N:

fro=N.

As in (1.13), since v transforms according to (1.1) and N has the same value
in all coordinate systems, f must transform according to (1.11), i.e., it is a
covector.

Note that in elementary text books only motion in R?® with orthonormal
coordinate systems is considered. Thus, only orthogonal coordinate changes
are used and so the vectors v and covectors p and f have the same transfor-
mation rules (see above). This is not the case for systems given on manifolds
with arbitrary coordinate systems.

As for TM, T*M inherits a manifold structure from M: the charts on T* M
are of the form T*U,, which can be represented as U, x R™, and changes
of coordinates are of the form (g, ((¢j,)~")") (formula (1.12) is in use
instead of (1.1)). The points of T*M we shall denote either by (m,b) (as a
point of T*M) or, equivalently, as b, (covector b at the point m).
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As for TM we denote by the symbol 7 : T*M — M the projection which
sends (m,b) € T*M into m € M.

Definition 1.13. A covector field on M is a map b: M — T*M such that
mob=id (cf. Definition 1.4).

A covector field is called continuous (smooth) if b as a map of manifolds
is continuous (smooth, respectively).

Since R is a linear space, the construction of the differential df according
to (1.10) is well-defined for any given real-valued function f : M — R. Here
we are to emphasize the following:

Proposition 1.14 df is a covector field on M.

Indeed, by the construction, df is a map from TM into R which is linear
(coinciding with d,,, f) on any tangent space T, M. This means that at any
m € M the map df is a linear functional on T}, M, i.e. a covector.

In a given chart U,, df can be expressed in terms of coordinates with
respect to a basis dg',... dg". To do this we should calculate the Jacobi
matrix for f in coordinates ¢',... ¢". We then find that it takes the form

(5’—({1, e %) and hence
of . ;
df = ==dq¢". 1.14
f= 5 (1.14)
Remark 1.15. Note that in classical vector analysis (g—qfl, ce a(ri; /) is known

as the gradient of the function f while (1.14) has the form of a total differ-
ential. We should point out that both formulas describe (in different forms)
the object we have called the differential of f. The geometrically well-defined
definition of gradient is given in the next chapter in such a way that in Eu-
clidean m-space it turns out to be a vector (i.e., a coordinate column, not a
row) with coordinates g JT

Taking into account (1.14), we obtain for X = X*-2. that

Oq
af
X)=X"—. 1.1
a0 = x'gf (1.15)
Comparing (1.5) with (1.15) we obtain that the equality
Xf=d4df(X) (1.16)

holds for any X and any f.

Note that (1.16) is sometimes used as the definition of df.

Above we have described the notion of a tangent mapping of tangent
bundles generated by a smooth mapping of manifolds. A natural mapping of
a cotangent bundle is also generated but, unlike the tangent mapping, it sends
T*N to T*M. Let M and N be smooth finite-dimensional manifolds and let
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F : M — N be a smooth map. Specify a point m € M and consider its image
F(m) € N. Let a € T, )N be a covector at F'(m). It can be mapped into
T M by the following procedure. Denote by T*F(a) the covector in T M
such that its value on any vector X € T,, M is defined by the relation

T*F(a)(X) = a(TF(X)) (1.17)

where T'F is the tangent mapping. By the construction of T'F (see Definition
1.10), we get that TF(X) € Tp@m)N and so the value a(TF(X)) is well-
defined.

Definition 1.16. The map T*F : T*N — T* M is called the cotangent map-
ping of F': M — N or the pull-back.

1.2 Lie Groups and Lie Algebras

Definition 1.17. A manifold G is called a Lie group if there exists an alge-
braic operation e on G such that G is a group with respect to e and g; e go
is jointly smooth in g1, g2 € G as a map from G x G to G.

The first examples of Lie groups are the space R™ (which is obviously a
commutative Lie group with respect to addition) and the circle S, i.e. the
set of complex numbers with unit modulus, with respect to multiplication
(also commutative).

It is clear that the n-dimensional torus 7™ = S x -+ x St (the cartesian
product of n copies of S1) is a Lie group. The group operation on 7™ is given
by coordinate-wise multiplication.

Remark 1.18. 7" may also be described as the quotient space R™/Z"™ of R™
with respect to the integral lattice Z". This means that in R™ the points whose
corresponding coordinates differ from one other by an integer are considered
as equivalent and are pasted onto each other. It is clear that S* is obtained
from the corresponding coordinate axis in R™ by factorization with respect
to integer points.

Let us turn to non-commutative groups. First we mention the three-
dimensional sphere S3 (the set of points with unit modulus in the space
of quaternions) and the sphere S” (the set of points with unit modulus in the
space of octaves).

Consider the group of real invertible n x n matrices with respect to ma-
trix multiplication. We denote this group, called the general linear group, by
GL(n,R).

Theorem 1.19 GL(n,R) is a Lie group.
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The closed set det ~(0) € L(n, R) subdivides GL(n, R) into two connected
components: the matrices with positive determinants and those with negative
determinants. Since the determinant of a product equals the product of the
determinants, the product of two matrices with positive determinants has
positive determinant, i.e., this connected component is a Lie sub-group of
GL(n,R).

Another Lie sub-group of GL(n,R) is the group O(n) of orthogonal n x
n matrices. Recall that a matrix A is orthogonal if its action on vectors
preserves the inner product in R™ or, equivalently, if A* = A~! where A*
is the transposed matrix. O(n) is a regular surface (i.e., a submanifold) in
GL(n,R).

Like GL(n,R), O(n) has two connected components: the orthogonal ma-
trices with determinant +1 and those with determinant —1. The former is a
Lie sub-group of O(n) (the product of matrices with unit determinant has
unit determinant). This group is called the special orthogonal group and is
denoted by SO(n). The matrices in SO(n) preserve the space orientation
while the matrices with determinant —1 reverse it. The latter set of matrices
is not a subgroup of O(n).

Definition 1.20. A left action of a Lie group G on a manifold M is defined
if a certain C*°-map G x M — M, denoted for g € G and m € M by gm, is
given such that the following hypotheses hold:

(i) for any g € G the map g : M — M that sends m to gm is a diffeomor-
phism;
(ii)) (geh)m =g(hm) for g,h € G, m € M.

A right action of a Lie group G on a manifold M is the specification of a
certain C*°-map from M x G to G, for g € G and m € M, which satisfies (i)
and the following replacement of (ii):

(i) (g e h)m = h(gm) for g,h € G, m € M.

When a right action is given, the notation mg for g € G, m € M is used
so that m(g e h) = (mg)h.

In what follows we shall denote the unit of a Lie group G by e.

For g € G two special maps, the left translation L, : G — G and the
right translation R, : G — G, are defined by the formulae Lyh = g @ h and
Ryh = h e g, respectively, for any h € G. From Definition 1.17 it follows that
both L, and R, are smooth maps of G.

Note that the tangent bundle T'G is trivial, i.e., it can be presented as
direct product. Indeed, having taken a certain basis in T,G we can translate
it to T,G at each point g € G by T'L, (or TR,) and so obtain the presentation
of TG as G x R™, where n = dim G.

Definition 1.21. The vector field on G obtained by left (right) translations
of a vector X € T.G at all points of G is called the left-invariant (right-
invariant, respectively) vector field, generated by X.
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It should be noted that one can imitate the construction of left- and right-
invariant vector fields and define left- and right-invariant Riemannian metrics
and more general tensors (see the definitions of these object below).

Proposition 1.22 Let X and Y be left-invariant (rz‘ght—invm:ia@t) vector
fields on G generated by X,Y € T.G. Then the vector field [X,Y] is left-
invariant (right-invariant, respectively).

See, e.g., [26] for the proof of Proposition 1.22. o
Denote by [X, Y] the vector in T,G which generates [X,Y].

Definition 1.23. [X,Y] is called the bracket of X,Y.

Proposition 1.24 The bracket in T.G introduced in Definition 1.23 satisfies
the Jacobi identity (1.8).

The assertion of Proposition 1.24 follows from Propositions 1.9 and 1.22.

Definition 1.25. A linear space on which an additional operation [-, ] sat-
isfying the Jacobi identity is given is called a Lie algebra.

Thus, by Proposition 1.24, T.G has the structure of a Lie algebra.

Definition 1.26. The vector space T.G, equipped with the bracket defined
in Definition 1.23, is called the Lie algebra of the Lie Group G.

We generally denote Lie groups by Latin capitals (say, G) and their Lie
algebras by the corresponding lower case Fraktur characters (say, g).

It is known that every finite dimensional Lie algebra is the Lie algebra
of a certain Lie group, however different Lie groups may have the same Lie
algebra. For example, a group and a subgroup of the same dimension have
the same algebra.

Let us present some examples of Lie algebras.

On every linear space one can introduce the trivial bracket defined by the
equality [X,Y] = 0 for every X and Y. Thus every linear space is a (trivial)
Lie algebra. It is clear that the algebras of the groups R", S' and 7" are
trivial, as well as the algebras of all commutative groups.

Consider Euclidean space R? together with the skew-symmetric vector
product operation. This operation is usually denoted by the bracket symbol,
a notation which we retain, i.e., for two vectors X,Y € R? the symbol [X, Y]
denotes their vector product. By direct calculation one can easily prove the
following:

Proposition 1.27 The vector product operation satisfies the Jacobi identity.

Thus, R? with the vector product is a Lie algebra.

The Lie algebra gl(n, R) is the set of all n x n matrices with linear addition
in the underlying vector space and with the bracket [A,B] = AB — BA
(commutator of matrices).
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The groups O(n) and SO(n) generate the same Lie algebra (indeed, the
unit of O(n) is contained in the subgroup SO(n)). This algebra is denoted
by so(n). It consists of skew-symmetric n x n matrices with the same bracket
as in gl(n, R) (so(n) is a Lie subalgebra of gl(n, R)).

A particular case, the algebra s0(3), is of special interest to us because of
its use, below, in some examples of mechanical systems. The matrices from
50(3) have the form

0 abd
—a O0c|. (1.18)
—b—c0
Denote by ¥ : s0(3) — R? the mapping that sends the matrix (1.18) to the
—a
vector | —b |. The next statement is obvious.
—c

Proposition 1.28 ¥ is a linear isomorphism of 50(3) to R3.

Proposition 1.29 For every A, B € s0(3) the operator ¥ sends the commu-
tator AB — BA to the vector product of ¥(A) and ¥(B) in R3.

We introduce on s0(3) a bilinear form by the formula (4, B) = —3tr(AB).
This bilinear form is called the Killing form.

Proposition 1.30 —1tr(AB) equals the inner product of the vectors W(A)
and ¥(B) in R3.

Propositions 1.29 and 1.30 are proved by direct calculation with matrices.

Thus —3tr(AB) is an inner product in so(3) and so we have introduced
the structure of Euclidean space in s0(3). From Propositions 1.29 and 1.30
we obtain:

Proposition 1.31 The linear isomorphism ¥ : s0(3) — R3 is an isomor-
phism of Lie algebras and of Fuclidean spaces.

1.3 Fiber Bundles

Definition 1.32. A fiber bundle comprises the following five objects:

(i)  a manifold M, called the base of the bundle;

(ii a manifold F, called the total space of the bundle;
(ili) a manifold F, called the standard fiber of the bundle;
(

(

=

iv) a Lie group G, called the structure group of the bundle;
v)  asmooth projection 7 : E — M, called the projection of the bundle,

and the following interrelations between these objects hold:
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1) aleft action of G on F is given (see Definition 1.20);

) for any chart U, in M the set 7=1U, is homeomorphic to U, x F};
3) for U, NUg # 0 the “change of coordinates” from U, X F to Ug x F
is given as the pair (¢ga,gsa(m)) where g : Uap — Uqp is defined
above and gga(m) : F — F is an element of G, smooth in m € Ug,g,
which is a diffeomorphism of F according to the definition of the left
action of G.

Usually we denote a fiber bundle by the symbol of its total space, say
E, and in this case E,, denotes the fiber at the base point m (note that
E,, = 7~ !(m) is homeomorphic to F). In order to indicate the details of
a certain fiber bundle we may say that there is a bundle E over M or that
w: E — M is a fiber bundle. To denote the bundle with fiber F', a convenient
notation is F'.

Strictly speaking U, x F and Ug x F' are not charts, but U, x F and
Ug x F contain the charts in E of the form U, x V,, and Ug x V) (where
Vi, and V) are charts in F'). Here, the restrictions of (¢ga, gga) become real
changes of coordinates.

The simplest example of a fiber bundle is a trivial (or product) bundle
E =M x F. Here all gg, are equal to the unique element e = id (unit) in G
(and so the group G may be reduced to its subgroup consisting of the unique
element ¢). The elements of any product bundle are scalars (see above). Recall
that under changes of coordinates in M, scalars are not transformed at all.

Note that according to Definition 1.32 every bundle over each chart U,, is
presented as a trivial one by means of a certain diffeomorphism JF, that is
called a trivialization (it is often said that over each chart the bundles are
trivial or that all bundles by means of Definition 1.32 are locally trivial).
It is important to understand from the very beginning that many different
trivializations of a bundle may exist even over a specified chart.

Definition 1.33. A wector bundle is a fiber bundle where F = R* for a
certain k, G is the group GL(k, R) of non-degenerate linear operators in R¥, or
a subgroup thereof, and the elements of G’ act on R¥ as linear automorphisms.

The product bundles with F = R* are examples of vector bundles. Two
more examples are the tangent and the cotangent bundles of a manifold.
Indeed, for the tangent bundle, M is the base, TM is the total space, the
fiber is R™ (assuming that dim M = n), G = GL(n,R) with the natural
action on R™ and ga5(m) = ¢[,5(m) (see (1.3)). For the cotangent bundle,
M is also the base, T*M is the total space, the fiber is R™ and G is also
GL(n,R) with the same natural action on R™ but g.3 now takes the form
()17 (see (1.12)).

Of course, in the infinite-dimensional case Definition 1.33 is modified by
replacing R* with some Hilbert or Banach space and G = GL(n,R) by the
group of bounded invertible linear operators.

Definition 1.34. A principal bundle is a fiber bundle where F' = G.
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It should be pointed out that on a principal bundle E both the left and
the right actions of its structure group G on fibers are well-defined, since any
fiber of F is isomorphic to G. In particular, having specified g € G, we can
consider the right translation n o g of each point n € E. Thus we obtain the
right action of G on E (see Definition 1.20).

Every principal bundle generates the so-called associated bundle as follows.
Let F be a principal bundle with structure group G, and let F' be a manifold
on which a left action of G is given. Consider the quotient of the direct product
E x F with respect to the right action of G defined by the formula (7, f)g =
(nog,9~1f) (note that this is indeed a right action since (gh)~* = h=1g~1).
Consider a chart U, on M. The restriction of £ x F on U, has the form U, X
G x F. The above-mentioned quotient space consists of the orbits of elements
of this product: for (m, h, f) € U, x G x F the orbit is the set (m, hg, g~ f)
for all g € G. Such an orbit is associated with the point (m,hf) € U, x F.
Indeed, for any point of the orbit we have (m, (hg)(g~'f)) = (m,hf) and so
this association is well-defined. Thus, over U,, the above quotient space is
presented in the form U, x F and the total quotient space is a bundle over
M with fiber F' and structure group G' where the g, are the same as in E.

Definition 1.35. The above quotient is called the bundle associated to E
with fiber F.

Notation 1.36 Denote by A the mapping of E x F onto the total space
of the associated bundle that is the factorization sending the orbits to the
corresponding points in the quotient.

It should be noted that every non-principal fiber bundle is associated to
some principal bundle.

Let Q be a vector bundle with fiber R* and let it be an associated bundle
to a principal bundle F with G = GL(k,R). Observe that, clearly, any b € F
can be considered as a frame b = ey, ..., e in the fiber Q) of Q through 7b
and, consequently, as a linear map b : R¥ — Q. sending = = (z!,...,2%) to
br = ate; + - - + zFey.

Definition 1.37. The frame bundle BM of a manifold M is a principal bun-
dle over M with G = GL(n,R) (n = dim M) and gga = ¢,

Note that TM and T M are bundles associated to BM, and so a point b €
BM may be regarded as a frame b = ey, ..., e, in the tangent space T, M.
Thus b can also be considered as a linear mapping b : R® — Ty, M which sends
a vector = (z1,...,2™) € R™ to the vector bz = zle; + - +2"e, € TrpM.

Definition 1.38. A cross-section X of a fiber bundle Fisamap X : M — E
such that ro X =id: M — M, i.e. X(m) € E,, for any m € M.

Examples of cross-sections are vector fields (cross-sections of a tangent
bundle) and covector fields (cross-sections of a cotangent bundle). This im-
mediately follows from Definitions 1.38, 1.4 and 1.13. Every vector bundle F
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has a smooth cross-section, called the zero-section, which sends m € M into
the origin of E,,. Unlike vector bundles, a principal bundle has a global (i.e.,
defined on the entire manifold M) continuous cross-section if and only if the
bundle is trivial.

Definition 1.39. If the tangent bundle of a manifold M is trivial, M is called
parallelizable or trivializable.

As mentioned above, all Lie groups are parallelizable by left- or right-
invariant vector fields. In particular, the n-dimensional torus is parallelizable.

Remark 1.40. A natural trivialization @ of the tangent bundle T"7™ can be
described as a trivialization by coordinate frames as follows. Introduce on
S} the angle coordinate ¢¢ = o= where ¢ is an angle. We then obtain the
system of angle coordinates (¢!,...,q") on 7". At each point m € T" the
vectors aiql’ el % form an orthonormal frame in T, 7". For (X 16%1-)7” we
set B(X 50 )m = (m, (X',...,X")) € T" x R™

Definition 1.41. If in each tangent space T,,M to a manifold M a k-
dimensional linear subspace (3, is chosen that smoothly depends on m € M
(in the sense described below), we say that a k-dimensional distribution [ is

given on M.

Smooth dependence of (3,, on m means that in some neighborhood of each
point m € M there are k smooth linearly independent vector fields X1, ..., Xk
such that at each m’' in this neighborhood the space (B, is the linear span of
the vectors X1(m'),..., Xp(m').

If on M there exists a smooth vector field nowhere equal to zero, the
straight lines spanned on the vectors of this field form a 1-dimensional dis-
tribution.

Definition 1.42. A k-dimensional distribution 3 is said to be integrable if
for each point m there exists a k-dimensional submanifold M’ > m such that
at every point m’ € M’ the property T, M' = (3, is fulfilled. In this case
the manifold M’ is called an integral manifold of the distribution S.

Every 1-dimensional distribution is integrable. Its integral manifolds are
integral curves of the vector field on which the distribution is spanned. Dis-
tributions of dimension greater than 1 may not be integrable. There is a
necessary and sufficient condition for integrability that involves the notion of
involutory distributions.

Definition 1.43. A distribution 3 is called involutory if for every two vector
fields X and Y on M such that X,,,Y,, € B, at each m € M, their Lie
bracket [X, Y] also belongs to the space of distributions at each point of M.

Theorem 1.44 (Frobenius’ Theorem) A distribution is integrable if and
only if it is involutory.

A proof of Theorem 1.44 can be found, for example, in [26, 172, 212].
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1.4 Riemannian and Semi-Riemannian Metrics

Definition 1.45. We say that a Riemannian metric is given on a manifold
M if in each tangent space T,,M, m € M, a symmetric positive-definite
bilinear form (-, -),, is specified which depends smoothly on m (in the sense
defined below). A manifold with a Riemannian metric is called a Riemannian
manifold.

When we say that (-,-),, depends smoothly on m we mean that for any
two smooth vector fields X and Y on M the real-valued function (X,,, Y. )m
on M is smooth in m.

For a Riemannian manifold every tangent space T;, M becomes a Euclidean
space with inner product (-, ).,.

In what follows, if it does not lead to confusion, we shall omit the point m
in the inner product notation. Indeed, (X, Y) obviously has only one interpre-
tation: X and Y lie in the same tangent space and they are to be substituted
into the inner product of that space.

The first example of a Riemannian metric is the so-called first fundamental
form of a surface in Euclidean space. Recall that for X,Y € T,, M, where M
is a surface in a Euclidean space E, the number I(X,Y") (the value of the first
fundamental form I at X and Y') is defined by the equality: I(X,Y) = (X,Y)
where (X, Y) is the inner product in E. Note that, in spite of the fact that the
unique inner product in F is used to determine the inner products in tangent
spaces, the latter are still specific to their own spaces: we still cannot identify
different tangent spaces and so cannot say whether the inner products are
the same.

An embedding i : M — N of a Riemannian manifold M into another
Riemannian manifold N is isometrical if (X,Y )y = (iX,1Y)n for every pair
X, Y of vectors belonging to the same tangent space of M. Note that an em-
bedded manifold with the first fundamental form is isometrically embedded
into Euclidean space.

Theorem 1.46 (Nash [186]) Every n-dimensional Riemannian manifold can
be isometrically embedded into a Buclidean space RN with N = in(n+1)(3n+
11).

In a chart U, the form (-,-),, can be described in terms of its matrix.
As is typical in linear algebra, we consider the coefficients of {-,-),, with
respect to the basis a—(zk defined by the formula g;; = (8%” (%-). Note that
the coefficients g;; depend on m € U, and so they are real-valued functions
on Uy,,.

The linearity of (-, ) allows us to derive a coordinate formula for the inner
product of vectors involving the coefficients g;;. For vectors X = X i 8(?1" and
Y = Yia%j we obviously have (X,Y) = g;; X"Y7. Note that this notation can
be applied both for vectors X and Y at a given point and for vector fields on
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Uy . In the latter case both the coefficients g;; and the coordinates X* and
Y7 are functions on U,.

One can easily prove that (-,-),, is smooth in m € U, if and only if all of
the functions g;;(m) are smooth.

Using a Riemannian metric one can create natural analogs of many notions
of ordinary geometry in Euclidean space.

For a vector X € T,,M we define its norm || X|| by the formula || X|| =
VA{X, X). For two vectors X,Y € T,, M denote by 0 the angle between them.

Then cos = % Let m(t), t € [a,b], be a curve in M. Its length s is
defined by the formula

b
o = / Iia(b)|ldt. (1.19)

Note that all the notions introduced above, after embedding M isometrically
into a Euclidean space, coincide with the usual definitions of norm, angle and
length, respectively, in that space.

Let mg, my € M. Denote by N the total set of piecewise smooth curves in
M connecting mg and m.

Definition 1.47. The infimum of the lengths of the curves in N is called the
Riemannian (or internal) distance in M between mg and m; and is denoted
by p(m07 ml)‘

Proposition 1.48 The distance p(-,-) satisfies the azioms of a metric:

(i) p(m,m) =0 and from p(mg,m1) = 0 it follows that mg = my;
(ii))  p(mg, m1) = p(m1,mg) for every pair mg,m; € M;
(iil)  p(mo, m1) + p(ma, ma) > p(mg, ms) for any mo, my,mg € M.

The proof of Proposition 1.48 can be found, for example, in [26].
Hence, from Proposition 1.48 it follows that a Riemannian manifold is a
metric space with respect to its Riemannian distance p.

Definition 1.49. The Riemannian metric is called complete if the metric
space M with distance p generated by the Riemannian metric is complete.
In this case one says that M is a complete Riemannian manifold .

Recall that a bilinear form is called non-degenerate if its matrix (g;;) is
not degenerate, i.e., it is invertible. Since the bilinear form of a Riemannian
metric is positive-definite it follows that the form is non-degenerate.

Definition 1.50. We say that a semi-Riemannian metric is given on a man-
ifold M if in each tangent space T,,M, m € M, a symmetric non-degenerate
bilinear form (-, -),, is specified which depends smoothly on m. A manifold
with a semi-Riemannian metric is called a semi-Riemannian manifold.

So, a Riemannian metric is a particular case of a semi-Riemannian metric.
For a semi-Riemannian metric a scalar square (X, X) may be negative or
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even zero for non-zero X, hence neither norm nor distance are well-defined
on semi-Riemannian manifolds. Nevertheless, semi-Riemannian metrics ap-
pear naturally in many physical theories. The main example for us is the
appearance of semi-Riemannian metrics in relativity theory.

Notation 1.51 For a Riemannian or semi-Riemannian metric with matrix
(gij) in a certain chart, we denote the inverse matriz (gi;)~* by (9%), i.e.,
its coefficients are denoted by g* .

Remark 1.52. One can easily show that (%) is the matrix of an inner prod-
uct in the cotangent space at the corresponding point. Both the latter field
of inner products in cotangent spaces and the Riemannian metric (i.e., the
field of inner products in tangent spaces described by matrices (g;;)) are
traditionally called “metric tensors”.

Real mechanical and physical objects can be described both as vectors
and as covectors which are said to be physically equivalent. The set up of a
physical problem usually involves a certain Riemannian or semi-Riemannian
metric on a manifold. These metrics determine the physical equivalence as
follows.

Definition 1.53. For X € T,,M the physically equivalent covector bx €
T M is defined by the relation bx (Y) = (X,Y) for any Y € T, M.

For b € T}, M the physically equivalent vector X, € T, M is defined by the
relation b(Y) = (X,,,Y) for any Y € T,, M.

From Definition 1.53 it follows that for any X € T,,, M the physically equiv-
alent covector bx exists and is unique. Moreover, one can easily calculate its
coordinates. Let X = Xi 6?” and Y = Yj%. Denote by X; the coordinates
of bx, i.e., bx = X;dg’. Then, since b(Y) = X,;Y7 and (X,Y) = ¢;; XY for

any coordinate column Y7, we obtain from the definition

Xj :gini. (120)

Applying (1.20) to the matrix (¢%/), the inverse of the matrix of the Rie-
mannian metric, one can easily see that

X'=gYX;. (1.21)

Remark 1.54. Note that here we use the existence of the matrix (g¥) =
(gi;)~*, and do not use positive-definiteness. Thus physical equivalence is
well-defined for the general case of a semi-Riemannian metric, not only for a
Riemannian one.

Definition 1.55. The vector physically equivalent to the differential df of a
function f (see (1.14)) is called the gradient of f and is denoted by gradf.
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So, the gradient is determined by the relation df(X) = (gradf, X) for
any X. Comparing this formula with (1.16) we obtain the following equality
which holds for all X and f:

Xf=df(X) = (gradf, X). (1.22)

Convention 1.56 In what follows we shall denote the coordinates of phys-
tcally equivalent vectors and covectors by the same character, using upper
indices for vector coordinates and lower indices for covector coordinates as
in formulae (1.20) and (1.21).

In mechanics and physics (1.20) and (1.21) are usually called ‘formulae of
lifting and lowering indices’. The term “physical equivalence” is suggested in
[200].

Let M be a Riemannian manifold. If in some T;,M, m € U,, we have

s _Jrifi=y

i.e., the basis % consists of orthonormal vectors, the coordinates of physi-
cally equivalent vectors and covectors coincide. In particular, and this is true
only in this case, dg’ and % are physically equivalent. However, a coordi-
nate system satisfying g;; = d;; can be created only in a Euclidean space.
In a general Riemannian manifold one can easily create a coordinate system
satisfying the above equality at a single point, but the relation will generally
not be satisfied at other points in its neighborhood. For semi-Riemannian
manifolds the situation is quite analogous, the only modification being: if aiqi
is an orthonormal basis, g;; = +1.

1.5 Tensors

Main definitions

In order to describe many physical and mechanical notions one needs to
use mathematical objects more general than vectors and covectors. These
objects are called tensors and, in common with vectors and covectors, they
are characterized by the rules for transformation of their components under
changes of coordinates. Moreover, vectors and covectors turn out to be trivial
particular cases of tensors.

Let m € M and consider the Cartesian product of r copies of Ty M and s
copies of T,, M.

Definition 1.57. A tensor of type (r,s) (or (r,s)-tensor) at the point m is
a polylinear form on the above Cartesian product.
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This means that a tensor T of type (r,s) is a real-valued function, linear
in all its arguments, such that for any collection of r covectors a, b, ..., c and
s vectors XY, ..., Z the real value T(a,b,...,c,X,Y,..., Z) is defined.

A tensor field on M is defined if we associate to each point of M a tensor.

Definition 1.58. The total number of arguments in a tensor T is called its
valency. The number of covector arguments is called the contravariant rank
of T and the number of vector arguments is called the covariant rank of T.

Scalars are tensors of valency 0. Tensors of valency 1 are vectors and
covectors. By definition, a vector is a tensor of contravariant rank 1 and a
covector is a tensor of covariant rank 1.

There exists a construction allowing one to create tensors of higher va-
lency from vectors and covectors. Consider vectors F1, ..., F, and covectors
pl,...,p°. Define the tensor T=F; ® -+ @ E, @ p' ® --- @ p* of type (r, s)
by the equality

Bi® @B ep e --opid. . . ad, X,...,X,)

=Ei(a)... E.(a")p"(X1)...p°(Xs) (1.23)
for every multiplicity of covectors a',...,a” and vectors X1,..., X,.
Definition 1.59. A tensor of the form (1.23) is called the tensor product of
vectors E1,..., E, and covectors p',...,p°. Tensors of this type are called
elementary.

The space of tensors of type (r, s) at a point m is obviously a linear space.
It is clear that the elementary tensors

0

aqil ® dqjl R -Q dqjs, (1.24)

Q-

aqi,.

where the indices i1, ..., j1,...,Js take all values from 1 to n (we assume
an n-dimensional manifold M), form a basis for this space.

For any (r, s)-tensor T, its coordinates with respect to the basis (1.24) are
denoted by T;ilj’é so that

41-<~.7‘ a
T=T57 dgin @ dqir

®dg" @ --- @ dg’s. (1.25)

In order to avoid any confusion (we usually assume that coordinates appear
with respect to a basis in 7% M or in T;, M), we call T;IIZ the components
of the tensor T.

Note that, for the sake of simplicity, the summands of (1.25) are ordered so
that all 85” precede all dg7s in the tensor products (and consequently, in the
components all terms with upper indices precede all terms with lower indices).
In arbitrary tensors the factors of types &% and dg’s (and component terms

with upper and lower indices) may appear in any order.
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Taking into account formulae (1.1) and (1.11), one can easily derive the
following formula for the transformation of components under a change of
coordinates: . y _ _

it _ dgt o detdgt o de Ly,
13t dgit T dgie dgdt T dgdt Teeds

(1.26)

Note that all upper indices are transformed as in (1.1) and all lower indices
as in (1.11).

Formula (1.26) is the main characteristic of tensors. The above definition
of a tensor as a polylinear form is convenient only from the general point of
view. For concrete tensors, the fact that they can be presented as polylinear
forms may not be important for a given physical problem. On the other hand,
transformation rule (1.26) distinguishes tensors from all other objects.

In analogy with the constructions of tangent and cotangent bundles we
define the (r, s)-tensor bundle over M as the set of all (r, s)-tensors at all
points of M and define a smooth manifold structure on it as follows. The
sets of tensors over the charts U, and Ug in M play the roles of charts in
our bundle (note that using (1.25) one can easily see that these new charts
are presented as direct products) and the changes of coordinates are given in
the form (pga, gsa) Where g, is the change of coordinate in M and ga, is
defined by (1.26). Now one can easily give the definition of an (r, s)-tensor
field as a cross-section of a tensor bundle according to Definition 1.38 (i.e.,
in analogy with Definitions 1.4 and 1.13).

It is clear that a Riemannian metric is an example of a (0, 2)-tensor, i.e.,
in a chart, (-,-) = g;;d¢’ ® d¢’. The matrix (¢%/), the inverse of the matrix
(gij) of a Riemannian metric in a certain coordinate system, is an example of
a (2,0)-tensor, i.e., in a chart this metric tensor takes the form g” ’9 : ® aiqi'
Thus, in any T;;M this matrix describes the inner product of covectors, dual
to the inner product on vectors in T, M (the Riemannian inner product)
with respect to physical equivalence.

It appears that (1, 1)-tensors are linear operators. Indeed, consider an ele-
mentary tensor E ® p at some m € M and substitute into p a certain vector
X € T,,M. Then E® p(-,X) = p(X)E € T,,M is vector linearly depen-
dent on X ie. EQp:T,wM — T,,M is a linear operator. Thus the tensor
T=ad} a ;- ®dg’ is the linear operator in T,,, M with matrix (a’).

Note that we can substitute a covector a € T} M into E in ' ® p so that
E®pl(a,-) = E(a)p € T, M, i.e. E®p can be considered as a linear operator
acting on 75, M. Hence a 88 ®dg’ can also be considered as a linear operator

on T M. This operator is known as the dual (or conjugate) operator to the
operator on T, M, mentioned above, with the same matrix (a}).

Operations with tensors

The set of all (r, s)-tensors at a point m € M form a linear space, i.e., addition
and multiplication (by a real number) are well-defined. From this it follows
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that for tensor fields the operations of addition and of multiplication by a
real-valued function are also well-defined.

Further operations will be first determined for elementary tensors. Since
every tensor is a sum of elementary tensors (see expansion (1.25)), we can
easily extend the operations from elementary to all tensors.

The tensor product of an (r, s)-tensor A and a (k,[)-tensor B creates a new
(r+k,s+1)-tensor A®B as follows. For A= F1®---QE,®p'®---®p° and
B=F®  QE®pQ  -@p wehave AQB=E, Q- QF, @p' ® - ®
PP OEI® - QE,®p' ®@---®@pl. For arbitrary tensors T and T, expanded
according to (1.25), we multiply by this rule each summand of T with each
summand of T and sum up all the products to get the expansion of T® T.
This means that the set of components for T ® T is obtained by taking the
product of all components of T with all components of T.

A contraction (or trace) transforms an (r, s)-tensor into an (r — 1,s — 1)-
tensor as follows. For A= F, @ - Q@ E, ® p' ® --- ® p° its contraction by
I — th lower and v — th upper factors is the tensor of the form

P (E)E1® - ®E_1®E4 ... E,ep @ opopt e p.

Applying this rule to a general tensor T with expansion (1.25) and taking
into account that dq“(a%l) = ¢}, we see that the contraction causes a lot of

summands in (1.25) to vanish. The remaining non-zero summands have the

PR YN .
form T2 ,;;*illrj (the sum with respect to k= 1,...,n).

For example, consider the contraction of a (1, 1)-tensor (linear operator)
T =ad} a?;i ® dg’ (see above). Evidently we get trT = a’,z, the ordinary trace

of the matrix of the linear operator T.

Physically equivalent tensors

Let M be a Riemannian manifold. For an elementary tensor we define a
physically equivalent tensor by replacing a certain vector (or covector) in the
corresponding tensor product by the physically equivalent covector (vector,
respectively).

When transforming an arbitrary tensor with expansion (1.25) into a phys-
ically equivalent one, we should remember that generally speaking 3%1. is not

physically equivalent to d¢*. This is why, on replacing a certain 331' (of dq?)
by the physically equivalent object, we should create the expansion (1.25) for
the obtained tensor. Taking into account formulae (1.20) and (1.21), one can
easily derive the corresponding formulae for arbitrary tensors. For the sake of
simplicity we present them for tensors with three indices; the general formu-
lae are analogous. Usually the components of physically equivalent tensors
are denoted by the same character, changing only the location of indices. So,
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. 0
Ak = 9" Aijrs
ik ilk
B} = g1;,B"™;
CY = 9"¢" Cuuk,
and so on.

Remark 1.60. Note that the two versions of a metric tensor, i.e., matrices
(gij) and (¢") (see Remark 1.52), are physically equivalent to each other.

Symmetric tensors

We say that an (r,0)- or (0,s)-tensor is symmetric or skew-symmetric if
the polylinear form describing the tensor is respectively symmetric or skew-
symmetric. A symmetric form is a form whose value does not depend on
the order of its arguments while the sign of a skew-symmetric form changes
whenever two of its arguments are interchanged.

We consider (0, s)-tensors since the case of (r,0)-tensors is analogous. One
can easily see that for a symmetric tensor, if the basis tensors in expansion
(1.25) differ only by the order of their factors, the corresponding components
are equal. In order to simplify the notation we introduce the notion of a
symmetric tensor product:

s!
. . 1 . .
dq“®~-~®dq“=§§ dqh@,_,@dq]s
Tl

where the summands d¢/t ® - -- ® d¢’s differ only by the order of factors (it
is obvious that the number of such summands is s!). Thus, any symmetric
tensor has the expansion:

T = Tilmisdqil (ORERNO) dqiS

where the indices i1, ..., is are written in increasing order. One can also
easily show that the tensors d¢** ® --- ® dg¢*s form a basis in the space of all
symmetric (0, s)-tensors.

1.6 Differential Forms and Polyvectors

A skew-symmetric (0, s)-tensor given at a point on a manifold is called an
exterior s-form and the corresponding tensor field is called a differential s-
form; the valency of these tensors is called the degree of the form.
Skew-symmetric (r,0)-tensors are called r-vectors. A vector field in which
all the tensors are r-vectors is sometimes called an r-vector field. If one
needn’t indicate the valency, we simply refer to an exterior (differential) form
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or polyvector (polyvector field). Often one also omits the words “exterior” or
“differential”, saying “s-form”.

Real-valued functions are included in this terminology as 0-forms, covec-
tors as 1-forms and vectors as 1-vectors. Note that the term “l-form” is far
more commonly used than the word “covector”. In what follows we shall gen-
erally refer to 1-forms, only rarely using the term “covector”. Similarly, the
term “l-vector” is rarely used, so we shall generally refer to vectors.

Clearly there are two parallel theories for s-forms and r-vectors. Our main
focus shall be on s-forms with the understanding that analogous results hold
for r-vectors. Only when we need to use both will polyvectors appear.

Exterior product

As for symmetric tensors, as described above, there exists a certain special
reduction of the tensor product which is very useful when dealing with s-
forms. It is called the exterior product.

Let a',a%...a' be 1-forms. We introduce the following formal matrix with
1-form coefficients

ata?...a
~1~2 ~1

A= aa®...a . (1.27)
) ;1.15.2. ‘. .. .él. )

Just as for a matrix with real-valued coefficients, for (1.27) one can con-
sider its determinant det A where the ordinary product of real numbers is
replaced by the tensor product of 1-forms. Since the tensor product is not
commutative (unlike the ordinary numerical product) this yields a non-trivial
expression. For a permutation o of {1,...,n}, the coefficient of the summand
Mg ... 37 in this determinant is equal to the sign of o.

Definition 1.61.
a*ANai Ao Aab = det A.

Immediately from Definition 1.61 we see that a' A a2 A --- A is a skew-
symmetric (0,1)-tensor; changing the order of any two forms in the product
results in a change of the sign. It follows that if there are at least two equal
factors in the product, the product is equal to zero (since the product remains
unchanged if we swap two such identical factors).

For two 1-forms a and b, by Definition 1.61, we obtain aAb = (a®b—bRa).

Remark 1.62. Note that there are /! summands in the determinant of (1.27).
Thus it is tempting to insert the factor l—l, before det A in the definition of the
exterior product, imitating the definition of the symmetric tensor product in
Section 1.5. We emphasize that we do not do so since it is rather convenient
to omit it in the formulae below. It should be pointed out that that the factor
% does appear in some text-books. This leads to some changes in consequent
formulae. So, if you use formulae from different books, you should check what
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definitions of exterior product the authors use in order to avoid running into
absurdities of the sort 1 = 0.

From the definition of the exterior product we can easily see that any s-
form can be presented as a linear combination of exterior products of basis
1-forms (covectors) dg*. The problem is that these products are not linearly
independent: for example dg' Adg? Adg?, dg? Adg' Adg® and dg® Adg® Adg!
differ from one another only by sign. Moreover, a product having at least two
common factors is equal to zero (see the previous section). In order to avoid
this problem we shall choose the order of factors in the exterior products of
basis 1-forms according to increasing order of indices and exclude the prod-
ucts with equal factors. The resulting products become linearly independent
and so they form the basis of the space of forms of specified degree at a point
of M.

Thus any s-form at a given point of M has the expansion

w=wy i.dg" A--- Adg (1.28)

where 77 < -+ < ig.

The space of all s-forms at a point m € M is denoted by A*T; M and
the bundle of all s-forms by A*T* M. We can now calculate the dimension of
AT M for the n-dimensional manifold M. By the construction it is equal to
the binomial coefficient C. Note that C; = C}'~°. In particular this means
that A°T M is isomorphic to A" T M since the dimensions of these finite-
dimensional linear spaces coincide. Unfortunately, as usual, there are many
isomorphisms between these spaces but none can be considered as canonical
— the best one for all problems. Later we shall find a candidate for the ‘best’
isomorphism on a Riemannian manifold with some additional property.

Theorem 1.63 dim A"T; M = 1, and hence \"T M is isomorphic to the
space of 0-forms at m, i.e., to R!.

Indeed, C} = C" = 1. The unique basis form in A"T* M is dq' A dg® A
N

We say that an n-form w at some point m is identically zero if its value is
zero on any multiplicity of n vectors from T,, M.

Corollary 1.64

(i) Let wi, we € A"TX M and wy be not identically zero. Then wa = Aw;
for some real number .

(ii)  Let wy, wy be two differential n-forms on M and wy be nowhere iden-
tically zero on M. Then wy = A(m)w; where A(m) is a real-valued
Sfunction on M.

Theorem 1.65 The forms of degree greater than n on a manifold with di-
mension n are identically zero.
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Indeed, if the degree is greater than n and there are only n basis 1-forms
dq*, there will be equal factors in the exterior products of expansion (1.28).
By the properties of the exterior product, all such products are equal to zero.

The exterior differential d

Recall that in Section 1.1 we defined the notion of the differential dF of a
map F sending a certain manifold M, dim M = n, to a linear space R*.
This operation d was very useful for dealing with a real-valued function f on
M (here k = 1). It transforms f into the differential 1-form df on M (see
Proposition 1.14).

Here we extend the operation d to differential forms of higher degree so
that it transforms an s-form « into an (s+1)-form da. This extension is called
the exterior differential. For the sake of simplicity we introduce the exterior
differential in terms of coordinates. This is probably the only exception to
our general idea to first introduce a new object in invariant form and then to
describe it in terms of coordinates. The invariant construction of the exterior
differential is more complicated than the coordinate construction.

We define the exterior differential d on O-forms as the operation coinciding
with the above-mentioned d. For an s-form «, s > 0, with the expansion
(1.28), i.e.,

o= ;,dg" Ao Adg',

we define the action of d by the formula
da =doy, .., A dg* A--- Adgt (1.29)

where da, ;. is the differential of the function o, _,,, i.e., a 1-form that can
Oy

be expanded by general formula (1.14): day,. ;. = 8(1,‘“ dq® so that (1.29)
is transformed into

da = 6037;"“dqi/\dqi1 Ao Adge. (1.30)
Note that (1.30) does not satisfy the above convention that the factors in
the exterior products dg’ A dg"* A --- A dg® should be ordered according
to increasing size of indices, so for each form « it needs to be rewritten
accordingly. Note also that dg’ A dg’* A --- A dg’s may have equal factors so
that some summands in (1.30) may vanish.

Definition 1.66. If da = 0 the form « is called closed. If a = df for some
form 3, « is called ezact.

Theorem 1.67 d> =dod =0, i.c., all exact forms are closed.

Remark 1.68. Note that in R* all closed forms are exact. The same is true of
any contractible manifold. In the general case the difference between closed



1.6 Differential Forms and Polyvectors 29

and exact forms indicates the topological structure of the manifold. This
difference is described by means of the so-called de Rham cohomologies.

Physically equivalent r-forms and r-vectors

Let M be a Riemannian manifold, i.e. a manifold M on which a Riemannian
metric (-,-) = gi;dg’ @ dg’ is given. As for ordinary tensors, in this case the
notion of physical equivalence is well-defined for skew-symmetric tensors of
types (s,0) and (0, s). For the sake of convenience we shall denote physically
equivalent forms and polyvectors by the same letter putting a tilde over the
form and a bar over the polyvector. For instance, X and X denote a form
and polyvector, respectively, each physically equivalent to the other.

Theorem 1.69 Let & = a' A --- A a* be a k-form where a* are 1-forms.
Then & = a' A --- A a® where @' are the vectors physically equivalent to @,
i=1,...,k.

This theorem follows directly from the construction.

Recall that dg’ and % are generally not physically equivalent to each
other. This means that the transition to the physically equivalent object
should be done by means of the general formulae (1.20) and (1.21) in the
same manner as in Section 1.5 for general tensors.

The interior product

This is a version of a contraction (or trace, see Section 1.5) adapted to the
language of differential forms.

Consider an r-vector X and an s-form «, r < s. Their interior product is
denoted by X | @ and is defined as follows. Create the tensor product of X
and «a, both expanded as in (1.25). This yields an (r, s)-tensor. Now contract
it with respect to all r contravariant factors and the first r covariant factors in
each summand of the expansion (1.25) so that the k-th contravariant factor
is contracted with the k-th covariant factor. X | « is the resulting tensor of
type (0, s —r). Since X and « are skew-symmetric, so too is X | a, i.e., it is a
differential (exterior) form. Its expansion should be found in the form (1.28).

Volume forms. Orientable manifolds

Recall (see Corollary 1.64) that on an n-dimensional manifold M for two
n-forms o« and § at some point m € M, where 3 is not identically zero, we
have o = A3 where A is a real number. Thus for two differential forms o and
3, such that f is identically zero nowhere on M, we have a = A\(m)/ where
A is a real-valued function on M.

The problem is whether there exist a differential n-form on M which is
nowhere identically zero. There are manifolds on which any n-form is iden-
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tically zero at at least one of its points. Such manifolds are called non-
orientable.

If there exist an n-form that is nowhere identically zero on M, M is called
orientable. Obviously if a single such form exists, there must be infinitely
many such forms: for example one can multiply the form by any real number
or by a non-zero real-valued function on M. The set of all such n-forms on an
orientable manifold M is naturally divided into two classes as follows: specify
a certain set of n linearly independent vectors at a given point m € M, then
two n-forms belong to the same subclass if their values on the above set
have the same sign. We summarize this as follows: there exist two possible
orientations on an orientable manifold.

On an orientable manifold M it is convenient to specify a certain nowhere
identically zero n-form. In this case we say that an orientation has been
chosen on M and call M an oriented manifold. This form is called the volume
form on the oriented manifold M.

The latter term originates from the following. Let M be an oriented Rie-
mannian (or semi-Riemannian) manifold (as is commonly found in many
physical problems). In this case there is a canonical volume form (2 con-
structed as follows. Choose an orientation on M, i.e., specify a certain n-form
w that is nowhere identically zero. Note that any tangent space T,, M, m € M,
is a Euclidean (or semi-Euclidean, respectively) space. For any set of vectors
X1,..., Xy € T, M define the value 2(Xy,...,X,) to be the volume of the
parallelepiped spanning X1, ..., X, with the sign + if w(Xy,...,X,) > 0
and with the sign — if w(X7y,...,X,) < 0. Note that if X, ..., X,, are not lin-
early independent, the volume of the spanning parallelepiped is equal to zero,
i.e. the above construction is well-defined. Obviously 2 is skew-symmetric,
i.e., it is an n-form at m. Doing this for all m € M we obtain a differential
n-form that is clearly nowhere identical zero.

Definition 1.70. The above form (2 is called the Riemannian volume form.

In a Euclidean space with orthonormal basis %, e % (i.e., dqi(%) =
. q q q
5; here) we have 2 = dg'A,...,Adg". In a chart of a Riemannian manifold
the Riemannian volume form is described by the formula (see [202])

2 = y/det(gi;)dg' A, . .., Adg™. (1.31)

On a manifold the integrals of real-valued functions are well-defined if the
integrator is a volume form. We refer the reader, say, to [212] for details.

The operations *, § and A

Let M be a Riemannian (or semi-Riemannian) oriented manifold with Rie-
mannian volume form 2.

The operation * is an isomorphism of the space of k-forms onto the space
of (n—k)-forms at any point m € M. For a certain k-form & the (n — k)-form
x@ is defined by the formula:
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xa=—aln (1.32)

where @ is the k-vector physically equivalent to &. Note that the coefficient %
is involved in order to naturally coordinate the formulas with each other. For
instance, one can easily see that in the Euclidean space R?, by formula (1.32),
*(dg' A dg?) = dg?® while it would be equal to 2dg® without the coefficient.

Since for all k = 0,...,n, * : A¥T*M — A" *T*M is an isomorphism,
there exists an inverse * 1 : AST*M — A"=5T*M for all s =0, ...,n. (Note:
ifs=n—kthenk=n-—s.)

Definition 1.71. The operator § = *~'d * is called the codifferential.

Let a be a k-form. Then *« is an (n — k)-form, d* « is an (n — k + 1)-form
and da = x~'d * o is a (k — 1)-form.

Theorem 1.72 §% = 0.
Indeed, 62 = (*~1dx)(*~1d*) = *~1d?* = 0 since d2 = 0 by Theorem 1.67.

Definition 1.73. A = (d + 6)? is called the Laplace-de Rham operator (or
Kodaira-Hodge Laplacian).

Since d? = 0 and §2 = 0, one can easily calculate that
A=dd+dd (1.33)

(note that d and ¢ do not commute and so the summands on the right-hand
side of (1.33) are not equal to each other).

If « is a k-form, then since d increases the degree by one and § decreases
the degree by one, A« is also a k-form, i.e., A preserves the degree.

Relations to operators of classical vector analysis

Making use of the operations with differential forms introduced above, one
can generalize the operators gradf, divX and rotX of vector analysis in
three-dimensional Fuclidean space to spaces of higher dimension and to Rie-
mannian (semi-Riemannian) manifolds.

In the remainder of this section we consider a Riemannian (or semi-
Riemannian) manifold M, a smooth vector field X and a smooth real-valued
function f on M. As introduced above, we use the symbols bar and tilde over
a certain expression to denote physically equivalent polyvectors and forms,
respectively. In particular, by X we denote the 1-form physically equivalent
to X. Recall that the coordinates of X are denoted by X; and those of X by
X

Recall also the definition of the gradient of a function given in Definition
1.55. In our new notation gradf = @ One can easily see that in the Eu-
clidean space R?, i.e., where d¢* = 8 5, this formula yields the usual definition
of gradient from vector analysis.
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Definition 1.74. The divergence of the vector field X is the function divX =
0X.

By direct calculation one can easily show that in the Euclidean space R3
the above definition gives the ordinary divergence.

Remark 1.75. Below (see Definition 1.86) we give an alternative definition
of divergence in terms of the so-called Lie derivative. It will be applicable in
even broader settings (for instance, the manifold M may not be Riemannian).

Definition 1.76. The rotation of the vector field X is the (n—2)-vector field
rotX = xdX.

Notice that only for n = 3 do we have n — 2 = 1, i.e., only in this case is
rotX a 1-vector field. As in the case of divergence, by direct calculations one
can easily show that in the Euclidean space R3 the above definition gives the
ordinary rotation.

1.7 The Lie Derivative

Here we present a method of differentiation of various objects along a vector
field on a manifold. Note that even in Euclidean spaces this method, generally
speaking, does not coincide with the ordinary derivative.

First we should describe the general notion of differentiating something
along a smooth curve. Let ) be a vector space. Associate a copy of @ to each
point m of a manifold M and denote it by Q,,. Let ¢(m) € Q,, be chosen so
that the “field” g(m) is given on M. Consider a smooth curve m(t), t € [0,1].
Suppose that there exists a set of linear operators A(t) : Q) — Qum(0)-
Consider the curve q(t) = A(t)q(m(t)) in the vector space Qo). Calculate
dg(t) at t = 0. This derivative (if it exists) is a vector of @, (o), i.e., an object
of the same sort as the field g(m). Note that this manner of differentiating
depends on the operator A(¢); having determined A(t) we obtain a specific
type of differentiation.

For example, if ¢(m) is a smooth vector field on M and A(t) is the opera-
tor of parallel translation, the above derivative coincides with the covariant
derivative 2 (see Section 2.2).

The Lie derivative is defined according to the above scheme where the
operator A(t) is determined by a particular vector field on M, as we describe
below.

Let a smooth vector field X be given on M. Consider its flow g,(m) (see
Definition 1.6). Let for a point mo € M the integral curve g;(mg) exist for
t € [0,em,] and so for any ¢t € (0,&,,,) the neighboring integral curves also
exist. Thus we can consider the map g; on a neighborhood of mg and since it
is jointly smooth in ¢t and m, we can consider its tangent T'g; and its cotangent
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T*g; mappings. These mappings will be used as operators A(t) for translating
vectors and forms along g¢(myg) in the construction of Lie derivatives. Note
that since g; is a diffeomorphism, T'g; is also one-to-one and there exists an
inverse map T'g, L

We begin the construction of the Lie derivative with that for real-valued
functions. Consider such a function f : M — R. Let my € M and consider
the integral curve g:(mg). Note that here the general construction is reduced
since by definition all values f(g:(mo)) belong to the same real line R and so
we needn’t move them along. Thus, according to the general idea, we should
create the function f(g:(mo)) and differentiate it at ¢ = 0. The resulting
number Ly f(myg) is called the Lie derivative of f along X at mg. Having
done this at all points of M we obtain the function Lx f called the Lie
deriwative of f along X.

Proposition 1.77 Lxf coincides with the ordinary derivative X f of f
along X.

Indeed, the statement is obvious since the constructions of Lx f and X f
coincide (cf. Definition 1.7).

Now we generalize the construction to differential forms of higher degree.
Let « be a k-form, 0 < k& < n. Consider the forms ay, (m,) along g¢(mo). In
order to move them to mg along g;(mg) we should generalize the construction
of the cotangent mapping (see Definition 1.16) so that it applies to k-forms.
We do this for the map ¢; (the general construction is quite analogous).

Denote by T*gi(cvg, (m,)) the k-form at the point mo whose value on the &
vectors X1, ..., X, € T,, M is given by:

T*gt(agt(mo))()_(l, . 7X}<;) = agt(mg)(Tthlu e ,Tthk). (134)

Definition 1.78. The k-form £7%g,(cvg, (mo))ji=0 at mo is called the Lie
derivative of o along X at mg and is denoted by Lxa(mg). Having carried
out this procedure at all points of M we obtain the k-form £xa on M which
is called the Lie derivative of o along X.

Theorem 1.79 Lxa =X | da+d(X | a).

Note that both summands on the right-hand side of the last formula have
degree k (this follows from the properties of d and the interior product). We
leave the proof to the reader as a (not so simple) exercise (for a proof, see
212)).

The last modification of the construction deals with vector fields. Let Y be
a smooth vector field on M. Consider its restriction Y (g:(mg)) to the curve
g:(mo). Now we translate those vectors into Ty,, M by Tg; ' which by its

construction sends Ty, (;mq) M into Ty, M.

Definition 1.80. The vector £7g; (Y (g:(mo))ji=0 € Ty M is called the
Lie deriwative of Y along X at my and is denoted by LxY (mg). Having
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carried out this procedure at all points of M we obtain the vector field LxY,
called the Lie derivative of Y along X.

Theorem 1.81 LxY = [X,Y], the Lie bracket of X and Y.

It is important to understand what is meant if the Lie derivative of an
object along X is equal to zero. Directly from the construction of the Lie
derivative we obtain:

Theorem 1.82

(i) If Lx f =0, f is constant along integral curves of X.
(i) IfLxa =0, T*gi(ag,(m)) = m for allm € M.
(ili) IfLxY =0, TgYm =Yy, @m) for allm e M.

Definition 1.83. If T%g;(ag,(m)) = am (T9:Yim = Yg,m) for all m € M we
say that a (Y, respectively) is constant along the flow of X.

So, a zero value of a Lie derivative means that the corresponding object
is constant along the flow of X. Hence, in particular, if we apply g; to an
integral curve of Y such that [X,Y] = 0, the image is also an integral curve
of Y. Since [X,Y] = —[Y, X] (see above), the same is true of the image of an
integral curve of X under the action of the flow of Y.

Definition 1.84. If [X,Y] = 0 we say that X and Y commute.

An obvious example of commuting vector fields is the pair of coordinate

) 2
fields o and B

Theorem 1.85 (see, e.g., [26]) If [X,Y] = 0 in some chart, in this chart

there exists a coordinate system (q',...,q") such that X = 6%1 andY = 6%2.

Using the Lie derivative one can extend the notion of divergence of a vector
field. Let 2 be a volume form on an orientable manifold M and let X be a
smooth vector field. The Lie derivative Lx {2 is also an n-form and so it is
presented as the product of a real-valued function and 2.

Definition 1.86. The function divX in the equality Lx {2 = divX - {2 is
called the divergence of the vector field X on the manifold M with specified
volume form {2.

Let M be a Riemannian manifold.

Proposition 1.87 If the form §2 in Definition 1.86 is the Riemannian vol-
ume form, divX from Definition 1.86 coincides with the divergence in Defi-
nition 1.74.

Proof. By Theorem 1.79 Lx 2 = X | df2 + d(X | £2). Since {2 is an n-form,
d2 =0 and so Lx2 = d(X | ). But d(X | 2) = d(*X) (see (1.32)). On
the other hand, by construction divX from Definition 1.86 equals * 1L x £2.
Hence divX = % 'd* X = §X (see Definition 1.71). 0



Chapter 2
Connections

2.1 The Structure of a Tangent Bundle to a Vector
Bundle

Let m : © — M be a vector bundle with standard fiber R?, dim M =
Denote by ©,, the fiber at m € M and by (m,9) = ¥, the points of this
fiber. Consider a chart U, on a manifold M with local coordinates (¢*, ..., ¢")
and a trivialization F, of the bundle over that chart. Let eq,...,eq be the
standard basis in R?. Since Fo (77 U,) = U, x R?, this basis generates a
basis in every fiber @,,, m € U,. We obtain a smooth field of bases that
will also be denoted by ey, ...,eq. Thus every cross-section ¢ of the bundle
O can be represented in terms of coordinates with respect to these bases in
the form ¥ = ¥%;, i = 1,...,d. In U, x R? the set of vectors U, x {Xo} for
some Xy € R? corresponds to the vectors 1 from ©,,, m € U, that have the
same coordinates with respect to eq,...,eq as Xg. Another trivialization of
the bundle over U, would generate another set of vectors equivalent to X
that is different from the former.

In the vector bundle the set T, (7 'U,) = U, x R? can be considered
as a chart on the total space ©. Denote by ¥ the coordinates in the fibers
O, m € Uy, whose coordinate axes are spanned by the basis vectors e; in
the fibers. We obtain the coordinate system (q', ..., ¢, 9!, ...,9%) in the chart
Uy x R? on 6. By a general scheme (see Section 1.1) thls system generates
a basis 621 ey agn’ FoTr s BM in the tangent space T{,, 4)© to the total

space © of the bundle at every point (m, ), m € Uy,.
The symbols aiqlv e 82 for the ﬁrst “half” of the basis vectors coincide
with the symbols for the basis vectors B_ql’ ceey aq” in the tangent space T}, M,
m € Uy, to M generated by coordinates (q!,...,¢"). This is natural since
the former vectors are tangent to a submanifold ua x {V} in Fo(n Uy)
where the coordinates (q!,...,q") are generated by the projection of the
same coordinates from U,, and that projection is an isomorphism. On the
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other hand, by construction the vectors %, ceey a%d are tangent to the fiber
O, i.e., they belong to the tangent space TyO,,.

Definition 2.1. The tangent space Ty6,, to the fiber of a bundle @ at m is
called the vertical subspace in the tangent space T{,, 9)© to the total space
of the bundle and is denoted by V(,, 4). The vectors of V(,, gy are said to be
vertical.

For every vector Y, ) at a point (m,?) € © we can find its coordinate

decomposition with respect to the basis mentioned above: ¥ = Y? 6(3" +
Yj%, t=1,...,n,5=1,...,d. By introducing vectors Y; = Yia%i el M
and Yy = Yja%j € TyO, the vectors Y(,, 9y € T(;n,1)O are represented as
quadruples (m, 9, Y1, Y2). This notation is compatible with that of Convention
1.3 for tangent vectors as points of the tangent bundle: here (m,¥) is a point
of the manifold © and (Y7,Y2) is a tangent vector to ©.

Let us find the formula of transformation of Y7 and Y under standard
changes of coordinates of the form (¢gq, gga(m)) (see Definition 1.32) on the
total space ©. Recall that, since © is a vector bundle, ggo(m) is a linear
operator in R? and so it is equal to its derivative. On the other hand the
derivative in m € M of the linear operator gg,(m), depending on m, is
a bilinear operator. Denote it by gj,(m)(:,-). The first argument of this
operator is a vector from the fiber and the second argument is a vector
tangent to the base M. In particular, the derivative ggo(m) in m at the
point (m,¥) € © takes the form gj,(m)(¥,-). Since pp, does not depend
on the points of fiber, the derivative of s, in R? equals zero. Taking this
into account it is easy to see that the derivative of the change of coordinates
(¢8a; gsa(m)) at the point (m, ) € O is represented in the form

, Vo 0
(¢Bas gpa(m)) = (g'w (nf)(ﬁ, ) gga(m) ) '

This means that under the above-mentioned changes of coordinates the col-
umn (Y7,Y3) transforms by the formula

/ 0 YO(
0= (g st ()
( 1 2 )( 8,98 g/ﬁa(ma)(ﬁa") gga(ma) Y2a

/ Ya
~ (o oy S e ) @D
9pa (M) (0, Y1) + gga (m®)(Ys")
In terms of quadruples formula (2.1) takes the form

(m57ﬁﬂvylﬁ71/éﬁ) (22)
= (9gam®, gga(m™)9%, 03, Y1", gho (M™) (9%, Y1) + gpa(m™)(Y3")).
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By the definition of the projection 7 we have 7(q,...,q", 9, ..., 9%) =
(¢%,...,q"). Hence, the Jacobi matrix (presentation of the differential d(m,0)T
in the given coordinate system) takes the form (I 0) where I and 0 are the
unit n X n matrix and zero k X n matrix, respectively. As a consequence we
obtain the formula for T'w : TO — T M in the form

T7r(m,19,Y1,Y2) = (m,Yl) (23)

(by definition the tangent mapping T7 acts as m on the points (m,d) and
as d(pm,9)m on the vectors (Y1,Y2)). Recall that by construction Y; on the
left-hand side of (2.3) belongs to T(,, )@ while Y1 on the right-hand side
of (2.3) belongs to T,,M but both vectors have the same coordinates with
respect to 8%, cee % (the first “half”of the basis in T, 46 and the entire
basis in T, M, respectively, are isomorphic to each other, see above). We do
not distinguish between these two vectors or the frames in this notation.
Formula (2.3) means that

o0 .. 0 )
i I— ) =Y"—. 4
Tw(Y aql+Y 8197> Y aq (2.4)

Remark 2.2. As on every manifold, there is a natural projection of T'@ onto
©. Denote it by m; : TO — O. In coordinates it is represented in the form

7T1(m,’l9,Y17Y2> = (m,ﬁ) (25)
We emphasize the difference between (2.3) and (2.5).

Let Y be a cross-section of the bundle @. Over the chart U, we have
the decomposition Y = Y'e; (see above). Recall that we consider the cross-
section Y as a mapping Y : M — O such that 7Y = id (see Definition 1.38).
Consider also its tangent mapping 7Y : TM — TO. Since Y has the form

Y(ql?""qn) = (q]‘,..',qn,Yl(ql,...,qn),...,Yk(ql,'."qn)),

its Jacobi matrix takes the form

(@)

where I is the unit n x n matrix and (%Z;) is the n x d Jacobi matrix of Y.
Thus for (m, X) € TM we obtain

TY (m, X) = (m, Y, X, (%) X) (2.6)

(recall that TY acts as Y on points m and as d,, X on X).
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On the vector bundle @ the so-called action of the real line is given as
follows. For every a € R defined a : © — O (we denote the number and the
corresponding mapping by the same symbol a) by:

a(m,9) = (m, a?), (2.7)

where (m, ) € O, i.e. the action consists of multiplying all vectors from all
fibers of © by a. Thus a(q!,...,q",9',...,9%) = (¢',...,q", ad}, ..., ad?)
10
0al
matrices, respectively, of corresponding dimensions. Hence

and evidently d(,, g)a = , where I and 0 are the unit and zero

Ta(m,9,Y1,Ys) = (m,ad, Y1, aYs). (2.8)

Below we shall often use the constructions described in this section on
tangent and cotangent bundles. For these cases we have to define the previous
formulae and notation more precisely.

Since the fibers of a tangent bundle are tangent spaces, they already have
the standard frames %, ey %. For the case of a tangent bundle we most
often use such frames and the trivialization generated by them in a tangent
bundle over charts (the construction of this trivialization is described in Sec-
tion 1.1). Sometimes we shall also use alternative trivializations but those
cases will be mentioned explicitly.

In this case the notation ¢* for coordinates in fibers is compatible with the
interpretation of a tangent vector as a velocity of some curve. We replace 9

by this notation. Thus the frames in tangent spaces to T'M have the form
d o _d )
8¢l 2 8qnr ¢ty 9 .
For an analogous trivialization in a cotangent bundle we use the basis
dq¢', ..., dg™ and coordinates in fibers with respect to those frames are de-
noted by p; (here we take into account the interpretation of cotangent vectors
as momenta). Respectively, the frame in a cotangent space to T* M takes the
form 2- 9 9 0
BaT’ ) Bam Dpr 0 B
The frame in a cotangent space to T'M is denoted by dgt,...,dq",
dg',...,d¢™ and in a cotangent space to T*M by dq',...,dq",dp1,...,dp,.
We consider in detail the case of tangent bundles. The constructions on
cotangent bundles are analogous.

Definition 2.3. The tangent bundle to a tangent bundle T'M is called the
second tangent bundle to the manifold M and is denoted by TTM or T?M.

The vectors of the second tangent bundle, i.e., tangent vectors to T'M, are
described as quadruples of the form (m, X, Y7, Ys) where X and Y7 belong to
T,,M while Y5 is a vector tangent to T,, M.

The Jacobi matrix of the natural projection 7 : TM — M has the form
(I,0) where I is the unit matrix and 0 is the zero matrix, both n x n. Thus

1 0 Vi 0\ _ yvi 0
Tr (Yigh +Vigh) = Vig:
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The action of the real line on T'M is defined as a particular case of the
general definition. For a € R the Jacobi matrix of the corresponding mapping
a:TM — TM has the same form as above.

The transformation rule for quadruples describing vectors of the second
tangent bundle under changes of coordinates also has to be specified. First of
all on T'M the transformation gs, (m) in fibers takes the form gga(m) = ¢j,,.
Hence g, (m)(-,-) = ¢%5,(+,-) where ” denotes the second derivative of the
change of coordinates ¢g,. Since the fiber of TM at m is the tangent space
T.nM, both arguments in goga(-, -) have the same nature: they are vectors
tangent to M. This is why we replace the symbol ¢} in the notation for an
element in the fiber of © by the symbol X of a tangent vector to M.

Thus formula (2.1) is transformed into

5 yp _( ¥ O (VP
0 Do = (o ey ) (Vi

_ wbayla
= <wga<ma><xa,w> + sa'ga<ma>w>) - (29

So, by formula (2.9) the transformation of quadruples as vectors tangent to
TTM under the change of coordinates ¢go on M has the form

(m?, X7, YY)
= (@Bama7 ‘p/ﬁaXaa (p,/BaYla7 Sﬂga(Xa> Yla) + SDIBa (Y2a)) (2'10)

We return to the general case.

Recall that by Definition 2.1 the space Ty©,, is called the vertical subspace
in T(;n,9)© and is denoted by V(,, 4). The vectors belonging to V(,, gy are said
to be vertical.

As a direct consequence of the construction we obtain the following:

Proposition 2.4 The space V(y, 9) does not depend on the choice of the
chart Uy, its coordinate system (q*,...,q") in a neighborhood of m € M, or
on the choice of the trivialization of 7~ "U,.

Indeed, the fiber ©,, and hence the tangent space TyO,, = V() are
determined without use of any coordinate system. The system (¢!, ..., ¢") is
involved only in representing V(,, ») as the linear span of %, e 8?9'1 . Notice
that these vectors do depend on the trivialization of 771U,

Recall that by formula (1.2) we introduced the linear isomorphism p of a
tangent space to a vector space onto the vector space. Thus here p : Vi, 9y —

O, is well-defined and takes the coordinate representation

p(a(zi) Sy (2.11)
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el
» Bg™
By construction, Hfm 9) is the tangent space to the submanifold U, X ¢ in

Denote by Hfmﬁ) the linear span of the vectors aiql’ . in T(n,9)0.

71U, with respect to the given trivialization of 7~ 'U,. Immediately from
the definition we get T(,, 90 = Hfm’ﬁ) ® V(m,9) where @ is the direct sum.
Notice that for the vector Y(,, 9y = (m,9,Y1,Ys) € T(;, 9)© by definition
Y, € Hfm,ﬁ) and Y5 € V(mﬂg) so that )/(m)ﬁ) =Y ®Ys.

Proposition 2.5 The subspace Hfm,ﬁ) depends on the choice of trivialization
of U, and hence on the chart Us,.

Proof. Indeed, consider another chart Ug with non-empty intersection Ua,g
with U,. Let a trivialization of m~!Ug be given so that the standard basis in
RY generates another field of bases e}, . .., ¢/, different from the field ey, ..., eq
generated by the above trivialization of 771U,. The layers in U, x R of the
vectors U, x ¥ and in Ug x RY of the vectors Ug x ¥ for a specified vector
¥ € R are different since the former is generated by those 9¥'’s from ©,,/,
m’ € U, whose coordinates with respect to ey,...,eq are the same as the
coordinates of ¥ and the latter by those whose coordinates with respect to
e} ..., e, are the same as those of ¥. Since the layers going through (m, )
are different, their tangent spaces at (m, ) are also different. ]

Remark 2.6. From the definitions it immediately follows that the quadruple
for a vector from Hfmm takes the form (m,¥,Y7,0) and, for a vector from
V(m,9), the form (m,d,0,Y3).

Proposition 2.7 T'w sends any Hfm 9) isomorphically onto T, M and V (p, 9)
is the kernel of T at any T(;,9)0.

Indeed, a vector from HZ 9) takes the form (m,,Y7,0) and from Vf”;n,ﬁ)
the form (m, 9, 0,Y3) (see Remark 2.6). So, by (2.3) Tw(m,d,Y1,0) = (m, Y1)
and Tw(m,?,0,Y3) = (m,0).

2.2 Connections on Vector Bundles

Connection and connector

Definition 2.8. Let © be a vector bundle and suppose that in every tangent
space T(,,,9)0 a subspace H ., »), complementary to Vi, gy (i.e. (00 =
Him,9) © V(m,9) at any (m, ) € O), is specified such that the total family of
subspaces H = {H(;,, 9)|(m, ) € O} satisfies the following two properties:

(i)  the space H,, 9y depends smoothly on (m,?¥) € © (in the sense de-
scribed below);

(ii)  the family H is invariant with respect to the action of the real line on
0, i.e., TaH(y.9) = Him,av) for every a € R and (m,?) € O.

Then H is said to be a connection on 6.
The subspaces H(,, ) of a connection H are called horizontal, as are the
vectors of T{,, ¢)© belonging to H,, 4)-
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The precise meaning of the statement that H,, ) is smooth in (m, ) is as
follows. In a neighborhood of any point (m,¥) € © there are n smooth linearly
independent vector fields such that, for any (m’, ') in the neighborhood, the
subspace H(,,/ 4 is the linear span of vectors of those fields at (m/,?").

Proposition 2.9 The family Hgn,ﬂ) introduced in Section 2.1 is a connection
on 71U,

Proof. The presentation T, 40 = Hfm 9) @ V(m,9) was derived in Section
2.1 from the definition of Hfm )" Also by definition Hfm 9) is the linear span
of smooth linearly independent vectors 6%1’ ceey %.

At any point (m,d) € © the space H(Em 9) is the set of all vectors whose

quadruple presentation takes the form (m,d,Y7,0) (see Remark 2.6). By for-
mula (2.8) we see that T'a is a one-to-one mapping sending (m,,Y7,0) to
the quadruple (m,a?,Y1,0). Thus TaH,.9) = Him,ae)- O

Definition 2.10. The family of subspaces Hfm 9) 18 called the Fuclidean con-
nection of a given trivialization of 7~ U,.

Indeed, Hfm 9) depends on the trivialization (see Proposition 2.5).

There exist connections {H;, 4)} that may not be presented as the Eu-
clidean connection of a trivialization. Of course, at a given point (m, ) for a
subspace H,, ), complimentary to V(,, ), one can find a trivialization such
that H(,, ¢) coincides with the Euclidean connection of a trivialization at
(m, ), but in general this cannot be achieved for subspaces at all points in
a given neighborhood. In order not to exclude general connections, we have
not limited ourselves to Euclidean connections.

®ln
\)
m,¥)
( A H(m’ﬂ)
’]—&"L,’&) HE
/'9 (m, )
Tn
TmM \ /
m
M

Proposition 2.11 T'n : H,, 9) — T M is a linear isomorphism.
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Proof. Recall that T'r : T(,, 90 — T,, M is surjective and (by Proposi-
tion 2.7) V(9 is the kernel of T'r. Thus, the Proposition follows from the
general result of linear algebra that a surjective linear operator is one-to-one
on a complement to the kernel. ]

The above proof is also valid in the analogous case of H(Em,ﬁ) in Proposi-
tion 2.7. However, we used a coordinate proof there for simplicity.

Combining Propositions 2.7 and 2.11 we see that T'r is connected with the
decomposition T(,, )0 = H(;,.9) © V(m,9) as follows:

Lemma 2.12

(i) T :Hunw — TnM is an isomorphism.
(11) V(myg) =kerTm.

Our next step is to construct a map that is one-to-one on V(,, ») and
whose kernel is H,, ). Recall that the operator p that establishes a linear
isomorphism between the vector space ©,, and the tangent space TyO,, to
it acts by formula (2.11). Hence, for a vector from V(,, y) with the quadruple

(m,¥,0,Y3) (see Remark 2.6) where Y5 = Yia%i, we have
p(m,9,0,Ys) = (m,pYs) = Y'e,. (2.12)

The decomposition T(,, 90 = H(p, 9) & V(m,9) yields the decomposition
Yim,9) = HY @ VY for every Y(,, 9y € T(sn,9)©, where HY € H,, ») and
VY € V(;,9)- The symbols H and V may be considered as projections H :
Tim,9)0 — Hinoy and V : T(;, 9)© — V(9 in the above decomposition.

Definition 2.13. The map K = pV : T(,, y)© — O is called the connector
of the connection H.

O
7
m,¥
(m,9) v
VY H(m,ﬂ)
T&m,i?)® HY HE
29 (m,d)

KY=pVY
TuM \
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Thus K (Ym,9)) = P(VY(1m,9)). Evidently K on V(,, ) coincides with p and
so K maps V(,, 9) onto ©,, isomorphically. On the other hand, V(H,, 9)) =
0 € V9 and so K(H(, 9)) = 0 € ©,,. We summarize these properties in
the following lemma:

Lemma 2.14

(i) K :V(ng) — On is a linear isomorphism.
(11) H(mﬂ) =ker K.

Compare Lemmas 2.12 and 2.14. Notice the difference: we know that
V(m,9) and T'm exist on each vector bundle © while H(,, 3y and K must
be given “by hand”.

In order to work with H,, sy and K we need to describe them by means
of coordinates. The best way to do that is to compare H(,, ») with Hfmﬂ) of
a certain trivialization over a chart U, since the coordinate presentation of
H{Em,ﬁ) is known.

Consider a vector Y1 € T;, M. Since T'r sends both H,, 4, and Hfm,ﬂ)
onto T,, M one-to-one, each of the spaces contains a unique vector whose im-
age under Tr is Y;. The vector in Hfm,ﬂ is usually denoted by the same
symbol Y;. Denote the vector in H,, s) by HY. Consider the difference
In(0,Y1) = Y1 — HY € T, 9)6. By construction we have T'rl,(9,Y1) =
Tr(Y1) = Tn(HY) = Y1 =Y, = 0 € T, M. Hence, I',(9,Y1) € V)
since V(y, 9y is the kernel of T'r. Thus we can apply p to I, (,Y1) and
obtain the vector pl;,(¥,Y1) € ©,,. We have constructed the operator
PLn(,) : On X Ty M — O,

®n1

(m,¥)
\{mﬂ’) HY _
Tém",) l—‘m(’}v Yl)
Y Y E
H(m,ﬂ)
Tn
L T
TmuM —
M
prm(ﬂa Yl)

Definition 2.15. The operator pI,(-, ) is called the local connector (or local
connection coefficient) of the connection H.
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The word “local” means that the operator is constructed and calculated
in a certain chart U, on M with respect to a certain trivialization of 7= U,.

Theorem 2.16 The operator pIy,(-,-) is linear in the second argument.

Indeed, pl},(9,Y1) = Tﬂ_l(Yl)‘Hgn Y Tr= (Y1) Since the op-

eration Tm~! and the operation of taking the difference are both linear,
Pl (9, Y1) is linear in Y7.

[Hem,9)*

Theorem 2.17 The operator pIy,(-,-) is linear in the first argument.
To prove Theorem 2.17 we need the following:

Lemma 2.18 Let B : E — E be a map in the vector space E, smooth and
homogeneous with degree 1. Then B is a linear operator.

Proof. (of Lemma 2.18) Recall that B is homogeneous with degree k if for
any vector X € E and any A € R we have B(AX) = M B(X). From the
homogeneity it follows that B(0) = 0.

Since B is smooth, we can expand it by the Taylor formula in a neighbor-
hood of 0 € E up to a certain degree greater than 1. Thus, since B(0) = 0,
B(X) = B'(X) + 3$B"(X,X) + ... where B’ is the first derivative of B at
the origin (recall that B’ is a linear operator), B” is the second derivative of
B at the origin (recall that B” is a bilinear operator), etc. On the right-hand
side only B’ is homogeneous with degree 1; B (X, X) is homogeneous with
degree 2 and the other summands have greater degrees of homogeneity. Thus
the left-hand side is homogeneous with degree 1 only if all summands on the
right hand side except B’ are equal to zero. Hence B = B’ and so it is a
linear operator. O

Proof. (of Theorem 2.17) Since by Definition 2.8(i) both H(,, ¢y and H{Emﬂ)
are smooth in ¥, so too is pI,,(d,Y7). We shall show that pl;,(¢,Y7) is
homogeneous with degree 1 in ¥} so that the statement of Theorem 2.17 will
follow from Lemma 2.18.

The vector HY = Tr=1(Y}) € H(m,9) is presented as a quadruple in the
form (m,9,Y1, I (9,Y1)). By Definition 2.8(ii) and by formula (2.8) (de-
scribing T'a) the vector Ta(HY') = (m,a¥, Y1, al’ (9, Y1)) belongs to H,, q0).-
Using formula (2.3) we get Tw((m,ad,Y1,al},(9,Y1)) = (m,Y7). Since T'w
is one-to-one on H,, 49y, it is the unique vector in H,, ,9) whose image
under T is (m,Y7). But the vector HY = Tr~1(Y;) € H(m,a0), whose
quadruple takes the form (m,ad,Y7,I},(ad,Y1)), also has this property:
Tr(m,ad, Y1, Iyn(ad, Y1) = (m,Y7). Hence,

(m,a¥,Y1,al,(9,Y1)) = (m,ad, Y1, I (ad, Y1)

and so, since p is linear, pI,(a?d, Y1) = apl, (9, Y1). a
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So, plin(-,-) is linear in both arguments It is useful to find its values

on basis vectors. Counsider pl,,(e;, aqj) It is a vector from ©,, and so it
can be expanded in coordinates FE with respect to the basis ey,...,eq4 :
pln(ei, aqj) F;;ek. The coordinates Fi]; depend on m € U, (as well as on

a trivialization), this means that they are real-valued functions of m € U,,.

Definition 2.19. The functions Fk are called Christoffel symbols of the sec-
ond kind for the connection H.

Knowing I l’;, we can calculate the values pl,,(X,Y) for any X € O,,,

Y € T,,M. Indeed, let X = X’¢; and Y = Y7 aaj , then by linearity we get
pl(X,Y) = X'YIT}ey. (2.13)

Now let us turn back to the connector K. Recall that K(Y) = pVY forY €
T(m,9)0- Thus we need to describe pVY'. For Y we have two decompositions:

®m
Y3
1 Y
T ©
(m,d) Fm(ﬂa Yl) (m,9)
VY
Y1)
E
H(mﬂ’)

Y=Y +Ysand Y =HY +VY.HenceY; +Y5 = HY +VY and so VY — Y, =

— HY = I,,(9,Y1). Thus VY = Y5 + I,,(¢, Y1) and consequently VY =
V(m,9,Y1,Ys) = (m,9,0,Y2 + I,,(9,Y1)). Finally we obtain the formula for
K in the form:

K(m,9,Y1,Y2) = pV(m,9,Y1,Y2) = (m,pY2 + pI'(¥,Y1)). (2.14)

Compare (2. 14) w1th (2.3) and (2.5).
Let Yo = Y aﬁk and ¢ = ¢"e;. Using (2.12) we describe (2.14) in coordi-
nates as follows

K(m,9,Y1,Y2) = (V" + ¢'Y T )ex. (2.15)
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Remark 2.20. If we choose arbitrary functions I’ l’}(m) on U, for all possible
values of i, j and k, we shall be able to define a local connector pIl,(-,-) by
formula (2.13) and consequently a connector K by formula (2.14) or (2.15)
and then define the corresponding connection H on 7~ U, as kernels of K in
all tangent spaces.

Remark 2.21. We say that pIl3,(¢,Y1) is a vector in ©,,. If we change the
trivialization, this vector will no longer correspond to the local connector.
Indeed, the Euclidean connection will be changed (see Proposition 2.5) and
the old pl},(9,Y1) will not be the difference between VY and the new Yj.
So, the change of pI,,(¥,Y]) under a change of coordinates on M and of
a trivialization is described by a complicated “non-tensorial” formula that
follows from (2.2). We shall derive it in explicit form for some special cases
below (see formula (2.19)).

The covariant derivative and parallel translation

Here we present the general construction by which every connection defines
its own method of differentiating a cross-section of @ along a vector field on
M. Notice that the use of a Euclidean connection of a natural trivialization
of R x R? gives the standard method of differentiating typically introduced
in a classical course in mathematical analysis.

Let X be a smooth vector field on M and Y be a cross-section of a vector
bundle © equipped with a connection H.

Definition 2.22. The covariant derivative VxY of a cross-section Y along
a vector field X is the cross-section of © determined by the formula VxY =
KoTY(X).

Let us discuss this definition. The cross-section Y can be considered as a
smooth map Y : M — O. Its tangent map TY sends the vector X € T,, M
to the tangent space T{,, y)©. On applying K we again map into Op,.

Ezxample 2.23. Consider the Euclidean connection of a natural trivialization
of R” x R The section Y can be presented as the map m +— (m,Y,,).
We express the tangent map TY in coordinates and find the vector TY (X).
Here V coincides with the projection along H¥. One can easily see that the
obtained covariant derivative coincides with the ordinary derivative of Y
along the field X.

Theorem 2.24 The covariant derivative has the following properties for any
vector fields X, X1 and X, smooth cross-sections Y, Y1 and Y3, smooth
function f: M — R and s, A € R:

(1) Viexi4ax2)Y = 2Vx, Y + AV, Y,
(i) VyxY = fVxY;
(iil) Vx(oY1 +AYs) = 2VxY: + AVxYa;
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(iv) VxfY =(Xf)Y +[VxY,
where X f is the derivative of f along X.

Proof. Properties (i) and (ii) follow immediately from the linearity of TY :
TinM — T y)O, of the projection V and of p (see Definition 2.13 of K).
In order to prove (iii) one should recall the action of TY derived in (2.6)
and the representation of K via pl,(-,-) in (2.14). Now (iii) follows from
the fact that d,,Y is linear in Y and from the linearity of pI,(-,-) in the
first argument (Theorem 2.17). For the proof of (iv), we find a formula for
d. (fY) according to the usual rules of differentiation as follows:

I I
d(fY) = ((65‘;7)) = (Ydf+f(%§f)>

where df = ggf, dq’ is the differential of f (see (1.14)). Thus, taking into

account that X f = df(X) (see formula (1.16)), we get

1Y) X = (7)) = (m 12,00 + (55 X)

= (m, fY,0,(Xf)Y) + (mafY’X’f (?qu) X) '

By definition K ((m 1Y, X, f (%g) X)) — fVxY. Since (m, fY,0, (X f)Y)
is vertical (i.e., belongs to V(n, vy), K((m, fY,0,(Xf)Y)) = (m, (X [)Y).

O

Using the expression of K via Christoffel symbols (2.15), we find the ex-
pression for VxY in local coordinates in the form:

ayk g iyJrk

Notice that %X;f Xey, is the ordinary derivative of Y along X as in a trivial
bundle. Under a change of trivialization this term transforms incorrectly.
Only after adding Y*X7TI" lv’;ek does (2.16) retain its form under a change of
coordinates and trivialization. In the language used by physicists, this means
that formula (2.16) is covariant. This is why we call the operation VxY the
covariant derivative.

For further applications we also need a covariant construction for differ-
entiating a cross-section in the “time” variable ¢ along a certain curve m(t)
in M.

Let m(t) be a smooth curve on M and Y (t) be a cross-section of © over
m(-). This means that at any point m(t) there is associated a vector Y (¢) €
Opm(t), and Y (t) is smooth in . The vector £V (t) at any ¢ belongs to the
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tangent space T(,, 1),y (1)@ Consider the vector %Y(t) = Ko %Y(t) in
Qm(t)

Definition 2.25. The vector 2V (t) = K o £Y(¢) is called the covariant
derivative of Y (t) along m(t) in t.

Let us discuss the relation between the operations V and %. We might
hope that 2Y(¢) would be equal to V,;,;Y = K o TY (r(t)) if the latter
expression were well-defined. Unfortunately this is not the case since the
cross-section Y (t) is given only at the points of the curve m(t) while, when
determining 7Y, it is necessary that Y is defined in a neighborhood of m(t).

This is why we have to apply the following trick. On a subinterval of the
domain, where the curve has neither self intersections nor periods where it
is constant, define an auxiliary smooth vector field Y in a neighborhood of
m(t) such that at the points of m(t) it coincides with Y (¢): Ym(t) =Y(1).
Various constructions of such fields are typically described in textbooks on
differential geometry and topology. The expression Vm(t)ff = K o TY (1n(t))
therefore makes sense.

Theorem 2.26 Vm(t)f/ = %Y(t) and so it does not depend on the choice
of smooth vector field Y .

Proof. Since the curve m(t) and the map Y : M — TM are smooth, the
curve Y, ;) in © is smooth and by the construction of the tangent map

TY (r(t)) = LY. But Yy = Y(t), hence TY (m(t)) = LY (t) and so

A\ m dt
Vi)Y = KoTY (1n(t)) = K o LY (t) = 2V (¢). In particular V,;,(;)Y does
not depend on the choice of Y. O

Remark 2.27. Taking into account Theorem 2.26 we shall sometimes use
the expression 2V (¢) = V,;,Y(t) where it is understood that in the right
hand side Y (t) represents some Y such that f/m(t) = Y (t). This will simplify

the formulae and arguments below.

Thus, in order to obtain a representation of % in terms of a local connector,
analogous to (2.16), we should replace the vector field X by the velocity vector

m(t) = dm? 9 4nq TY (1a(t)) by LY (t). So, the analog of (2.16) takes the

dt 0q’
form . ]
D dy ~dm/
—Y(t)=—=—+TrkY'— ) e;. 2.17
a’ W (dt+” dt)ek (217)

If our vector bundle © is trivial and a trivialization is specified, the notion
of a constant cross-section of @ is well-defined. Indeed, since © is represented
as a direct product M x R?, the cross-section M x Yj corresponding to the
layer of a fixed Yy € R? can be considered where at any point m € M the
same vector in @,, is applied. The visual image here is that all vectors of the
cross-section are parallel to each other. The derivative of such a cross-section
along any smooth curve in M is equal to zero.
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In a general non-trivial bundle the idea of “applying the same vector” at
each point of M cannot be realized. Nevertheless we still have a covariant
derivative along a curve (rather than an ordinary derivative, which is not
convenient, see above) and so we can consider cross-sections along curves
with zero covariant derivatives and say that they consist of vectors parallel
to each other. Let us give the exact definition.

Definition 2.28. A cross-section Y (¢) along a curve m(t), t € [0,1], is called
parallel if 2V (t) =0 for all t € [0,1].

It follows from (2.17) that a parallel cross-section is described by the sys-
tem of first order linear differential equations

—— 4+ Y — =0. (2.18)

Theorem 2.29 For any initial vector Yo € O, (o) there exists a unique so-
lution Y (t) of the system (2.18), well-defined for all t € [0,1].

Indeed, this is a well-known existence and uniqueness theorem for linear
first order differential equations. The only modification needed here is that
one should prove the existence and uniqueness in a finite number of charts
since (2.18) is given in terms of local coordinates.

Definition 2.30. The solution Y'(t) whose existence is asserted in Theo-
rem 2.29 is called the parallel translation of vector Yy along m(-).

The idea of parallel translation can also be expressed in another language.
Let a vector field X be given on M. At any point m € M consider the fiber
O, and the horizontal subspaces H(,, 9 at all points (m,?) € 6,,. Recall
that (see Proposition 2.7) T'r : H,, 9) — TrnM is one-to-one and so at any

(m,9) we can define the vector Xy, 9y = Tm~ (Xon)H,. ) -

Definition 2.31. The vector field X on @ is called the horizontal lift of the
field X.

Now restrict the bundle © to the curve m(-) and consider on ©,,..y the
horizontal lift of the field 7i2(¢). This gives a smooth vector field on ©,,.y and,
taking the initial value Yy € ©,,(g), we can find the unique integral curve Y'(t)
of this vector field. One can easily see that Y (¢) is the parallel translation of
Yy according to Definition 2.30.

Let m(t), t € [0,T], be a smooth curve on M and ¥(t) be a cross-section of
6 along m(-) (i.e., ¥(t) belongs to the fiber 6, for all t € [0, T]). Denote by
I's ¢ the linear operator of parallel translation along m(-) from ©,,(;) to O, ().
Consider J(t) = I's ;9(t), a curve in the fiber ©,,(s). Its derivative %5(0”:5
belongs to T@(S)Qm(s)~ Applying to it the operator p, we obtain a vector in
the fiber ©,, (). Everywhere below we regard %5(0“:5 as a free vector lying
in ©,,() and so we do not distinguish in notation between p%ﬁ(t)‘tzs and
iﬁ(t)‘tzs.
dt
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Theorem 2.32 29(t),,_y = L(I 40(t)) 1=s-

Proof. Since the curve I'; 1(t) lies in the fiber ©,,,(,), its derivative is vertical.
Clearly &I, ,9(t) = TT ; 29(t). Note that for any given ¢ the vector I'y ;9(t)
is the value at s of the horizontal lift of m(t) that at ¢ goes through ¢(t) €
Om(t)- Then the vector tangent to the horizontal lift belongs to the kernel of
the tangent mapping 7. But this vector is the horizontal component of
49(t). In particular, this means that < I, y(t) ;— is the vertical component
of L9(t),—s. Hence pL9(t)—s = 29(t),—s. Since (see above) we do not
distinguish between p%ﬁ(t)‘tzs and %ﬁ(t)‘t:s, the Theorem follows. O

2.3 Connections on Manifolds

Since the tangent bundle 7'M of a manifold M is a particular case of a vector
bundle, all the constructions of Section 2.2 are also valid for tangent bundles.

Definition 2.33. A connection as in Section 2.2, given on the vector bundle
TM, is called a connection on the manifold M.

Connections on manifolds have special features since here the fiber of the
bundle is also a tangent space to the manifold (the base of the bundle).
For this reason some constructions are simplified and some operators acquire
new properties. In this Section we describe these special features. We use the
notation and constructions from Section 2.1.

The vertical subspace V(p, xy C T, x)T'M turns out to be the tangent
space to the fiber of the tangent bundle, i.e. V(,, xy = TxT;, M. This is why
the operator p, introduced by formula (1.2), is an isomorphism of V(,, x) to
TM.

When we specify a connection H on the tangent bundle, we introduce a
subspace H,, x) in each T(,, x)T'M that is complementary to V,, x) in such
a way that the collection H satisfies Definition 2.8.

Recall that the tangent bundle of T'M is called the second tangent bundle
to M and is denoted by TTM or T?M (see Definition 2.3). So, the connector
K sends T'T'M onto T'M and in particular it transforms each T\, x)T'M into
Tn M. The subspaces H(,, x) are kernels of K and the mapping K on V(,, x)
coincides with p. As in the general case, Tm sends H,, x) isomorphically
onto Ty, M and V(,,, x) is the kernel of T'r. Thus for any vector Y € T;,, M at
any point (m, X) € TM there exists a unique vector Y € V(m,x) such that
pY! =Y, and a unique vector Y7 € H(m,x) such that TrYT =Y.

Definition 2.34. The vector Y is called the vertical lift of Y at the point
(m, X), and the vector Y71 is called the horizontal lift of Y at the point
(m, X).
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Recall that a Euclidean connection and the local connector corresponding
to it depend on a trivialization in 7~ 'U,. We retain the notation Hf x) fora

m,
trivialization by coordinate frames 8%1, R % (see Sections 1.1 and 2.1). For
corresponding objects with respect to other trivializations we shall introduce
the special notation below. For the sake of simplicity we denote by I'y, (-, -) the
local connector with respect to this trivialization, i.e., I'y,(+,-) = pLn (-, ).

The local connector I'y,(+,+) is a bilinear operator I'y, : T, M x T,, M —
T, M. In particular, in this case the condition that I',, is symmetric is rea-

sonable. The Christoffel symbols of the second kind I Z’; are well-defined for

indices 4,5,k = 1,...,n. We emphasize that in the natural coordinate sys-
0 0 ) _ k9 hi 0 0 ) _ k. 0 k
tems [, (—q, 6Tj) = Iy B while I',, (aqiv 8[]].) = I3 BT where I’ are

Christoffel symbols of the second kind.

Since the operator ggo in T'M equals gaba and I,(X,Y7) as a quadruple
is presented in the form (m, X, Y1, I,,(X, Y1)), from formula (2.10) it follows
that under a change of coordinates ¢g, the local connector of a connection
on a manifold transforms in the following manner

Lin(X, Y1) = =93 (M) (XY, Y]) + o (T (X, Y1)%). (2.19)

The geometric interpretation of formula (2.19) is the same as that given in
Remark 2.21.

Proposition 2.35 The difference I'(-,-) — I'(-,-) of local connectors I'(-,-)
and I'(-,-) of different connections is a (1,2)-tensor.

Indeed, by formula (2.19) the difference transforms under coordinate
changes by the rule

Iy (-, ')ﬂ - Fm('v ')B = Qolﬁa[rm(" )" =L ')a]'

Since the cross-sections of a tangent bundle are vector fields on M, the
covariant derivative V xY differentiates the vector field Y in the direction of
the vector field X and £ X (t) differentiates the vector field X (¢) in the time
parameter along the curve m(t) (see Section 2.2).

Equations (2.16) and (2.17) take the forms

) N\ 9
Y="oX +Tkyix7 | — 2.2
Vx ( ¢l + v ) 6qk7 ( 0)
D dy'* dmJ\ 9
ZvY(t)= — 4y rkyi =" ) 2 2.21
dt() (dtJr” dt)aqk (2.21)

Since in each chart the basis vectors 8(?1'i have constant coordinates in the

decomposition with respect to the same basis (the i-th coordinate is 1 and
all others equal zero), from formula (2.20) it follows that
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o .0
w0~ o

(2.22)

Theorem 2.36 Let V and V be covariant derivatives of two different con-
nections. Then there exists a unique (1,2)-tensor S(-,-), determined by the
connections, such that for any pair of smooth vector fields X andY the equal-
ity VxY — VxY = S(X,Y) holds.

Theorem 2.36 follows from formula (2.20) and Proposition 2.35.

If 2. X (t) = 0, by analogy with Definition 2.28 we say that X (t) is a parallel
vector field along the curve m(t). From (2.21) it follows that a parallel vector
field satisfies the system of equations

dy’* ki dm?
T +1I5Y T 0. (2.23)

A parallel vector field along a curve is an analog of a constant vector
field in a linear space. We refer the reader to Section 2.2 where the analogy
between a “constant” cross-section of a trivial vector bundle and a parallel
cross-section along a curve is described. Notice that the Euclidean connection
HF on a linear space has zero local connector and so the covariant derivative
generated by it coincides with the ordinary derivative of a vector field along
a vector field or in time along a curve. Thus, on a linear space, parallel vector
fields become constant.

Applying Theorem 2.29 to equation (2.23) we obtain that for every smooth
curve m(t) and for a specified initial vector X € T,,, M, there exists a unique
parallel vector field X (t) with initial condition X (0) = X that is well-defined
for all ¢ in the domain of the curve. This vector field is called the parallel
translation of X along m(t).

Remark 2.37. In the case of a Riemannian manifold M, there is another
commonly used trivialization of 7~ U,, namely by a field of orthonormal
frames. Let in each tangent space T,,M, m € U,, an orthonormal frame
be specified that consists of vectors eq,...,e, and let each vector field e;,
i=1,...,n, be smooth. This frame field generates the trivialization in which
a point (m, X'e;) € 77U, transforms into the point (m, (X!,...,X")) €
Uy X R™. The corresponding local connector is called a tetrad connector and

is denoted by p fm (+,+) (the term “tetrad” derives from general relativity
[e]
where n = 4). The tetrad Christoffel symbols are denoted by Fi’} and are

defined by the equality V., e; :ij ex. Since p lim (+,-) is bilinear, it is

?

uniquely determined by the tetrad symbols. For more detail, see e.g. [57].
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2.4 Geodesics

The notion of a parallel vector field along a curve leads to another important
notion.

Definition 2.38. A curve m(t) along which its velocity vector field () is
parallel is called a geodesic.

On a manifold with connection the geodesics are analogs of straight lines in
a vector space. Indeed, since a parallel vector field along a curve is an analog
of a constant vector field in linear space, the property of a curve possessing
a parallel velocity vector field is analogous to the property of a curve in a
vector space possessing constant velocity. In a vector space the straight lines
with natural parametrization, and only these lines, have the latter property.

From Definition 2.38 and the definition of parallel translation it follows
that a curve m(t) is a geodesic if and only if at each of its points the equality

%m(t) =0 (2.24)

holds. Equation (2.24) describes an analog of the property that straight lines
in linear spaces have zero second derivative.

We now derive the equation of geodesics in local coordinates. For this
purpose, in equation (2.23) we replace the coordinates of the vector Y by the
coordinates of the vector m(t), since in our case the latter is parallel along
m(t). Then we obtain

d®mF Lok dm® dm?
de? Uodt de

=0. (2.25)

Unlike (2.18) and (2.23), (2.25) is a non-linear second order differential equa-
tion (recall that (2.18) and (2.23) are linear first order differential equations).
This is why we can apply only the most general existence of solution theorem
for second order differential equations with smooth right-hand sides, from
which we obtain the following statement of local existence and uniqueness of
geodesics with given initial data.

Theorem 2.39 For every point m € M and every vector X € T,,M there
exists a unique geodesic m(t), with initial conditions m(0) = m and m(0) =
X, that is defined for t € [0,e) where € > 0 is a sufficiently small positive
number.

Theorem 2.39 is much weaker than existence Theorem 2.29 but it mirrors
the physical situation if no additional hypotheses are assumed. For example,
on an open manifold (e.g., consisting of only one open chart) the geodesic
exists for t € [0,e) where ¢ is the instant of time when the geodesic reaches
the boundary, but it does not exist at any later time.
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Definition 2.40. If each geodesic of a connection H exists for t € (—o0, 00),
the connection H on M is said to be complete.

Let X € T,,M be a tangent vector at a point m. Denote by mx (t) the
geodesic with initial data m(0) = m and m(0) = X (which we know exists for
t € [0,&) by Theorem 2.39). Specify a positive number A < 1. One can easily
see that m(At) is a geodesic with initial vector AX that exists for ¢ € [0, 1¢).
Thus, if X is close enough to the origin, the geodesic mx (t) exists at ¢t = 1.

Definition 2.41. The mapping exp : O — M, where O is a neighborhood of
the origin in T,, M, is given by the formula exp(X) = mx (1), and is called
the exponential mapping of the connection H.

It is clear that if H is a complete connection, the exponential mapping is
well-defined on T, M. Sometimes, when dealing with exponential mappings
from tangent spaces at various points of M, we shall use the notation exp,,, :
O,, — M.

Theorem 2.42 There ezists a neighborhood O, of the origin in T, M such
that exp,, is a diffeomorphism of O,, onto exp,, On and the erponential

mapping is smooth on the neighborhood |J O, of the zero-section in T M.
meM

A proof of Theorem 2.42 can be found, for example, in [26] and [161].

Notice that the pair (O,,, exp,,) satisfies the definition of chart. This pair
is called the normal chart (or normal neighborhood) of the connection H at the
point m. In this chart at m the connection space H,, x) at each X € T, M
coincides with the Euclidean connection space HEm7 x) and so I'y,(+,-) = 0.
Hence in a normal chart at m all Christoffel symbols of the second kind
Fl’z(m) for H at this point are equal to zero.

Suppose that the connection is complete and O,, is the maximal domain
on which exp,,, is one-to-one, i.e., such that the exponential map is one-to-one
on O,, but not on the boundary 00,, in T,, M.

Definition 2.43. The set 00,, C T,, M is called the cut locus corresponding
to the point m. The same term is also used to designate the image of 00,,
under the mapping exp,,.

All points of M besides the cut locus belong to the image of O,, under
the diffeomorphism exp,,. From this it follows that each manifold can be
constructed from an open ball in a vector space by “gluing” the points of
the boundary (according to a rule, determined by the manifold) so that the
corresponding cut locus is obtained (see [140]).

Let the points mg and m; be connected by a geodesic a(-) of a connection
H. This means that m; = exp,,, X for some vector X € T}, , M.

Definition 2.44. If the differential dx exp : T'x T, M — T, M at X is de-
generate, we say that m; = exp,, X is conjugate with mg along the geodesic
a(-) joining them.
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2.5 Curvature and Torsion Tensors

Let X and Y be smooth vector fields on a manifold M with connection. These
vector fields determine a transformation of an arbitrary smooth vector field
Z by the formula

RxyZ = VxVyZ - VyVxZ - Vixy 2. (2.26)

Observe that the value RxyZ at m € M depends only on the values
of the vector fields X,Y,Z at m (it does not depend on their values in a
neighborhood of m), i.e., Rxy Z is a tensor. (In particular this means that,
in spite of the definition, (2.26) is well-defined for non-smooth vector fields
X,Y and Z.)

Definition 2.45. Ryy Z is called the curvature tensor.

If RxyZ =0 for all X,Y, 7, the connection is called flat. An example of
a flat connection is a Euclidean connection of any coordinate system.

The curvature is a (1,3)-tensor and its description as a polylinear form
takes the form R(a, X,Y,Z) = a(RxyZ), where « is a covector field (1-
form). We denote the components of the curvature tensor by Rj- Kl

For two vector fields X and Y on M one can consider a third vector field

T(X,Y)=VxY —VyX — [X,Y]. (2.27)

Observe that the value T(X,Y) at m € M depends only on the values of
X and Y at m (it does not depend on their values in a neighborhood of m),
ie, T(X,Y) is a tensor.

Definition 2.46. T(X,Y) is called the torsion tensor.

The curvature and torsion tensors together “measure” how the vector can
be transformed under parallel translation along a closed infinitesimal loop
(for details see, e.g., [26]).

Torsion is a (1,2)-tensor, i.e., its description as a polylinear form takes the
form T(a, X,Y) = a(T(X,Y)) where « is a covector field (1-form). Denote
the components of T by the symbols Tfj To calculate these components we
substitute into (2.27) the coordinate expressions of VxY and Vy X from
formula (2.20) as well as the coordinate expression for [X,Y] from Proposi-
tion 1.7. We then obtain

oYk oxk

_ j % i 1k j ik
T(X,Y) = {(WXJ +Y Xﬂrij) - (WYJ +X Yﬂrji)

oYk . 9xk_ . 0
_ J _ J _—
< ol X oq’ Y >}5q’f

=Y'X/If - X'YIT),.
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Hence,
Tk Fil;' — Fﬁ. (2.28)

ij =

Formula (2.28) immediately yields:

Proposition 2.47 The equality T = 0 holds at all points m € M if and only
if in all charts Fi’} = Fﬁ, i.e., the local connector I'y,(-,+) is a symmetric
bilinear operator.

2.6 Riemannian Connections. The Levi-Civita
Connection

From all the connections on a Riemannian manifold M we select one whose
covariant derivative properties are the closest to those of the ordinary deriva-
tive in Euclidean space.

If on a manifold M a Riemannian metric and a connection are given in-
dependently, one should not expect, for the covariant derivative, to find an
analog of the Leibnitz formula for differentiating the inner product. Neverthe-
less for every Riemannian manifold there exists a class of connections having
this property.

Let a Riemannian or semi-Riemannian metric (-,-) be given on M. For
two smooth vector fields Y and Z on M we consider the smooth function
(Y, Z) that assigns the value of the Riemannian inner product (Y;,,, Z,,) of
the vectors of Y and Z at m to the point m. We find the derivative X (Y, Z)
of the function (Y, Z) in the direction of a smooth vector field X.

Definition 2.48. A connection on M is said to be Riemannian if for all
smooth vector fields X, Y and Z on M the following equality holds:

X(Y, Z) = (VxY, Z) + (Y, Vx 2). (2.29)

Taking into account the interrelation between V and % (see Remark 2.27)

one can easily derive the following version of formula (2.29) for 2

F0.20) = (2Y0.20)) + (Y. 320). (2.30)

where Y (¢) and Z(t) are smooth vector fields along a smooth curve m(t).
An existence theorem for Riemannian connections will be proved below
(see Remark 2.55).
Specify a Riemannian connection on a Riemannian manifold M.

Theorem 2.49 Let Y (t) and Z(t) be parallel vector fields along a smooth
curve m(t). Then (Y (t), Z(t)) = const.
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Proof. By the definition of a parallel vector field, 2Y(t) = 0 and 2.Z(t) = 0.
Having substituted these expressions into (2.30) we obtain

%(Y(t), Z(t)) = <%Y(t),Z(t)> + <Y(t), %Z(t)> =0.

This means that the function (Y (t), Z(t)) is constant. O

Corollary 2.50 IfY(t) is a parallel vector field along a smooth curve m(t),
||Y'(t)|| = const.

Indeed, [|Y (¢)]| = /(Y (¢),Y (¢)) and the assertion of Corollary 2.50 follows
from Theorem 2.49.

Corollary 2.51 If Y (t) and Z(t) are parallel vector fields along a smooth
curve m(t), the cosine of the angle between those vectors is constant.

Since the cosine of the angle between Y (¢) and Z(¢) equals %,

the assertion of Corollary 2.51 follows from Theorem 2.49 and Corollary 2.50.

Definition 2.52. The functions I = (Vaqiaqj,aqﬂ in a chart of a Rie-
mannian manifold M are called Christoffel symbols of the first kind.

We now describe the interrelation between Christoffel symbols of the first

and second kinds. By formula (2.22) Va%ia%j = Filja%,. Thus

o 0

Applying the same arguments as in the derivation of formula (1.21), from
(1.20) we obtain
Il =g" i (2.32)

In particular, if the torsion tensor equals zero, i.e., FZ; = Fﬁ», then also
Lijx = Lji k-

Note that here we use only the fact that the matrix (g;;) is invertible,
not that it is positive-definite. Thus formula (2.32) is well-defined both for
Riemannian and semi-Riemannian metrics.

Lemma 2.53 (The principal lemma of Riemannian geometry) On every
manifold M with Riemannian or semi-Riemannian metric (-,-) there ex-

ists a unique Riemannian connection whose torsion tensor equals zero at
allme M.

Proof. Recall that by definition g;; = <6%i, %>. Since the connection that

we are looking for is Riemannian, from formula (2.29) it follows that

0. _0 /9 0N _[g, 0 9N [0 o O
8¢9 T g \og 9gi | ~ \ " o7 g B¢ dq’ " ar 0gi |
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So, taking into account Definition 2.52, we obtain a%lgij =TIy ; + 11, Con-
sidering all rearrangements of the given indices i, 7, we obtain a system of
three equations of the same kind as above:

aar9ij = Tiij + Ly
55791 = Lig + Liga (2.33)
ag7 9t = Ljig + L

Recall that the torsion tensor equals zero, i.e., the Christoffel symbols of the
first kind are symmetric in the first two indices. The system (2.33) of three
linear algebraic equations has three unknowns. Adding the second equation
to the third one and subtracting the first one from the sum, we obtain

170 0 0
Lijp = B <a_qiglj + a_qjgli - a_qlgij) . (2.34)

Then by formula (2.32)

1/ 0 0 0
Fi@‘ D) (8_qiglj + @gli - a—qlgi]) g™ (2.35)

Formula (2.35) uniquely determines the Christoffel symbols of the second
kind. From this it follows that the connection we are looking for is unique.
The existence is proved by an elementary verification that the connection with
Christoffel symbols (2.35) has the properties described in the hypothesis. O

Definition 2.54. The connection whose existence is asserted in Lemma 2.53
is called the Levi-Civitd connection of the metric (-, ).

It is easy to see that in the Euclidean space R™ the Levi-Civita connection
of the standard inner product coincides with the Euclidean connection of the
standard coordinate system.

Remark 2.55. If a connection is Riemannian but the torsion is not zero,
system (2.33) consists of three equations but has six unknowns. This sys-
tem has an infinite set of solutions, each of them determining a Riemannian
connection.

Remark 2.56. The tetrad Christoffel symbols (see Remark 2.37) of the Levi-
Civitd connection are determined by the formula

o 1 ) )
k k
= B (CZj + e+ Cij) ) (2.36)

where ¢, can be found from the equalities [e), e,] = ¢l e;, see [57].

The next property of the Levi-Civita connection follows from the fact that
its torsion tensor equals zero and so the property does not hold for other
Riemannian connections.



2.6 Riemannian Connections. The Levi-Civitd Connection 59

Let (¢, s) be a smooth mapping from the rectangle [a, b] x (¢, d) into M.
Then one can consider the vector fields % and % on v([a,b] x (¢,d)).

Lemma 2.57 (Lemma on the second covariant derivative )

P P
25: = Ve

Proof. By construction, s and t are coordinates on [a,b] X (¢,d). Hence on
v([a,b] x (c,d)) the fields & and 2 commute, ie., [Z, 2] = 0 (see Sec-
tion 1.7). Then V%% - V%% = (FZ; - Fﬁ-)% =T (Q %) and the as-
sertion of the Lemma follows from the fact that the torsion tensor T equals
Zero. 0

Lemma 2.57 is an analog of the classical equality ag—gy = 8(3%'

For the curvature tensor of the Levi-Civitd connection of a Riemannian or
semi-Riemannian metric we consider the following constructions. As above
denote by R; ; the components of the curvature tensor R. Contract R by the
only contravariant and the second covariant indices (see Section 1.5). The
result is a tensor Ric called the Ricci curvature. Its components take the
form R;; = Rg?kl. If R =0, it is evident that Ric = 0, but not vice versa. Ric
is a symmetric (0, 2)-tensor.

Let Ric be the (1,1)-tensor with components Rg that is physically equiv-

alent to Ric. The contraction of EE, i.e., the scalar S = Rg, is called the
Gaussian or scalar curvature. If Ric = 0, then S = 0 but not vice versa.

Nevertheless, if dim M = 2 the Gaussian curvature determines both the
Ricci curvature and the curvature tensor and if dim M = 3 the Ricci curva-
ture determines the curvature tensor. If dim M > 4 no such determinations
are valid.

Definition 2.58. The operator V2 = VV*, where V* is the operator con-
jugate to the operation of covariant derivation of the Levi-Civitd connection
V, is called the Laplace-Beltramsi operator.

In local coordinates of a chart the operator V2 is described by the formula
V2 =g"V,;V; = —gijFi’;-% —l—gij#;j where V is the covariant derivative
in the direction of 3%,6 and g% are the components of the metric tensor (g%).
From this one can easily see that in a Euclidean space R™ with standard
basis, V2 coincides with the ordinary Laplacian. Note also that the above
coordinate representation of V2 defines its action on functions.

In general the Laplace-Beltrami operator does not coincide with the
Laplace-de Rham operator A = d§ + dd (see Definition 1.73) in spite of
the fact that in R™, modulo the sign, they both give the Laplacian. On func-
tions both operators on all Riemannian manifolds take the same value. In
the general case of differential forms (polyvectors) on manifolds the relation

between the operators is described by the so-called Weitzenbok formulae (a
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special formula exists for each degree of the form), see [135]. For the mate-
rial below we need the following Weitzenbok formula for 1-forms (and so for
vector fields):

AX = —V2X + Rico X. (2.37)

2.7 Connections on Principal Bundles

Let G be a principal bundle with fiber (structure group) G over base M. The
fiber at m € M will be denoted G,,. Recall that G,, is homeomorphic to
the group G. In the tangent space T4G to G at g € G, as is the case for any
bundle, we can consider the subspace that consists of the vectors tangent to
the fiber Gr4. As usual we call this space the vertical subspace and denote it
by V, C T,G. The vectors in V, are said to bevertical.

The collection of vertical subspaces at all points forms the bundle V — G
with fibers V.

Theorem 2.59 The bundle V — G 1is trivial.

Proof. Every point g € G determines a diffeomophism of the group G onto
the fiber G4 (which will be denoted by the same symbol g) by the formula
g o G, where o is the right action of G on G (see Section 1.3). It is clear that
the diffeomorphism ¢ sends the unit e € G to the point g € G. Since this is
a diffeomorphism, the tangent map T'g : TG — TG is a linear isomorphism
of TG = g onto the tangent space to the fiber G4 at g, i.e., onto V. Thus
every vertical subspace V is linearly isomorphic to the Lie algebra g and the
isomorphism smoothly depends on the point ¢ € G. Hence, having specified
a vector X # 0 € g, we obtain the smooth vector field X, = 79X # 0 on G.
In particular, taking vectors of a basis in g, we obtain a basis at every V,.
So, we have represented V — G in the form of a direct product G x g. ]

Definition 2.60. The vector field X on G, constructed in the proof of The-
orem 2.59 from the vector X € g, is called a fundamental vector field.

Thus the fundamental vector fields trivialize the bundle V — G since they
determine the frames in the fibers of V.

Recall that for a vector bundle © we also constructed vertical subspaces
V(m,9) C TyOp, that were sent onto the fibers O, by the linear isomorphism
P- In the case of a principal bundle an isomorphism like p does not exist since
the fibers of the bundle are not vector spaces. However, Theorem 2.59 provides
us with something that was not available in the case of vector bundles: all
V, are in a standard way isomorphic to a unique vector space g while in the
case of a vector bundle vertical subspaces at the points of 9,,, were sent onto
“their own” fiber O,,.

Notation 2.61 The isomorphism V, — g, described above, is denoted by p.
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Definition 2.62. We say that a connection H is given on a principal bundle
G if to every T,G is associated a subspace H, that is complementary to Vg,
smoothly depends on the point g € G and is such that the connection H is
invariant with respect to the right action of the group G on G (i.e., for every
element h of G' and every g € G the equality TR,H,; = Hgyop holds where
Ry (g) = g o h is the right action of h on G). The subspaces H, comprising a
connection are called horizontal, as are the vectors belonging to them.

As in the case of a vector bundle, Y € TG is uniquely represented as the
sum Y = HY + VY where HY € H, and VY € V,.

Definition 2.63. The mapping ¢ : TG — g whose value at Y € TG is given
by the formula ¢(Y) = pVY is called the connection form of H .

It is clear that the connection form is a direct analog of the connector
(connection map) on vector bundles. It turns out that connection forms have
a much richer collection of properties than connectors and their use allows
one to obtain much deeper results. We refer the reader, e.g., to [26] and [161]
for a more detailed exposition of the theory of general principal bundles and
their connection forms. Here we only describe some objects and constructions
that are used later.

For every k-form « on G with values in g the so-called covariant differential

Da(-,...,-) =da(H-,..., H) (2.38)

is introduced where, as above, the symbol H denotes the projection onto the
connection subspace (i.e., H of a vector is the horizontal component of the
vector).

Definition 2.64. The 2-form & = Dy = dp(H-,H-) is called the curvature
form of the connection H.

Since ¢ takes values in the Lie algebra g, the composition [p, ] of the
operators ¢ and bracket [-, -] is well-defined.
The so-called Bianchi identity

D® =0 (2.39)
and the structure equation
1
dp=—5lp.p] +2 (2.40)

hold (for the proofs see, e.g., [26]). Note that for a matrix group G

1

- 5le e = —¢* (241)

(for details see, e.g., [26, 146]).
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As in the case of vector bundles, by construction T'r : Hy, — T M is
a linear isomorphism. Via this we also obtain the well-defined notion of a
horizontal lift X of a vector field X from the base M onto G: X, = TWMZ Xrg-
Consider a smooth curve m(t) on the base. The pull-back of the bundle G
over this curve is a manifold on which the vector field ﬁl(t), the horizontal

lift of the velocity vector field 1 (t) of m(t), is given. Take a point go € Gy, (0)
and consider the integral curve g(t) of rn(t) with initial data g(0) = go.

Definition 2.65. The curve g(t) is called the parallel translation of g along
the curve m(t).

Let © be a bundle with fiber F' associated with a principal bundle G.
As on any other bundle, we can consider vertical subspaces in the tangent
spaces to O, i.e., the subspaces tangent to fibers. The mapping A : G x F —
O (see Notation 1.36) sends horizontal subspaces on G into subspaces of
tangent spaces to © complementary to vertical subspaces. The collection of
subspaces that we obtain in this way is called the connection on @. The
parallel translation in the associated bundle @ is defined by analogy with
Definition 2.65.

If G is GL(k,R), or one of its subgroups, with the standard action on R¥,
the associated bundle is a vector bundle.

Proposition 2.66 FEvery connection on a vector bundle by means of Section
2.2 is an image of some connection on the corresponding principal bundle
under the mapping .

Now let us consider what is for us the most important case of a prin-
cipal bundle, the frame bundle BM (see Definition 1.37). Recall that the
tangent bundle T'M is associated with BM, i.e., by the last statement every
connection on the manifold M is obtained from some connection on BM as
explained above.

We introduce a connection H on BM by means of Definition 2.62. Consider
the bundle H — BM whose fiber at every point b € BM is Hy,.

Theorem 2.67 The bundle H — BM is trivial.

Proof. Specify a vector X € R”, i.e., a column with coordinates X1!,..., X™.
Every b € BM, i.e., a frame b = eq,...,e, in T, M, can be considered
as a linear mapping b : R — T, M defined by the formula bX = X'’e; (see
Section 1.3). Denote by E;(X) the vector in Hy, of the form E;(X) = T7r|_Ht bX.
One can easily see that the mapping E; : R™ — H, is a linear isomorphism
and smoothly depends on b € BM. In particular a basis in R™ determines a
corresponding basis in every Hp so that, using coordinate decomposition of
vectors of H, with respect to this basis, we can represent H — BM in the
form BM x R™. O

Definition 2.68. The vector field E(X) on BM that is equal to E;(X) at
b € BM is called the basic vector field.
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It is clear that basic vector fields are smooth. The basic vector fields triv-
ialize the bundle H — BM just as the fundamental vector fields trivialize
V — BM.

Theorem 2.69 The tangent bundle T BM 1is trivial.

This statement is a corollary to Theorem 2.59 and Theorem 2.67. Indeed,
by construction, for every b € BM we have T,BM = Hy © V;, but by the
theorems mentioned above the bundles H — BM and V — BM are trivial.

We introduce a mapping from TBM to R" as follows. For b € BM, where
b = (e1,...,e,) is a basis in T, M, consider a vector X € T,BM. Then
TrnX € Ty M has the coordinate decomposition 77X = w’e;. The mapping
X — (wh,...,w") € R" is considered as a 1-form w with values in R" and
is called the displacement form. Note that the displacement form w exists
without having to introduce a connection on BM. But if a connection H on
BM is specified, we can consider the covariant differential Dw = dw(H-,H-)
(see formula (2.38)) of w with respect to this connection (cf. Definition 2.64).

Definition 2.70. The 2-form {2 = Dw is called the torsion form of H.

The curvature form @ and the torsion form {2 determine the curvature and
torsion tensors, respectively (see details, e.g., in [26]). In addition to (2.40)
there is another structure equation for H on BM in terms of w and {2:

dw = —pw + 2 (2.42)

where ¢ is the connection form. The composition pw makes sense since ¢ is a
transformation of R” (a matrix from gl(n,R)) and w takes values in R™ (see
[26, 146] for details).

At the moment we have two constructions of a parallel vector field along
a curve on a manifold: by general Definition 2.28 applied to connections on
manifolds (see Section 2.3) and by analogy with Definition 2.65 for the case
of associated bundles. Here we describe a third construction.

Let m(t) be a smooth curve on M and b(t) be the parallel translation
of a basis by = b(0) in the tangent space T,)M along m(t) by means
of Definition 2.65. As said above, every basis b(t) is a linear isomorphism
b(t) : R" — T,y M. Let Xg € T,,,(0)M and consider the vector field X (t) =
b(t)(by ' Xo) € TpuiyM along m(t). Notice that X (0) = by(by ' Xo) = Xo.

Proposition 2.71 The vector field X (t) along m(t), introduced above, does
not depend on the initial basis by of the parallel translation b(t).

Proof. Specify another basis by in Trn0)M and let b(t) be the parallel trans-
lation of this basis along m/(t). It is clear that there exists an h € GL(n,R)
such that by = by o h where o denotes the right action of h on BM. Since by
definition a connection H on BM is invariant with respect to the right action
of GL(n,R) (see Definition 2.62), one can easily see that b(t) = b(t) o h. Then
l_)(t)(l_)alXo) = b(t) o h((bo o h)_lX()) = b(t) o h((h_l o bal)X()) = X(t) O
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Thus the formula X (t) = b(t)(by * Xo) uniquely determines the translation
of Xy along m(t). The following statement holds:

Theorem 2.72 Let a connection on M be obtained from a connection on
BM as described above. Then the parallel translation by means of Definition
2.28 applied to connections on manifolds, the parallel translation introduced
analogously to Definition 2.65 for the case of associated bundles, and the
translation by formula b(t)(by ' Xo) coincide.

Remark 2.73. Let a connection on M be obtained from a connection on
BM as described above. It is clear that the geodesics of this connection, and
only these geodesics, are projections onto M of integral curves of basic vector
fields on BM (see Definition 2.68).

Consider the bundle of orthonormal frames OM on a Riemannian manifold
M. This is a principal bundle with a structure group O(n) of orthogonal
matrices. If a connection is given on BM, one can consider the spaces H; of
this connection at the points b € OM. However, this collection of subspaces
becomes a connection on OM only if it is invariant with respect to the right
action of O(n) on OM. In addition, a connection on a Riemannian manifold
M is Riemannian if and only if it is obtained from some connection on OM
as the image of the mapping A.

Among the connections on OM there is unique connection with zero tor-
sion form. This connection corresponds to the Levi-Civitd connection M. A
detailed description of this material can be found in [26] and [161].

2.8 A Connection on the Total Space of a Vector Bundle

In this section we describe a construction that allows one to create a con-
nection on the total space of a vector bundle (as on a manifold) from a
connection of the bundle and a connection on the base (again as on a man-
ifold). A more detailed presentation of this material (at least for the case of
a tangent bundle) can be found in [23].

Denote by 7 : ©® — M the vector bundle and by 6, its fiber at m € M.
Let a connection H™ be given on © by means of Section 2.2. Denote the
connector of this connection by K™ : T — 6.

In order to avoid confusion, in this section we denote the projection of a
tangent bundle TM on M by 7 : TM — M. Let a connection be given on
the manifold M; for this connection we introduce the notation H” and denote
its connector by K7 : T?M — TM (recall that according to Section 2.3 a
connection on a manifold M is a connection on its tangent bundle TM).

Using connections H™ and H™, we construct a connection H® on the total
space of © (i.e., on the manifold ©) as follows. We define the connector
K : T?0 — TO of this connection by the formula K = K7 ¢ KV with
KH : 7?20 — H™ and K" : T?60 — V where V is the vertical subspace at
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the corresponding point (recall that the fibers of the bundle V over © are
the subspaces in T@ that are tangent to the fibers of O, see above). These
connectors we define in the form K = I'" o K" oT?r where I'™ = Tn ' is a
linear isomorphism of tangent spaces to M onto H™ (see Lemma 2.12) while
KY =p to K™ oTK™ where p : V, — O, is the natural isomorphism of
the tangent space V, to the vector space O, onto the space O, introduced
in (1.2) (see also (2.11)).

The covariant derivative on a manifold © corresponding to K will be
denoted by 2 = Ko< By construction, £ = %HJr%V where %H =KHod
and %V =K"o %. Notice the following important feature: TW% = T?T%H
and it is equal to the covariant derivative of the connection H™ on M. From
this it follows that for a parallel translation X (¢) along a curve ¢(t) in ©
with respect to the connection H®, the vector field T7 X (t) along the curve
m(t) = mq(t) in M is the parallel translation with respect to the connection
H™. In particular the geodesics of the connection H® on @ are projected by
7 onto the geodesics of the connection H™ on M.

2.9 Second Order Tangent Vectors and Connections

Definition 2.74. A second order tangent vector to a manifold M at a point
m € M is a second order differential operator on M at m with zero constant
term and a symmetric matrix of coefficients at second order derivatives in
local coordinates. The linear space of second order tangent vectors at a point
m € M is called the second order tangent space and is denoted by 7, M.

Usually the fact that the constant term of a second order differential op-
erator A equals zero is expressed by the condition A1 = 0 where 1 is the
function identically equal to unity.

Recall that a vector (i.e., a first order vector) may be considered as a
first order differential operator without constant term (the derivative in the
direction of a vector, see Section 1.1). By analogy, second order differential
operators without constant terms are called second order tangent vectors.

The set of all second order tangent vectors has the structure of a fiber
bundle with fiber 7,,, M and is called the second order tangent bundle 7M.

In local coordinates every second order tangent vector A € 7, M is
uniquely represented in the form: Az = bia%i + Y %;qj where the matrix

.. 2 2
(6%) is symmetric since % = % for a smooth real-valued f. Thus %
2 . . . . .
and %, i,7 =1,2,...,n form a basis in 7,, M. The transformation of the

components of a second order vector under coordinate changes is described
by the formulae (see, e.g., [148])
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g 8q dgl’
i’ ij
B = g =57,
, aqk/ 62 k'
M= bk 4 i 2.4
b Oq* b 8q18qi p. (243)

From (2.43) it follows that at every m € M the first order tangent space T, M
is a subspace in 7,, M consisting of vectors with zero matrix (3%/). However,
if this matrix is not zero, the column (b%) is not a first order tangent vector
since it has another transformation rule. On the other hand, by (2.43) the
field of matrices (5%) is a symmetric (2,0)-tensor field and it is symmetric
in every coordinate system.

There is an analogous construction of second order differential forms.

The theory of second order vectors and differential forms is presented in
detail, for example, in [69, 179, 180, 204, 205]. In these works one can also
find an interesting approach to stochastic differential equations on manifolds.

At every m € M there is a canonical isomorphisms between the space
ToM ©T,,M (where ® denotes the symmetric tensor product, see Section
1.5) and the quotient space 7,,, M/T,, M, and hence between TM © TM and
TM/TM (see [205]). Taking into account this factorization, we construct the
morphism Q : 7TM — TM ® TM, i.e., the field of linear projectors Q,, :
TmM — T,,M ® T,,M such that

0 0? 0
_ 7 i l]
QB(t,m) =Q (b aq + 0 8qi8qj> B 8q7 (2.44)

Every connection H on M determines a linear operator from 7, M to T, M
at any point m € M as follows:

k a 1% 82 k k nij 8

where I7% k are the Christoffel symbols of the connection H. Thus connections,
and only connections, are smooth cross-sections of the bundle Hom(r M, TM )
of fiber-wise linear operators from 7M to T'M.

Let m(t) = (¢*(¢),...,¢"(t)) be a smooth curve in a chart U. The second

order vector D?m/(t) = éjk% + 4 %;qj is called the acceleration of m(t).

Proposition 2.75 For any smooth curve the equality 2m(t) = HD*m(t)
holds where % is the covariant derivative of a connection H.

Indeed, by formula (2.45) we obtain that HD?*m(t) = (¢* + I}¢" qj)aq

Corollary 2.76 A curve m(t) is a geodesic of a connection H if and only if
HD?*m(t) = 0.

Proof. By Proposition 2.75 the equality HD?m(t) = 0 means that for m(t)
the geodesic equation (2.25) holds. O



Chapter 3
Ordinary Differential Equations

3.1 Global in Time Existence of Solutions of Ordinary
Differential Equations

Many criteria for the extendability to (—oo, c0) of the solutions of differential
equations in vector spaces are known (see, e.g., the bibliography in [144]). The
main aim of this section is to modify some conditions of this sort in such a
way that they become necessary and sufficient. The trick here is the transition
to extended phase spaces and an analysis of the so-called proper functions or
complete Riemannian metrics on manifolds.

3.1.1 A necessary and sufficient condition for
completeness of a vector field of one-sided type

Here we use the notation and notions from Section 1.1 concerning vector
fields.

Let M be a smooth manifold with dimension n < co and a smooth vector
field X be given on M.

Definition 3.1. A vector field X and its flow are called complete if all its
integral curves are well-defined for t € (—o0, +00).

Denote by m(s) : M — M, s € R, the flow of X. For any point m € M
and time ¢ the orbit m(s)(t,m) = mym(s) of the flow is the solution of the
equation

mt;m(s) = X(Su mt,m(s)) (31)

with the initial condition
mi,m(t) = m. (3.2)
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If the right-hand side of an equation is a complete vector field, we say that
the flow of this equation is complete, i.e., the completeness of vector fields
and their flows are equivalent.

Definition 3.2. A mapping F' : X — Y of topological spaces is called proper
if the pre-image of every relatively compact set in Y is relatively compact in
X. In particular, a function f : X — R on a topological space X is called
proper if the pre-image of any relatively compact set in R is a relatively
compact set in X.

Recall that in any finite-dimensional space (in particular, in R) a set is
relatively compact if and only if it is bounded.

Examples of proper functions are the norm in a Euclidean space and the
distance function on a complete Riemannian manifold.

In what follows we shall mainly deal with proper functions on smooth
manifolds.

In questions connected with the completeness of flows in R™ the functions
f : R™ — R such that f(z) — oo as x — oo are often considered. Clearly
such functions are proper. The classical completeness theorem with so-called
one-sided estimates says that if there exists a function f as above such that
gradf - X < C (where - denotes the inner product in R™) for a certain
constant C, the flow of the vector field X on R™ exists up to +oco. Note that
gradf - X = X f, the derivative of f in direction of X. In this subsection we
show how to modify this completeness theorem in order to get a necessary
and sufficient condition for completeness.

Consider the extended phase space M+ = R x M with the natural pro-
jection 7t : M — M, 7w+ (t,m) = m. Introduce the vector field X+ on M+
given at the point (t,m) € MT as X, = (1, X(t,m)). It is clear that its co-
ordinate representation is given in the form X+ = 2 + X1 qul +..+ X”%.
Hence the corresponding differential operator on the space of C'-smooth
functions on M ™ takes the form % + X.

Theorem 3.3 A smooth vector field X on a finite-dimensional manifold M
is complete if and only if there exists a smooth proper function ¢ : M™ — R
such that the absolute value of the derivative | X+ | of ¢ in the direction of
X7 is uniformly bounded, i.c., | XTop| = [(Z+X)p| < C at any (t,m) € M+
for some constant C > 0 that does not depend on (t,m).

Proof. Sufficiency.
Consider the flow m™(s) : MT™ — M™, s € R, with orbits m™(s)(t,m) =
mz m)(s) being the solutions of the equation

1y iy (8) = X (s (9))

with initial conditions
m?’ )(t) = (t,m).
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Consider the derivative X+ of ¢ along X . At (t,m) € M T, by definition
of the derivative in the direction of a vector field, we get the equality

d
XFp(tm) = — ¢ (mf; ) (s))

b
s=t

and under the hypothesis of our Theorem

<cC. (3.3)

3% ()

s=t

Represent the values of ¢ along the orbit mz; m) (s) as follows:

o (m®) ~ ol = [ b ()

From the last equality and from inequality (3.3) we obtain that if s belongs
to a finite interval, the values @(ma i)(s)) are bounded in R. Then since ¢ is

proper, this means that the set mz; m) (s) is relatively compact in M.

Recall that by the classical solution existence theorem the domain of any
solution of an ODE is an open interval in R. In particular for s > t the
solution of the above Cauchy problem is well-defined for s € [t,t+¢). If e > 0
is finite, then from the above arguments it follows that the corresponding
values of the solution belong to a relatively compact set in M and so the
solution is well-defined for s € [t,e]. The same arguments are valid also for
s < t. Thus the domain is both open and closed and so it coincides with the
entire real line (—o00, 00).

Taking into account the construction of the vector field X T, we can repre-
sent the integral curves m?;m) (s) in the form mam)(s) = (s,my,m(s)). Hence
from the global existence of integral curves of X T we easily obtain the global
existence of integral curves of X. So, the vector field X is complete.

Necessity.

Let the vector field X be complete. Thus all orbits my ., (s) of the flow
m(s) are well-defined on the entire real line. Let V' = {V;};cn be a countable
locally-finite cover of M where all V; are open and relatively compact. Such
a cover exists since every finite-dimensional manifold is locally compact and
by definition satisfies the second countability axiom. Introduce the functions
¥; : M — R by the formula

i if mey
¢Wm—{0ﬁm¢w

Denote by {p;}5°, the smooth partition of unity subordinate to the above
cover and define the function ¢ on M by:
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o0

b(m) =Y wi(m)pi(m). (3-4)
i=1

It is clear that 1(m) is smooth and proper by construction. Our construction
of the function 1 (m) is taken from [134].

Introduce the function @ : M* — R as follows. For any point (t,m) €
M set @(t,m) = (my,m(0)). By construction the function @ is constant
along any orbit of the flow m™(s). Indeed, for m™ (s)(t,m) = (s, msm(s)) the
equality Mg m, .. (s)(0) = m¢ ., (0) holds.

Consider the function ¢ : M+ — R, ¢(t,m) = &(t,m) + t. Clearly ¢ is
smooth and proper. Consider X T¢. By the construction of the vector field
X™T and of the function ¢ we get

XTo=X"(@t,m)+Xt=0+1=1.

Thus we have proven the necessary part of our Theorem for C' = 1. This
completes the proof. O

3.1.2 A generalization to the infinite-dimensional case

A direct infinite-dimensional generalization of the results of the previous sub-
section cannot be obtained at least because of the absence of proper functions
on infinite dimensional manifolds. To avoid this difficulty, here we replace
functions which are proper with respect to the strong topology by functions
which are proper with respect to a weaker topology.

Another difference is that infinite-dimensional ordinary differential equa-
tions with smooth right-hand sides very rarely arise in applications. Gener-
ally the right-hand sides are locally Lipschitz continuous and/or completely
continuous (recall that equations with simply continuous right-hand sides in
infinite-dimensional cases may have no solutions at all) or even are given only
on an everywhere dense subset. Examples of the latter are, say, parabolic
equations, considered as ordinary differential equations on some function
spaces, or equations, close to hydrodynamical ones, on the Sobolev vector
fields on a compact manifold (see, e.g., [61]). In both cases the differential
operator on the right-hand side makes functions (vector fields) less smooth
so that the vectors of the right-hand side that are tangent to the manifold
(phase space) are well-defined only on an everywhere dense subset of “more
smooth” functions (vector fields).

In this subsection we obtain infinite-dimensional necessary and sufficient
conditions for the global existence of solutions both for the right-hand sides
given on the entire manifold and for those given on everywhere dense subsets,
under some additional conditions that seem to be natural.
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3.1.2.1 Basic results for linear Banach spaces

Let B be a Banach space and X (¢, m) be a continuous non-autonomous vector
field on B, t € R. For autonomous vector fields no simplification of the
construction and results occurs and so everywhere below we consider the
general non-autonomous case. For such a vector field we consider the following
Cauchy problem

e (5) = X5, (5)) (35)

m(tm)(t) = m. (36)

Since B is infinite dimensional, without additional conditions (3.5)—(3.6) may
not have solutions. Nevertheless solutions do exist if, say, X (¢, m) is com-
pletely continuous, i.e., it is continuous jointly in £ € R and m € B and for
each bounded set A C B and each interval [a,b] C R the mapping X sends
the set [a,b] X A into a compact set.

Definition 3.4. We say that the Cauchy problem for equation (3.5) is locally
well-posed if for each m € B and t € R there exists a unique local solution
of problem (3.5)—(3.6), well-defined on an interval (t —&{; .\, ¢+ €(,m)), that
continuously depends on initial data, i.e., from m,, — m, t, — t it follows
that m, m,)(5) — Mmm)(s) for s € (), (t — s’(tmmn),t + €(t,,mn)), Where
(t— sztmmn), t + €, ,m,)) is the domain of m, m,)(-)-

Remark 3.5. On (¢ — €{; ), t] the curve m(; m)(s) may be presented as a
solution of the equation L, (s) = —X(s,m(;m)(s)), inverse to (3.5).
This is why instead of saying that the Cauchy problem (3.5)—(3.6) is locally
well-posed one sometimes says both the direct and inverse Cauchy problems
for (3.5) are locally well-posed.

We retain Definition 3.1 of complete vector fields for infinite-dimensional
systems.

Definition 3.6. A function f : F — R, where F is a Banach space, is called
weakly proper if for any relatively compact set in R its pre-image in F is
bounded.

Remark 3.7. Recall Definition 3.2 of a proper mapping of topological spaces.
Taking into account the features of weakly compact sets in Banach spaces
(see, e.g., [156, 223, 235]), one can easily see that if B is a reflexive Banach
space, Definition 3.6 means that a weakly proper function is indeed proper
with respect to the weak topology on B.

Consider the extended phase space BT = R x B and the vector field

X(t my = (1,X(t,m)) on it. From the hypothesis one can easily derive that

X (Jg m) is completely continuous. It is clear that the curves
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m?l_f,m)(s) = (S7m(t,m) (S)) (37)

satisfy the following Cauchy problem on BT

%mam)(s) =Xt (mam)(s)) (3.8)
mz;m) (t) = (t,m). (3.9)

Theorem 3.8 Let X (t,m) be a completely continuous vector field on a Ba-
nach space B. Let there exist a continuous weakly proper function f : BT — R
such that for any curve m?;’m)(s), as defined by (3.7), there exists a real con-
stant C' > 0 for which the relation

f(m(t,m)(sl)) - f(m?;‘/,m)(SQ)) < Clsy — 59| (3.10)

holds for every pair s1 and sy in the domain of the curve m my(s). Then
X (t,m) is complete.

Proof. Let f be as in the hypothesis and let my,,,,)(s) be an arbitrary solution
of (3.5)—(3.6) that is well-defined on some interval s € (t —¢&’,t + ¢). The
corresponding curve mth m) (s) is well-defined on the same interval.

If both € and ¢’ are infinite, the Theorem is proved. Let ¢ be finite. From
the hypothesis it follows that for s € [t,t + €) the inequality \f(m(t m) 1) —

f(ngm)(s)ﬂ < Ce holds. Thus on this interval the values |f(m;,,(s))|

are bounded by |f(mj,,(t))] + Ce. Then from Definition 3.6 it follows
that the points of this curve for s € [t,t + €) belong to a bounded set
© = f7([t,t + €)). Since O is bounded, the image of © under the com-
pletely continuous mapping X T is compact. Thus the norm of X as a con-

tinuous function is bounded on © and so HX"‘(m?;5 my(8)] is bounded on

[t,t + €). Thus the length of m/,, (s) for s € [t,¢ + ¢), which is equal to
N H%ma my(8)llds = IN ||X+(m?; m)(8))llds, is bounded. Since B is com-
plete and since m(t m)(s) is continuous in s, one can easily derive from this
+

fact that the limit lim m
sotte (Em

)(s) exists, i.e., m(t m)(s) exists on the closed
interval [t,t + €.

In complete analogy with these arguments we show that if ¢’ is finite,
m?; my(8) exists on the closed interval [t —¢&’,¢]. This means that the domain
of m(+t m)(s) is both open and closed, hence it is equal to R. Obviously the

same is true for the domain of m n,)(s). Thus, since the solution m ) (s)
was arbitrary, X is complete. O

Corollary 3.9 Let X(t,m) be a completely continuous vector field on a
Banach space B. Suppose there exists a continuous weakly proper function
[+ B — R such that for any solution m ,,)(s) of (3.5)~(3.6) there exists a
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real constant C > 0 for which the relation (3.10) holds for every pair s; and
52 in the domain of m ) (s). Then X (t,m) is complete.

Corollary 3.9 is an analog of a well-known sufficient condition for the
completeness of vector fields in finite-dimensional spaces (see the previous
subsection). The proof of Corollary 3.9 is the same as that of Theorem 3.8
with a certain simplification since here we do not use the extended phase
space. Notice that the conditions of Theorem 3.8 after some modification
become necessary and sufficient for the completeness of vector fields (see
Theorem 3.13 below) while Corollary 3.9 gives only sufficient conditions for
completeness.

The next statement describes a particular case where (3.10) is fulfilled.
The relation obtained here easier to verify in practice.

Theorem 3.10 Let a continuous weakly proper function f : BT — R be
such that its derivative X f in the direction of a vector field X (in the
ordinary sense) is well-defined and satisfies the estimate | X T f| < C at any
point (t,m) € BT for some constant C > 0 that is independent of (t,m).
Then along any curve mam)(s), as introduced by (3.7), relation (3.10) is

satisfied with this C' and so by Theorem 3.8 X (t,m) is complete.
Indeed,

‘f (ma’m)(sl)) —f (mam)(SQ))‘ = /: (XTf) (mam)(s)) ds

S2 S2
/ / Cds
S1 S1

The next statement gives a necessary condition for the completeness of
X (t,m) of the same sort as the sufficient condition of Theorem 3.8.

< < = C|s1 — s3]

(X1 (m(tm)(s)) ‘ ds

Theorem 3.11 Let X (t,m) be a continuous vector field on a Banach space
B such that the Cauchy problem (3.5)—(3.6) is locally well-posed (see Defi-
nition 3.4). If X(t,m) is complete, there exists a continuous weakly proper
function f : Bt — R such that for any curve ma,m) (8), as introduced by
(3.7), there exists a real constant C' > 0 for which relation (3.10) holds for
every pair s and Sa.

Proof. Let the solutions m ) (s) of the problem (3.5)—(3.6) exist on the
entire line. Introduce the weakly proper continuous function r : B — R,
r(m) = [m].

Denote by gs : B — B the flow of the vector field X, i.e., gs(m) =
M(0,m) (). Since X (t,m) is complete, under the hypothesis of our Theo-
rem gs is well-defined and forms a continuous family of homeomorphisms
of B. For the same reason, for every point (t,mm) € BT the value m ) (0)
of the curve m ) (s) is well-defined and continuously depends on (t,m).
Now construct the continuous function @ : BT — R by assigning the value
@(t,m) = r?(my,m(0)) to the point (t,m) € B*.
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Consider the continuous function f: B* — R, f(t,m) = &(t,m) + t. One
can easily see that f is weakly proper.
By construction, @ takes constant values along the curves mz; m)(s) on

BT. Indeed, for mam)(s) = (8,M(t,m)(8)) the equality m(sm,, . (s)(0) =

M(¢,m)(0) holds for all s. Hence,

‘f (ma,m)(sl)) —f (m&m)(SQ))’
= [ (10 (0)) + 51— 72 (10, (0)) = 5] = |51 = 5.

Thus, the constant C' in the conclusion of the theorem may take any value
greater than or equal to 1. ]

For a smooth vector field X (¢,m), under some additional hypotheses we
obtain a necessary condition for completeness of the same sort as the sufficient
condition of Theorem 3.10.

Theorem 3.12 Let a Banach space B have a smooth norm and let X (t, m)
be a smooth and complete vector field on B. Then there exist a smooth weakly
proper function f : BT — R and a real constant C > 0 such that for the
derivative X f of f in the direction of X the inequality | X f| < C holds
on BT,

Proof. Since X (t,m) is smooth, it is locally Lipschitz continuous and so the
Cauchy problem (3.5)—(3.6) is locally well-posed. From the fact that both the
vector field X (¢t,m) and the function 72(m) are smooth it follows that the
function f : BT — R, constructed in the proof of Theorem 3.11, is smooth.
Since @ takes constant values along the curves mam)(s) on BT, a direct

calculation shows that | X+ f| = 1. 0

Now let a vector field X (¢,m) on a Banach space B be completely contin-
uous and be such that the Cauchy problem (3.5)-(3.6) is locally well-posed.
Then as a corollary to Theorems 3.8 and 3.11 we obtain the following:

Theorem 3.13 Let B be a Banach space. A completely continuous vector
field X (t,m) on B for which the Cauchy problem (3.5)—(3.6) is locally well-
posed is complete if and only if there exists a continuous weakly proper func-
tion f : BT — R such that for any curve ma,m) (8), as introduced by (3.7),
there exists a real constant C > 0 for which relation (3.10) holds for every
pair s1 and sy in the domain of the curve my ) (s).

Corollary 3.14 Let B be a Banach space. Both completely continuous and
locally Lipschitz continuous vector fields X (t,m) on B are complete if and
only if there exists a continuous weakly proper function f : Bt — R such that
for any curve m&m)(s), as introduced by (3.7), there exists a real constant
C > 0 for which relation (3.10) holds for every pair s1 and so in the domain
of the curve m my(s).
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Indeed, for a locally Lipschitz continuous vector field the Cauchy problem
(3.5)—(3.6) is locally well-posed.
As a corollary to Theorems 3.10 and 3.12 we obtain the following;:

Theorem 3.15 Let a Banach space B have smooth norm and let X (t, m) be
a smooth and completely continuous vector field on B. X (t,m) is complete if
and only if there exist a smooth weakly proper function f : Bt — R and a
real constant C' > 0 such that for the derivative Xt f of f in the direction of
X the inequality | X f| < C holds on B*.

3.1.2.2 The case when the right-hand side of the equation is
defined on an everywhere dense subset

Let D be a Banach space that is embedded into B by a continuous map so
that the image of D is everywhere dense in B. For the sake of simplicity we
do not distinguish between D and its image, so we regard D as a subset of
B.

Let for every m € D and t € R a vector X (¢,m) € B be given. Consider
the Cauchy problem

%m(t7m)(s) =X (s,m(t,m)(s)) (3.11)

d
M(t,m) (t) =m € D. (3.12)

In analogy with the notions from the theory of partial differential equations
we give the following:

Definition 3.16. We say that the Cauchy problem (3.11)—(3.12) is locally
well-posed if for each m € D and t € R there exists a unique local solution,
given on a certain interval (t — &’,t 4 ¢), belonging to D and continuously
depending on the initial data, i.e., from m,, — m it follows that m ,,)(s) —
Mt,m) () for s € (), (t =€, t+¢,), where (), (t —¢),,t +¢5) is the domain of
M(t,m,,)(-). Here the convergence is understood to be in the topology of D.

We refer the reader, say, to [163, 164] for examples of conditions that
guarantee for an equation the well-posedness of the Cauchy problem (3.11)—
(3.12).

Definition 3.17. The Cauchy problem (3.11)—(3.12) is called regular if its
local solutions exist and, for a solution m n,)(s) with m € D, from the
fact that at the time s* the point m n,)(s*) belongs to B it follows that
m(t,’m)(s*) €D.

Examples of regular Cauchy problems can be found, e.g., in [15, 34, 61].
In analogy with the above notation, we introduce D™ = R x D and

m?;,m)(s) = (83 M(t,m) (8))
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Theorem 3.18 Let the embedding i : D — M be completely continuous,
let the Cauchy problem (3.11)—(3.12) be regular and let f : D¥ — R be a
continuous weakly proper function such that for any curve m?;)m)(s) there
exists a real constant C > 0 for which the relation

’f( (tm) (5 )) - f (mam)(sﬂ)‘ < C|s1 — 59|

holds for every pair sy and sy in the domain of the curve m my(s). Then all
solutions of (3.11)—(3.12) are well-defined for s € (—o0, 0).

Proof. Let m; m)(s) be an arbitrary solution of the Cauchy problem (3.11)—
(3.12) that exists for s € (¢t —¢’,t + ¢). If both € and & are infinite, the
Theorem is proved. Suppose they are finite.

As in the proof of Theorem 3.8, from the inequality

‘f ( () (5 )> —f (mz;,m)(52>)‘ < Clsy — 52

along the curve ma’m)(s) it follows that the curve m; ,,)(s) on (t —&',t4¢)
belongs to a bounded set in D. Since the embedding of D into B is completely
continuous, this set is relatively compact in B. So, the curve m ,,)(s), con-
tinuous and relatively compact on (t—&’, t+¢), can be extended to [t—¢’, t+¢]
in B. But since the solutions of (3.11)-(3.12) are regular, the extension be-
longs to D. Thus the domain of m(tym)(s) is both open and closed and so it
coincides with R. O

Theorem 3.19 Let the Cauchy problem (3.11)—(3.12) be locally well-posed
and all solutions of (3.11)—(3.12) exist for s € (—o0,00). Then there exists
a continuous weakly proper function f : DY — R such that for any curve
m?;m)(s) there exists a real constant C' > 0 for which the relation

’f( tm) )) - f (m?;’m)(SQ))‘ < Cls1 — s9|

holds for every pair s; and ss.

Proof. This proof is a simple modification of that for Theorem 3.11. The space
BT is replaced by DT. Existence, uniqueness and continuity of solutions in
D now follow from the local well-posedness of the Cauchy problem according
to Definition 3.16. The remaining arguments are the same as in the proof of
Theorem 3.11. O

Theorem 3.20 Let the embedding i : D — B be completely continuous and
let the Cauchy problem (3.11)—(3.12) be locally well-posed and reqular. Then
all solutions of (3.11)—(3.12) are well-defined for all s € (—o0,00) if and only
if there exists a continuous weakly proper function f : DT — R such that for
any curve mam)(s) there exists a real constant C' > 0 for which the relation
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’f (m&m)(sl)) —f (mz;’m)(SQ))‘ < C|s1 — s2]
holds for every pair sy and sy in the domain of the curve m m)(s).

Theorem 3.20 is a simple corollary to Theorems 3.18 and 3.19.
3.1.2.3 The case of manifolds

Let M be a smooth Banach manifold with model Banach space B. For the
sake of convenience we consider charts on M as triples (U, V, ¢), where V is
an open ball in the model space B, U is an open set in M and ¢ : V — U is
a homeomorphism. Recall that the structure of a smooth manifold is given
by the maximal atlas for whose charts (Uy, Vi, ¢o) and (Ug, V3, ¢g), such
that Uy NUg = Uag # 0, the changes of coordinates gogl 0Pt pnt(Uag) —
wgl(u(w) are smooth.

In addition to the maximal atlas, which defines the smooth structure, we
shall also consider atlases (called continuous) that define the structure of a
topological manifold on M with the same model space B. This means that the
changes of coordinates between charts of such an atlas are only continuous.
The charts of a continuous atlas will be denoted by (Uq, Vi, $a)-

In this section we also assume an additional property of the manifold:

Condition 3.21 There exists a continuous atlas such that the images of all
bounded sets in B under its coordinate changes are bounded.

Sometimes we shall also assume that M satisfies the following:

Condition 3.22 M has a continuous (as in Condition 3.21) countable lo-
cally finite atlas such that for any its charts (Uy, Vo, @) the set Vo, C B is
bounded with respect to the norm of the model space B.

Definition 3.23. A set © C M is called relatively weakly compact if there
exists a finite collection of charts (U;, Vi, i) of a continuous atlas on M such
that © C (J, U; and for every i the set @ﬂ@ﬂui) C V; is bounded with
respect to the norm of the model space B that contains V;.

Remark 3.24. Unlike the case of linear Banach spaces, the weak topology
is (generally speaking) ill-defined on Banach manifolds while the slightly
stronger topology of weak convergence is well-defined (for details, see [195]).
If the model space B of M is a reflexive Banach space, then under some nat-
ural conditions the relatively weakly compact set described in Definition 3.23
is relatively compact with respect to the topology of weak convergence on M
(see [195]). If M itself is a reflexive Banach space, then any relatively weakly
compact set (described in Definition 3.23) is relatively weakly compact (i.e.,
with respect to weak convergence) by the well-known properties of reflexive
Banach spaces (cf. Remark 3.7).
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Definition 3.25. A function f : N — R on a Banach manifold N is called
weakly proper if for any relatively compact set in R its pre-image is relatively
weakly compact in N as in Definition 3.23.

Definition 3.26. A vector field X (¢t,m) on M, t € R, is called completely
continuous if its restriction to any chart (U, V, ), as a mapping from R x V
into the model space B, is completely continuous in the ordinary sense.

For X (¢,m) we shall consider the Cauchy problem (3.5)—(3.6) on M. We
retain the Definition 3.1 of a complete vector field as well as the Definition
3.4 of local well-posedness of solutions of the Cauchy problem.

As above, we consider the extended phase space MT = R x M and the
vector field X(?m) = (1, X(t,m)) on it. By formula (3.7) we also introduce
the curves mam)(s) that satisfy the Cauchy problem (3.8)—(3.9) on M ™.

Theorem 3.27 Let X(t,m) be a completely continuous vector field on a
Banach manifold M. Let there exist a continuous weakly proper function
f:MT — R on Mt such that for any curve m(t)m)(s), as introduced by
(3.7), there exists a real constant C > 0 for which the relation (3.10) holds
for every pair sy and sy in the domain of the curve m; my(s). Then X (t,m)
is complete.

The proof of Theorem 3.27 is a simple modification of that for Theorem 3.8
and is left to the reader.

We cannot prove a necessary condition of completeness in the same way
as in Theorem 3.11 since a weakly proper function such as r?(m) may not
exist on an arbitrary infinite-dimensional manifold and so it is a problem to
determine whether at least one weakly proper function on a Banach manifold
exists. We say that a Banach manifold M admits a continuous weakly proper
function if at least one such function is well-defined on M. The following
statements describe sufficient conditions for a Banach manifold M to admit
a weakly proper function of a sort different from r(m) on a Banach space.

Theorem 3.28 If M satisfies Condition 3.22, it admits a continuous weakly
proper function.

Proof. Let {(ﬂz, Vi, i)} be an atlas as in the hypothesis. In particular, the
covering {ﬂl} is locally finite and so there exists a continuous partition of
unity 6;(m), i =1,..., 00 corresponding to {U;} (see, e.g., [172]).

Define the functions ; : M — R by the formulae

iifmGﬂi

wi(m):{Oifm¢ﬂi

and construct the function ¥ (m) on M by the formula:

P(m) = Z 0;(m)i(m).
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By construction 1(m) is continuous and weakly proper. O

The construction of ¢ above is a modification of the construction in [134]
(cf. the proof of Theorem 3.3).

Corollary 3.29

(i)  If M is a paracompact Lindeldf topological space (see, e.g., [168]), it
admits a continuous weakly proper function.

(ii)  If M s paracompact and separable, it admits a continuous weakly
proper function.

Proof. (i) For each m € M choose a chart (U, Va, pq) such that m € Us,.
Then take an open bounded ball V,, C V,, centered at ¢_'m and define
Ui = ©a V. Since M is paracompact, there exists a locally finite refinement
of the covering {U,,} (see [172]). Since M is a Lindeldf space, we can select a
countable subcovering {U;} of that refinement. By construction each U; is a
subset of some U, and so there exists an open ball V; = ¢, 1U; C V,. Denote
by ¢; the restriction of ¢, to V;. Then the atlas {(U;, V;, ¢;)} satisfies the
conditions of Theorem 3.28.

(ii) Let = be a countable everywhere dense subset of M. For each m € =
construct a chart (U, Vi, ¢o) and a locally finite refinement of the covering
{U;,} in the same manner as in the proof of (i). Since every point of = is
contained only in a finite number of sets from that refinement, the collection
of sets in the refinement is countable. The rest of the proof is the same as
in (i). i

Theorem 3.30 Let M admit a continuous weakly proper function and let
a vector field X (t,m) on M be such that the Cauchy problem (3.5)—(3.6) is
locally well-posed. If X (t,m) is complete, there exists a continuous weakly
proper function f : Mt — R on M™ such that for any curve mam)(s), as
defined by (3.7), there exists a real constant C > 0 for which the relation
(3.10) holds for every pair s; and ss.

Proof. Let X (t,m) be complete, i.e., the solutions m ,)(s) of the problem
(3.5)—(3.6) exist on the entire line. Let ¢ be a weakly proper function on M
that exists by the hypothesis.

Denote by gs : M — M the flow of the vector field X, i.e., gs(m) =
M(0,m)(8). Since X (¢, m) is complete and the Cauchy problem is locally well-
posed for it, g, is well-defined and forms a continuous family of homeomor-
phisms of M. From the completeness of X (t,m) it also follows that for every
pair (t,m) € M the value m; ,,)(0) of the solution m ) (s) is well-defined
and continuously depends on (¢, m).

Now construct a continuous atlas on M T as follows: for a chart (U, Vi, 90 )
from the smooth atlas on M and for an interval (s1, s2) C R define

ua,(sl,SQ) = U (Svgs(ua))a Va,(sl,s2) = (31752) X Vy

s€(s1,82)
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and
@a,(51,52)(87 x) = (S’ 93(4,0@(55))
for x € V,,. Construct also the continuous function @ : M+ — R by assigning
the value @(t,m) = ¥ (my,(0)) to the point (¢,m) € M.
Consider the continuous function f : M+t — R, f(t,m) = &(t,m) + t.
Taking into account the construction of the continuous atlas

{ua,(shsﬂa Va,(sl,sz)v 9504,(31,32)} )

one can easily see that f is weakly proper.
By its construction, @ takes constant values along the curves m?; m)
M™. Indeed, for m(t )( 5) = (8,Mm,m)(s)) the equality m(s,m(t17n)(s))(0) =

M¢,m)(0) holds for all s. Hence,

‘f (ma,m)(sl)) _f< (tm) )

= ¢ (m(m)(0)) + 51— ¥ (M(1,0m) (0)) — 82| = |51 — s2].

(s) on

Thus, the constant C' in the conclusion of the theorem may take any value
greater than or equal to 1. O

Theorem 3.31 Let M be a Banach manifold that admits a continuous
weakly proper function. A completely continuous vector field X (t,m) on M
such that the Cauchy problem (3.5)—(3.6) is locally well-posed is complete if
and only if there exists a continuous weakly proper function f : M+T — R such
that for any curve ma,m) (s), as defined by (3.7), there exists a real constant
C > 0 for which the relation

[ (my(50) = £ (s y(52))] < Clst = 52]
holds for every pair sy and sy from the domain of the curve ms ) (s).

Theorem 3.31 follows from Theorems 3.27 and 3.30.

As in the case of linear Banach spaces the following statement holds since
for locally Lipschitz continuous vector fields the Cauchy problems are locally
well-posed.

Corollary 3.32 Let M be a Banach manifold that admits a continuous
weakly proper function. Both completely continuous and locally Lipschitz con-
tinuous vector fields X (t,m) are complete if and only if there exists a con-
tinuous weakly proper function f: M+ — R on MY such that for any curve
m?;ym)(s), as defined by (3.7), there exists a real constant C > 0 for which
the relation

’f (m;;m)(sl)> —f (mig’m)(sz))‘ < Cls1 — s9|
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holds for every pair sy and sy in the domain of the curve m m)(s).
An analog of Theorem 3.15 takes the following form:

Theorem 3.33 Let a Banach manifold M have a smooth countable locally
finite atlas such that for any its charts (U, Vo, 9o ) the set Vo, C B is bounded
with respect to the norm of the model space B. Let M also admit a smooth
partition of unity. A smooth completely continuous vector field X(t,m) on
M is complete if and only if there exists a smooth weakly proper function
f:MT — R and a real constant C > 0 such that for the derivative XT f of
[ in the direction of X the inequality | X f| < C holds on M.

A new point in the proof of Theorem 3.33 is that having taken a smooth
partition of unity in the construction of the function ¥ in the proof of Theo-
rem 3.28, one obtains a smooth . Since the flow of a smooth X is smooth,
the function f constructed from 1) in the proof of Theorem 3.30 is also smooth.
A direct calculation shows that |X T f| = 1. The rest of proof is analogous to
the previous ones.

Remark 3.34. All finite dimensional manifolds are paracompact and sepa-
rable and they all admit smooth partitions of unity. This means that they all
admit smooth proper functions (all finite dimensional weakly proper func-
tions are proper with respect to the strong topology). Notice also that all
continuous finite-dimensional vector fields are completely continuous. Thus,
it follows from Theorem 3.33 that any smooth vector field X (¢,m) on any
finite-dimensional manifold M is complete if and only if there exists a smooth
proper function f : M+ — R such that [ Xt f| < C' on M for some constant
C > 0. This is the assertion of Theorem 3.3.

Let D be a Banach manifold that is embedded into M by a continuous
map so that the image of D is everywhere dense in M. Let for every m € D
and t € R a vector X (t,m) € T,, M be given. Consider the Cauchy problem

%m(t,m)(s) =X (s,m(t,m)(s)) (3.13)

d
M(t,m) (t)=m e D. (3.14)

We use the same definitions of local well-posedness and regularity as in the
case of linear spaces (see Definitions 3.16 and 3.17). As above, we introduce
the manifold DT = R x D, the vector field X (¢t,m) = (1, X(¢,m)) and the
curves m?;’m)(s) = (8, Mt,m)(8))-

By a combination of arguments used above in the proofs for cases of man-
ifolds and for right-hand sides defined on an everywhere dense subset in a
Banach space, we obtain the following:

Theorem 3.35 Let D be a Banach manifold that admits a weakly proper
function and let the embedding i : D — M be completely continuous. Let
the Cauchy problem (3.13)—(3.14) be locally well-posed and regular. Then all
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solutions of (3.13)—(3.14) are well-defined for all s € (—o0,00) if and only if
there exists a continuous weakly proper function f : DY — R such that for
any curve mz; m)(s) there exists a real constant C' > 0 for which the relation

’f (mam)(sl)) —f (mam)(sz))‘ < Cls1 — s9|

holds for every pair sy and sy in the domain of the curve m n)(s).

3.1.3 A necessary and sufficient condition for
completeness of a vector field of two-sided type

An alternative type of sufficiency condition for the completeness of flows may
be formulated in terms of the so-called two-sided estimates, i.e., estimates of
the norm of the right-hand side under some additional condition. In R™ we
have, for example, the condition of sub-linear growth || X (¢,z)|] < C(1 +
lz]|) and the famous Wintner theorem [144] (formulated below). Under the
hypotheses of some of these theorems, one can define a new Riemannian
metric on the phase space in such a way that the right-hand side of the
equation is uniformly bounded by a constant with respect to this metric.
Thus, in these cases, the extendability of solutions (the completeness of a
vector field) follows from the fact that a solution has bounded length on every
finite interval with respect to a complete Riemannian metric and, therefore,
is relatively compact.

It turns out that the requirement that the vector field should be bounded
with respect to a complete Riemannian metric can be modified in such a way
that it becomes necessary and sufficient.

Let M be a finite-dimensional smooth manifold and X (¢, m) be a vector
field which is jointly smooth in ¢ and m. Denote the extended phase space
Rx M by M*. Clearly, T(; ;)M = RxT,, M. As in the previous subsections,
define a vector field X on M7 setting X(tn’t) = (1, X(m,1)).

Theorem 3.36 A field X on M is complete if and only if there exists a
complete Riemannian metric on MT with respect to which XT is uniformly
bounded.

Proof. Clearly, the completeness of X is equivalent to the completeness of
the vector field X T.

Assume that there exists a complete Riemannian metric on M ™ with re-
spect to which the field Xt is bounded. Then every integral curve of X
has finite length on every finite interval. Since the metric is complete, the
last assertion implies the relative compactness of the integral curve on every
finite interval. As above, we deduce that the domain of every integral curve
is both open and closed in R. This yields the completeness of the field.
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Let us prove the “only if” assertion. Let X be complete, then so is XT.
Since, by hypothesis, the field X is smooth, the field X* is also smooth.
Consider an arbitrary smooth proper real-valued function ¥ on the manifold
M (see Definition 3.2). The function g, satisfying the aforesaid conditions,
can be constructed in the same way as v in (3.4).

Pick an inner product depending smoothly on (m,t) on each tangent space
Tim,p)({t} x M) to the submanifold {t} x M of the manifold M. For example,
one can take a Riemannian metric on M and extend it in a natural way. Now
we can construct a Riemannian metric (-, -); on Mt by regarding the vectors
of the field X as being of unit length and orthogonal to the subspaces
Ty (M x {2}).

Denote by @, the diffeomorphism of the manifold M x {0} to the manifold
M x {t} along the trajectories of the field X +. The function 9 can be regarded
as given on M x {0}. Since the integral curves of the field X are globally
extendable, the function f: M — R given by the formula

f(m,t) = (&, (m,t)) +t

is, obviously, smooth and proper. Clearly, Xt f = 1, where X f is the deriva-
tive of the function f in the direction of the field X .
Let us now choose an arbitrary smooth function ¢: M — R such that

w(m,t) > max exp(Y f)2,

where Y € T, 4y (M x {t}) and ||Y|[; = 1. Such a function can be defined
as follows. For a relatively compact neighborhood of each point (m/,t') €
M, there exists a constant greater than sup maxexp(Y f)?, where, as above,
Y € Timy(M x {t}) and [|Y]}; = 1, and the supremum is taken over all
points (m,t) from the neighborhood. Then, using the paracompactness of
M™ and, as a consequence, the existence of a smooth partition of unity, we
glue together the function ¢ so that it is defined on the whole of M™T.

At every point (m,t) € M, define the inner product on T, yM ™ by the
formula

<K Z>2 = @2(m,t)<me,me>1 +pXY 'pX27

where Y, Z € T, syM* and pp, px are (in the metric (,);) orthogonal
projections of T, »y M+ onto T(,, 1) (M x {t}) and X, respectively. Clearly,
[XFl2 = 1.

Lemma 3.37 The Riemannian metric (-,-)o is complete on M.

Proof. [of the lemma] By the Hopf-Rinow Theorem (Theorem 3.68) it is
enough to prove that every geodesic is extendable to the whole real axis.
It suffices to consider the geodesics with unit velocity vector norm. The other
geodesics can be obtained from these by linear changes of time.

Let ¢(s) be a geodesic with unit velocity vector norm, i.e., ||¢(s)|l2 = 1 for
all s. One can easily see that <L f(c(s)) = ¢(s)f = (pmc(s))f + (pxi(s))f-
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Since ||¢(s)]|2 = 1 and since p,,¢(s) and pxé(s) are orthogonal to each other
with respect to the metric (-, )2, ||[pm¢(s)|l2 < 1 and ||px¢(s)||2 < 1. Hence,

ERE e N
1 pwé(s)

- ‘w(C(S)) [pmé(s)]ly

by construction of the functions ¢ and f.

Thus, the function f(c(s)) is bounded on any finite interval (a,b) and,
since f is proper, the set of points ¢(s) for s € (a,b) is relatively compact.
This proves the unlimited extendability of the geodesic. a

f‘+|X+f|<2

As mentioned above, ||[XT|2 = 1, which completes the proof of Theo-
rem 3.36. =

Remark 3.38. If the field X (¢,m) is C*-smooth on M¥, then the above
construction gives a C*-smooth complete Riemannian metric on M T, with
respect to which X is bounded.

3.1.4 Some sufficient conditions

As already mentioned above, sufficient conditions for the completeness of a
vector field are known and, when they hold, it is easy to find a Riemannian
metric such that the vector field is bounded. In this subsection, we construct
a complete Riemannian metric using a Wintner type hypothesis. Later, this
metric will be used to study complicated differential equations (stochastic,
with delay, etc).

Let us recall the classical Wintner theorem (see, e.g., [144]). Consider the
following differential equation on the Euclidean space R™:

i = f(t.a(t)) (3.15)
where f(z,t) is continuous in (¢, ).

Theorem 3.39 (Wintner). Suppose that

[f (@, t)]| < (t) - L(Il=l),

where the function p(t) is positive and integrable on any finite interval [0,1],
and L: [0,00) — (0,00) is continuous and satisfies the condition

/OOO % = 0. (3.16)

Then all solutions of (3.36) are defined on (—o0, c0).
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The Wintner theorem will be derived from the following result.

Theorem 3.40 Let M be a complete Riemannian manifold with Riemannian
metric {,) and L: [0,00) — (0,00) be a smooth function satisfying (3.16).
Choose a point mg € M and define a Riemannian metric (-,-)* by

S
()5 = T2 (o) (s Ym (3.17)

at a point m € M, where p is the Riemannian distance on M in the metric
(). If {-,-) is complete, then so is (-,-)*.

Lemma 3.41 The minimal geodesics of (-,-) and (-,-)* starting at mq coin-
cide to within a parametrization.

Proof. The lemma can be proved with a straightforward calculation: it can
be shown that the minimal geodesics (beginning at mg) of the first metric
satisfy the geodesic equation of the second metric and the cut loci of both
metrics coincide.

Let us continue the proof of the theorem. It suffices to prove that the
metric ball Ur, centered at myg, of any fixed radius T in the metric (-,-)*
is compact. (By the Hopf-Rinow theorem, this implies completeness.) Sup-
pose the contrary, i.e., assume for some [ that the ball I is not compact.
Since (-, -) is a complete metric, it follows by Lemma 3.41 that U contains a
minimal geodesic u(s) of infinite length in the metric (-, -), beginning at my.
Here s is the natural parameter (the length) in the metric {-,-). Denote the
reparametrization of u(s) with the length in (-,-)* by u(¢). By Lemma 3.41,
u(t) is a minimal geodesic of the metric (-, -)*.

The definition of the metric (-,-)* yields

d
T = L(u() = L(s)
and since u(s) lies in U,
0o l
/ ds / dt =1.
o L(s) 0
This contradicts condition (3.16). O

Corollary 3.42 Let M be a complete Riemannian manifold, X (t,m) a vec-
tor field continuous in (t,m), and L: [0,00) — (0,00) a continuous function
satisfying (3.16). Suppose there exists a point mg € M such that at every
point m € M the inequality || X (t,m)| < @(t) - L(p(mo, m)) holds, where p
is the Riemannian distance on M and ¢ is a positive function integrable on
every finite interval. Then the field X (t,m) is complete.

Proof. Tt is obvious that for any constant C' > 0, the function L + C' satisfies
(3.16). There exists a smooth function ¥(u) such that L < ¥ < L 4 C for
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€ [0,00). Clearly, ¥ satisfies (3.16). Let (-,-) be a Riemannian metric on
M. Consider (-,-)5, = ¥=2(m)(p(mg,m)) (-, )m. By Theorem 3.40, (-,-)* is
complete. Now it suffices to observe that the length of every integral curve of
the field X (¢, m) in the metric (-,-)* is bounded above on any interval [a, b)

by [ () dt. O

Wintner’s theorem is a particular case of the corollary, where M is the
Euclidean space R™.

3.2 Integral Operators with Parallel Translation

Ordinary differential equations on a vector space can be turned into equiva-
lent Volterra type integral equations. In fact, this method is very often used
in the investigation of ordinary differential equations. For example, one can
turn the Cauchy problem & = f(t,:c(t)), x(0) = 2 in R”™ into the integral
equation z(t) = xo + fot f(7,2(7)) dr. To do so, we use the fact that for any

continuous curve y(t) there exists a unique curve z(t) = fg f(,y(7)) dr such
that the derivative of z(¢) at any point ¢ is equal to f(¢,y(¢)). The existence
of the curve z(t) is possible only because of global parallelism on the tangent
bundle to the vector space. Indeed, the vectors 2(t) and f(¢,y(t)) belong to the
tangent spaces at different points, and the equation 2(t) = f(¢,y(t)) makes
sense only by virtue of the existence of global parallelism, i.e., a canonical
isomorphism between all tangent spaces and the vector space itself.

Global parallelism does not exist on an arbitrary manifold. Therefore clas-
sical integrals can be used only locally (in charts) and, moreover, the integrals
themselves depend on the choice of the coordinate system. In this section,
following [86, 88, 94], we describe a construction of an analog of the integral
operator, in which global parallelism is replaced with parallel translation
(with respect to a connection) along a chosen curve. For simplicity we use
the Levi-Civitd connection on a complete finite-dimensional manifold.

Similar notions of absolute and covariant integrals were introduced in a
different way by Vujicié. (See, e.g., [227, 228, 229] and the bibliography in
[229].) There, the integral is defined in a local coordinate system with the
connection coefficients used in such a way that the integral becomes covariant
with respect to changes of coordinates.

3.2.1 The operator S

Let M be a complete Riemannian manifold, let mg € M, I = [0,l] and let
v: I — T,,,M be a continuous curve.
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Theorem 3.43 There erists a unique C*-curve y: I — M such that (0) =
mo and the tangent vector 4(t) is parallel to the vector v(t) € T, M for every
tel.

Proof. Let by = (€Y,...,¢eY) be a basis in the tangent space T}, M; by gives
rise to an isomorphism between R™ and T,,, M by the formula bg(z!, ..., 2") =
rle + ...+ 2"l where R" is the model space of M.

Cons&der the time-dependent basic vector field E(by 'v(t)) on the frame
bundle B(M). Clearly, this field is locally Lipschitz in b € B(M). Hence,
for every point b € B(M), there exists a unique integral curve b(t) passing
through b, b(0) = b. The curve y(t) = wbo(t) is the one we are looking for.
(Here 7 is the natural projection of B(M) to M.) Indeed, for any point ¢* in
the domain of «(-), the vectors 4(t*) and v(t*) are connected along (-) by
the parallel vector field by (t) (by 'v(t*)).

It remains to prove that () is defined on the whole interval [0,!]. Since
the metric on M is complete, the metric ball of radius fol |[v(s)|| ds centered
at my is compact. Now assume that () is defined on [0, t*), where t* € [0, ].
The length of () on [0,t*) equals

t* l
/0 lo(s)] ds < / lo(s)] ds,

i.e., v(t) belongs to a compact set and, therefore, can be extended to [0, ¢*].
It is clear that one can extend 7(-) to a neighborhood of t*. Thus, the domain
of v(+) is open and closed in [0,1], i.e., it coincides with [0,{]. The theorem is
proved. ]

In what follows, we denote by Sv(-) the curve v constructed as above
beginning with v.

Remark 3.44. It is important to emphasize that S(v(t)), for a continuous
curve v € CY(I,T,,,M)), is independent of the basis by used in the proof
of Theorem 3.43. To see this, let us go back to the construction of ¥(-) and
replace the basis by by by in T}, M. Since there exists an invertible n x n
matrix b such that by = by o b and since the connection is invariant with
respect to the right action of GL(n,R) on BM, it follows from the definition
of a basic vector field that 7by (t) = (t).

Remark 3.45. Let m(t) be a C'-smooth curve in M, t € I, m(0) = mg. De-
note by I" the operator of parallel translation along m(-) at T,,, M. The curve
C(m)(t fo I'n(s)ds is known as Cartan’s development of m(t) at Ty, M.
The curve Sv( ) mtroduced above is expressed via Cartan’s development as

So(t fo

Consider the Banach space C°(I,T,,,M) of continuous maps from I to
Tyny M and the Banach manifold C*(I, M) of C'-smooth maps from I to M.
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As follows from Theorem 3.43, the operator S: C°(I, T;,,, M) — C*(I, M) is
well-defined. If M is a Euclidean space, Sv is a primitive of v.

It is easy to see that S is a homeomorphism between C°(I, T, M) and its
image C}, (I, M) in C*(I, M), where the manifold C},, (I, M) consists of all
Cl-curves v with v(0) = my.

Theorem 3.46 Let Uy be the ball of radius K centered at the origin of
C°(I1, T, M). Then, at every point t € I, the inequality H'y(t)H < K holds
for all curves v(-) in the set SU .

This is obvious since parallel translation preserves the norm of a vector.

Theorem 3.47 Assume that the point my € M is not conjugate to mgy along
some geodesic of the Levi-Civita connection on M. Then for any geodesic
a(+), a(0) = mo, a(l) = my, along which mg and my are not conjugate,
and for any K > 0, there exists a constant L(mg,m1, K,a) > 0 with the
following property: for any t1, 0 < t; < L(mg,my, K,a), and for any curve
u(-) € Ux C CO([0,t1], Ty M), there eists a unique vector Cy, € TpyM,
such that S(u + Cy)(t1) = my, which belongs to a bounded neighborhood of
t7! - &(0) € Ty M and depends continuously on u.

Proof. We divide the proof into two lemmas. Without loss of generality we
assume that the parameter ¢ on g(t) is chosen so that g(0) = mg and g(1) =
mi.

Lemma 3.48 There exzists a ball U. C C°([0,1], Tyny M) with radius ¢ > 0
such that for any curve i(t) € U. C C°([0,1], Ty, M) there exists a unique
vector Cg, belonging to a bounded neighborhood V' of the wvector &(0) in
Tino M, that is continuous in 4 and such that S(i + Cg)(1) = my.

Proof. [of Lemma 3.48] Consider the mapping from C° ([0, 1], T3,y M ) X Ty, M
to M sending a pair (u,C), where u € CO([O, 1],Tm0M) and C € T,,,, M, to
the point S(u + C)(1). Note that the vector field E(by*(v(t)) on B(M) is
smooth in v(-). (See the proof of Theorem 3.43.) Using this fact, the definition
of S, and the classical theorem on the smooth dependence of solutions of
differential equations on parameters, one can easily show that this map is
jointly smooth in v and C. Clearly, we have S(C)(1) = exp(C) when u = 0.
Thus, by the hypotheses of the theorem, S(¢(0))(1) = m; and S(C)(1) is a
diffeomorphism from a neighborhood of &(0) in T;,, M onto a neighborhood
of my in M.

Let us now think of S(u + C)(1) as a perturbation of S(C)(1) = exp(C).
Thus, there exists a € > 0 such that for any fixed 4 € U, C CO([O, 1], Ty M)
the operator S(u+ C)(1) is a local diffeomorphism. Therefore, there is a ball
D C T, M centered at &(0) such that, for any 4 € U, there exists a vector
Cy € D solving the equation S(4+ Cy)(1) = my. Using the implicit function
theorem one may show that, when D is sufficiently small, the vector Cy € D
is unique and C depends continuously on 4. O
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We introduce the notation sup ||C|| = C where V is as defined in Lemma

cev
3.48.
Remark 3.49. One can easily show that ¢ < C.

Lemma 3.50 In the conditions and notation of Lemma 3.48 let K > 0
and t1 > 0 be such that tl_le > K. Then for any curve u(t) € Ux C
CO([0,t1], Tyny M) there exists a unique vector C, in a neighborhood t7 'V
of the vector tl_lf'y(O) n Ty M, continuously depending on v and such that
S(U + Cu)(tl) =mj.

Proof. [of Lemma 3.50] For u(t) € Ux C CO([0,t1], Ty M) let a(t) = tyu(ts

t) € U.  C°([0,1],TnyM) and C, = t;'Cy. From Lemma 3.48 we get
S(t+ Cy)(1) = my and £8(i + Cq)(t) is parallel to @(t) + Cy. For the
curve y(t) = S(i + Cq)(t - t1) we have L(t) = tII%S(a + Cy)(t-t1) and

this vector is parallel along the same curve to the vector t;*(a(t) + Cg) =
u(t) +C,. Thus v(t) = S(u+Cy)(t) = S(a+Cq)(t-t71) for t € [0,t1]. Hence
S(U+Cu)(t1):S(Q+Cﬂ)(1):m1. O

This completes the proof of Theorem 3.47. O

Lemma 3.51 For specified t1 > 0 and K > 0 all curves S(v(t) +Cy)(t) with
v € Ug C C[0,t1]Tyn, M) lie in a compact set = C M, where = depends on
€ and C is as defined above.

Indeed, since parallel translation preserves the norm of a vector, for any
v(t) as above, the length of S(v(t) + C,)(t) is no greater than tl(K +
G, )dt < fot 71 (e + O)dt = ke+@&-5+0&mﬂ%mww@e
by the Hopf-Rinow theorem any closed metric ball of finite radius € + C' is
compact.

Remark 3.52. Note that if M is a Euclidean space, one can take any con-
stant as € in the proof of Theorem 3.3., i.e., the theorem holds for every t1,
0<t <oo.

3.2.2 The operator I'

Let y(t), t € I, be a Cl-curve in M and X (v(t)) a continuous vector field
along 7(-). Consider the curve I'X (y(t)) in T, )M where I is the operator
of parallel translation along ~(-) at v(0).

Lemma 3.53 (Compactness lemma). Let = C CY(I,TM) be such that
7= C CYI, M), where m: TM — M s the natural projection, and the norms
of the derivatives of the curves = are uniformly bounded by a certain con-
stant K > 0. If = is relatively compact in C°(I, TM), then so is I'=.
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Proof. Since the closure = of the set = is compact in C°(I, T M), the vectors

of {¢(t) | £() € E} are bounded and the set 7= is compact in C°(I, M). This

implies, in particular, that all curves in 7= lie in a compact subset of* M.
Let £*(+) be a limit curve of the set Z. It is clear that the inequality

p(r&" (1), 7E"(t) < K|t — 1],

where ¢, € T and p is the Riemannian distance, holds for the curve w&*(-).
Note that this curve may not be smooth. Parallel translation along such
curves was defined in [29] as the limit of parallel translations along their
piecewise geodesic approximations. Moreover, it was shown that under the
hypothesis above, the procedure of parallel translation converges uniformly
on any bounded set of vectors. If the curve is smooth, the new definition
of parallel translation is equivalent to the classical one. It was also shown
that the parallel translation along a limit curve is just the limit of parallel
translations along curves converging to it. Therefore, I' sends convergent
sequences to convergent ones. O

If X(~(t)) = X(t,v(t)) is the restriction to v(-) of a continuous vec-
tor field X(¢,m), t € I and m € M, then we use the notation I" o~y for
I'X(t,~(t)). Thus, for a specified vector field X (¢, m), we may consider the
operator I': C1(I, M) — C%(I,TM), which is clearly continuous.

Let 2k be the set of curves from C(I, M) satisfying the inequality
Y@ < K, where K > 0, at every point ¢ € I and such that the set
{7(0) | v(-) € 22k } is bounded in M.

Theorem 3.54 The set of curves I'(£2r) is relatively compact in C°(I,TM).

Proof. Because M is complete, it is clear that (2§ is relatively compact in
C°(I, M). Since the field X (t,m) is continuous, the set of curves { X (t,7(t)) |
v(-) € 2k} is relatively compact in C°(I,TM). The theorem follows from
Lemma 3.53. O

Corollary 3.55 The operator I' is locally compact.

Proof. For every v € C*(I, M), the continuous function ||%(¢)|| assumes its
supremum K. on I. By the definition of the C'-topology, the inequality
[I71]] < K + € holds for every ~(-) in a small neighborhood of 7(-). O

3.2.3 Integral operators

Consider the continuous composition operator

Sol':Cp, (I,M)—Cp (I,M).
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Theorem 3.56 The fixed points of So I are precisely the integral curves of
the field X (t,m) with the initial condition v(0) = my.

Proof. Let ~(t) be an integral curve of the field X(¢,m), ie., §(t) =
X (t,7(t)). Then the operator I" on 7(:) is equal to S~*, and so v is a fixed
point of S o I'. Conversely, let v(-) be a fixed point of the operator So I'.
Using the parallel translation along (), we transport the vector X (t, ’y(t))
to v(0) = mo and then back to y(t). The resulting vector coincides with ()
by the definitions of S and I". Therefore, §(t) = X (t,7(t)). O

Thus, S o I' is a direct analog of the standard Urysohn-Volterra integral
operator from the theory of ordinary differential equations on vector spaces.

Theorem 3.57 The operator S o I' is locally compact.

The assertion of Theorem 3.57 follows from the local compactness of I’
and the continuity of S.

Let O be a closed bounded set in M and C}, (I, ©) the subset in C}, (I, M)
formed by curves lying in the closure of ©. Consider the second iteration
(S oT)? of the operator So I

Theorem 3.58 The set (SoI')2C}, (I,0) is compact in C}, (I, M).

Proof. Since © is bounded and M is complete, @ is compact. Therefore,
[|X (¢, m)| is bounded on I x © by some constant K. Since parallel transla-
tion preserves the norm, the curves I'C}, (I,0) lie in |J,,co Uk (m) and, by
Theorem 3.46, the set S o FC%0 (I,0) is formed by curves which satisfy the
inequality ||§(¢)|| < K at every point ¢t € I. Now the theorem follows from
Theorem 3.54 and the continuity of the operator S. g

Composition operators, such as S o I', are employed to solve certain prob-
lems in the theory of differential equations on manifolds (for example, to
find periodic solutions for some special classes of differential equations). The
construction of such operators and their applications are described, e.g., in
the survey [33]. The theory of topological characteristics is also developed in
[28, 33, 109] for a large class of maps of infinite-dimensional manifolds. This
theory enables one to prove the existence of fixed points of these operators.

Let us discuss one more class of integral operators that can be used to
reduce certain problems on manifolds to problems on vector spaces. Consider
the composition I" o S. This operator is continuous and acts on the Banach
space CO(I, T, ,M). If v = I' 0 Sv, then Sv = Sol'oSv = (Sol'Sv is a
fixed point of SoI" and so, an integral curve of the field X (¢, m). Conversely,
Sv = 8 o I'(Sv) implies that v = I" o Sv because S is one-to-one.

Theorem 3.59 The operator I' o S is completely continuous.

Proof. Let Uy be a ball of radius K in C°(I,T,,,M). By Theorem 3.46,
SUK C 2k and, by Theorem 3.54, the set I o SUy is compact. O
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Remark 3.60. As mentioned in the introduction to this section, we consider
the Levi-Civita connection of a complete Riemannian metric only to simplify
the presentation of the material. Under certain hypotheses, the constructions
of the integral operators may be generalized to other connections. Note, for
example, that we have never used the fact that the connection has zero tor-
sion, i.e., all of our constructions hold for any Riemannian connection of
a complete Riemannian metric. In particular, the construction leads to the
classical multiplicative integral for a special choice of the connection on a Lie
group. (See, e.g., [78] for matrix groups.)

3.3 Second Order Differential Equations (Special Vector
Fields)

Let M be a manifold with tangent bundle 7M. On the manifold T'M there is
a class of vector fields that is naturally coordinated with the bundle structure
of TM. This class describes the second order differential equations on M.
Recall the well-known trick of reducing a second order differential equation

in R™ to a first order differential equation in R?”: the differential equation
Z = f(t,z,z) in R™ is equivalent to the system of first order differential
equations

r=y

Y= f(ta a:,y) (318)

in R2"”. We emphasize that a general system in R?” has the form

y = f2(t7 x? y)’

i.e., (3.18) is a system of a special form.

It is clear that in every chart of a manifold a second order differential
equation must be reduced to a special system of first order equations on
the tangent bundle. It turns out that such systems are vector fields of a
special type connected with the bundle structure. Let us introduce the exact
definition.

Definition 3.61. A vector field Y (¢, (m, X)) on the tangent bundle TM is
called a special vector field on TM or a second order differential equation on
M if at every point (m, X) € TM the equality

TrY (t,(m, X)) = X, (3.19)
holds where 7 : TM — M is the natural projection of TM onto M.

Recall that by Convention 1.3 X, and (m, X) are two equivalent desig-
nations of the same object. Below, if it is not necessary to emphasize that
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the vector Y (¢, (m, X)) is given at (m, X) € TM, we shall also denote it by
Y (t,m, X). Represent a vector Y at a point (m, X) on TM as a quadruple

Y(t, (ma X)) = (m7X> Yl(tv (va))7 YQ(t> (m,X))),

as described in Section 2.1. By applying formula (2.3) we find T'7Y (¢, (m, X))
and substituting into the above, we obtain:

T’/T(m,X, Yl(ta (va))vYQ(t7 (va))) = (m,Yi(t, (TTL,X))) - (va)

Thus, if Y is a second order differential equation Y7 (¢, (m, X)) = X, and so
the presentation as a quadruple takes the form

Yim,x) = (m, X, X, Ys(t, (m, X))). (3.20)

We show that second order differential equations (special vector fields), as
defined in Definition 3.61, do indeed yield ordinary second order differential
equations in the charts of M. Let (m(t), X (¢)) be an integral curve of a special
vector field Y on T'M. This means that

d
3 (M), X (1) = Yy, x @) = (m(8), X (1), X (2), Ya(t, (m(t), X (1)),
ie. £m(t) = X(t) and £X(t) = Ya(t, (m(t), X(t))). Thus the curve m(t) =
m(m(t), X (t)) on M (the projection of the integral curve of Y') satisfies the
equation m(t) = Ya(t,m(t), X(t)) in the charts. The curve m(t) in M is
called a solution of the second order differential equation Y. It follows from
the above arguments that the integral curve of Y on T'M is represented via
m(t) by the formula (m(t),m(t)) where r(t) = Lm(t).

Let a connection H be given on a manifold M. Recall (see Lemma 2.12)
that at any point (m, X) € TM the mapping T'7 is a linear isomorphism of
H(m,x) onto T, M. Hence in H,, x) there is a unique vector Z,, x) such
that

TTFZ(m’X) = Xm. (321)

On constructing such a vector at each point (m, X) € TM, we obtain the
vector field Z on TM. From formula (3.21) it immediately follows that Z is
a second order differential equation (special vector field, see Definition 3.61).

Definition 3.62. The second order differential equation Z constructed above
is called the geodesic spray of the connection H.

Remark 3.63. A spray is a second order differential equation Y that has the
following property: for any real number a € R and every point (m, X) € TM
the equality Y{,,, .o x) = T'a(aY(,,, x)) holds (see formula (2.7) where the action
of the real line on a vector bundle is defined). One can easily verify that Z
satisfies the definition of a spray.
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For a given connection H the geodesic spray Z is a universal object
for the description of all second order differential equations. Let Y be
such an equation. Since every tangent space to T'M is presented as di-
rect sum T, x)T'M = Hp, x) © Vim,x), there is a unique decomposition
Yim,x) = HY (i, x) + VY, x) where HY(,,, xy € H(y,, x) is called the horizon-
tal component of Y(,,, xy and VY(,,, x) € V(y,x) s the vertical component (see
Section 2.2).

Proposition 3.64 For any second order differential equation Y its horizon-
tal component is Z.

Proof. By the definition of second order differential equations, T7Y(,, x) =
Xom. Since V(p, x) is the kernel of T'm (see Lemma 2.12), we get that
T7VY(m,x)y = 0 and so TnHY(,, x) = T7Y(, x) = Xin. But in Hey, xy, as
mentioned above, there is unique vector Z,, x) having this property. Thus
H}/(rmX) = Z(m7X)- O

Let a curve m(t) in M be a solution of the second order differential equa-
tion Y, i.e., (m(t),m(t)) is an integral curve of the vector field Y on TM,
%(m(t), 1m(t)) = Yim(t),m@)) (see above). Apply the connector K of the con-
nection H to both sides of this equality. Since K o & = 2 and KY = pVY

i — dt
(see Section 2.2), we obtain

&m(t) = pVY. (3.22)

On the other hand, for the curve m(t) the derivative of the corresponding
curve (m(t),m(t)) in TM is always a vector of some second order differential
equation for each ¢ (i.e., property (3.19) is fulfilled). By Proposition 3.64, once
a connection on M given, any second order differential equation is uniquely
defined by its vertical component. If in addition m(t) satisfies (3.22), this
equation coincides with Y .Thus, we have proved the following:

Proposition 3.65 The solutions m(t) of the second order differential equa-
tion' Y, and only these solutions, satisfy equation (3.22).

Corollary 3.66 The solutions of the geodesic spray Z, and only these solu-
tions, are geodesics of the connection H.

Proof. Since Z(,;, xy € Hm,x) and H,, xy is the kernel of K (see Lemma
2.14(ii)), one obtains that KZ = 0 and equation (3.22) takes the form
Dim(t) =0, ie., m(t) satisfies (2.24). o

Corollary 3.66 together with Remark 3.63 clarify the name “geodesic
spray” for Z.
Consider the equation

D

3 =Y (8, m(t), (1)), (3.23)
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where Y (t,m, X) is a non-autonomous vector field on M which depends, at
each point m € M, on the vector parameter X € T,,M. Denote by Y the
vector fleld on T'M that at (m,X) € TM and t € R is the vertical lift of
Y (¢t,m, X) at the point (m, X) (see Definition 2.34). Evidently we obtain

Proposition 3.67 If a curve m(t) satisfies (3.23), it is a solution of the
second order differential equation Y' 4 Z.

Without proof we present the following classical result of finite-dimensional
Riemannian geometry (for a proof, see e.g., [26, 161]).

Theorem 3.68 (Hopf-Rinow theorem) For a finite-dimensional Riemann-
ian manifold M the following four statements are equivalent:

(i) M is a complete Riemannian manifold (see Definition 1.49), i.e., it is
complete as a metric space with respect to the Riemannian distance p;

(ii) every set that is bounded with respect to the Riemannian distance p is
relatively compact;

(iii) the Levi-Civitd connection is complete in the sense of Definition 2.40;

(iv) the geodesics of the Levi-Civitd connection, starting at some specified
point, are well-defined for all t € (—00,0).

From equivalent statements (1)—(iv) it follows that:

(v) for every pair of points mg,my € M there exists a geodesic of the Levi-
Civitd connection that joins them and whose length is equal to p(mg,m1).

Remark 3.69 (Hamiltonian systems). The additional vector bundle
structure on the tangent bundle T'M yielded above the special class of vec-
tor fields on T M, second order differential equations. Analogously, the ad-
ditional structure on the cotangent bundle yields a single special object
called the canonical 1-form, the differential form 6 whose value on a vec-
tor Y € T(p,a)T"M at a point (m,a) € T*M is given by the formula
Om,a)(Y) = am(TTY), where m : T*M — M is the natural projection.

By routine calculation one can easily show that at a,,, = p;dq* the canon-
ical 1-form obtains the coordinate presentation 6, ) = p;dg* that coincides
with the coordinate expression of a at m € M. For 6 the coordinates corre-
spond to the covectors from the first half of the basis in T(*m7 a)T*M while for
o the entire basis in Ty M is involved.

The canonical 2-form on T*M is {2 = df. Its coordinate presentation is
2 = dp; Adq’. We obtain directly from the definition that {2 is exact and so
it is closed. In addition one can easily prove that (2 is not degenerate, i.e.,
for every 1-form § at every point (m,«) € T*M there exists a unique vector
X5 € Tim,a)T*M such that for every vector Y € Ty, o)T*M the equality
B(Y) = 2(Y, X3) holds.

Let H : T*M — R be a smooth function and consider its differential
dH (i.e. a covector field). The vector field Xy such that for every vector
field Y the equality dH(Y) = (Y, Xg) holds is called the screw gradient of
H or Hamiltonian vector field with Hamiltonian H. For the screw gradient

Xyg=X' 8?11' —|—Xia%i the coordinates take the form X* = g—g, XZ = — gg, and
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so the integral curve of X gy with coordinates (¢*(t),...,q"(t), p1(t), ..., pn(t))
satisfies the system %qi = g—g, %pi = —g—fi. The latter system is called the
Hamiltonian system with Hamiltonian H.

Hamiltonian systems describe a broad class of processes in physics and
mechanics. For conservative mechanical systems (see Section 11.3 below) the
Hamiltonian H is the total energy expressed in terms of momenta.

The Hamiltonian H is constant along the integral curves of Xg. Indeed,
XpH =dH(Xpy) = 2(Xp,Xpg) = 0 since 2 is skew symmetric. Taking into
account that the usual interpretation of the Hamiltonian in mechanics is the
total energy, this is a version of the conservation of energy law.

Consider two smooth functions f and g as Hamiltonians and (as usual) de-
note by Xy and X, respectively, their Hamiltonian vector fields. The function
{f,9} = 2(Xy, X,) is called the Poisson bracket of f and g. Its coordinate
representation is easily derived in the form {f, g} = g_zi; gji — g{fi g_zi'

The Poisson bracket is evidently skew-symmetric. It is easily shown that it
satisfies the Jacobi identity (1.8). So, the Poisson bracket defines the structure
of a Lie algebra on the space of smooth functions on 7% M.

The Poisson bracket is useful for applications. In physical applications it
is more important to find the values of a function along a solution than the
solution itself (for example, the solution can describe a process in a chemical
reactor and the function of the solution, the temperature of the wall of the
reactor). Let v(¢) be a solution of a Hamiltonian system with Hamiltonian
H and f:T*M — R be a smooth function. Then one can easily show that
the real-valued function of the real variable f(v(t)) satisfies the equation
Sf={H f}

The notion of a Hamiltonian system can be generalized to a class of man-
ifolds much broader than cotangent bundles. A manifold M, on which a
smooth closed non-degenerate 2-form (2 is given, is called a symplectic man-
ifold and in this case 2 is called the symplectic form.

Every 2-form on an odd-dimensional manifold is degenerate. Hence all
symplectic manifolds are even-dimensional. The construction and results on
Hamiltonian systems can be translated to symplectic manifolds. Locally (i.e.,
in the charts) every symplectic manifold is organized as the cotangent bundle
of a certain manifold. This follows from a famous theorem of Darboux.

There is also a broad generalization of Hamiltonian theory to so-called
Poisson manifolds, i.e., manifolds in the space of smooth functions on which
a bracket operation {-,-} satisfying the Jacobi identity is given ({-,-} is the
Poisson bracket). In this case equations of the type < f = {H, f} are consid-
ered instead of ordinary Hamiltonian systems.

We refer the reader, say, to [212] where a detailed geometrical description
of Hamiltonian theory is given.




Chapter 4

Elements of the Theory of Set-Valued
Mappings

In this chapter we survey some notions in the theory of set-valued mappings
which will be used below for the description of complicated mechanical sys-
tems such as systems with discontinuous forces, with control, etc.

More details can be found, for example, in [31, 155], where in particular
the proofs of many of the results presented here are given.

4.1 Set-Valued Mappings and Differential Inclusions

A set-valued mapping F from a set X into a set Y is a correspondence that
assigns a non-empty subset F(x) C Y to each point x € X. F(z) is called
the value of x.

In order to distinguish set-valued mappings from single-valued mappings
we shall denote a set-valued mapping F' sending X to Y by the symbol
F : X — Y while for a single-valued mapping we shall retain the notation
f:X->Y.

If X and Y are metric spaces, for set-valued mappings there are several
different analogs of continuity that in the case of single-valued mappings
coincide with the usual definition of continuity (here we do not deal with the
description of such a notion for set-valued mappings of topological spaces,
see, e.g., [31]).

Definition 4.1. A set-valued mapping F' is upper semicontinuous at the
point z € X if for each € > 0 there exists a neighborhood U(x) of z such
that from 2’ € U(x) it follows that F(z') belongs to the e-neighborhood of
the set F(x). F is upper semicontinuous on X if it is upper semicontinuous
at every point of X.

Definition 4.2. A set-valued mapping F' is lower semicontinuous at the
point € X if for each € > 0 there exists a neighborhood U(z) of x such that
from 2’ € U(x) it follows that F(x) belongs to the e-neighborhood of F(z').
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F is lower semicontinuous on X if it is lower semicontinuous at every point
of X.

Definition 4.3. If F' is both upper and lower semicontinuous, it is said to
be continuous (sometimes it is also called Hausdorff continuous).

A continuous set-valued mapping F' with the property that, for each z, its
value F'(z) is a closed bounded set, is continuous with respect to the so-called
Hausdorff metric on the space of all non-empty closed bounded subsets in
Y. In order to describe the Hausdorff metric we first introduce the submetric
H(A, B) = sup p(a, B) where p is the metric in Y. Then the Hausdorff metric

acA

is defined by the formula
H(A,B) = max(H(A, B), H(B, A)). (4.1)

A set-valued mapping is said to be closed if its graph is a closed subset in
X x Y. If F is closed and for each point x € X there exists a neighborhood
U(x) such that F(U(z)) is relatively compact, F' is upper semicontinuous.

Definition 4.4. We say that F(¢,x) satisfies the upper Carathéodory condi-
tion if:

1) for every z € X the map F(-,x): I — Y is measurable;
2) for almost all ¢ € I the map F'(¢,-) : X — Y is upper semicontinuous.

Definition 4.5. Let I = [0,{] C R. The set-valued mapping F : I x X — Y
is said to be almost lower semicontinuous if there exists a countable sequence
of disjoint compact sets {I,,}, I,, C I such that:

(i)  the measure of I\ U, I, is equal to zero;
(ii)  the restriction of F' on each I, x X is lower semicontinuous.

An important technical role in the investigation of set-valued mappings is
played by single-valued mappings that approximate the set-valued mappings
in some sense. We describe two kinds of such single-valued mappings: selectors
and e-approximations.

Definition 4.6. Let F': X — Y be a set-valued mapping. A single-valued
mapping f : X — Y such that for each z € X the inclusion f(z) € F(x)
holds is called a selector of F.

Not every set-valued mapping has a continuous selector. However, for lower
semicontinuous set-valued mappings with convex closed values, their exis-
tence is proved in the following classical Theorem.

Theorem 4.7 (Michael’s Theorem) If X is an arbitrary metric space and' Y
is a Banach space, then a lower semicontinuous mapping such that the value
of every point of X is a convex closed set has a continuous selector.
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If the values of a lower semicontinuous set-valued mapping are not, in gen-
eral, convex, it may not have continuous selectors. In this case the following
construction is often very useful.

Definition 4.8. Let E be a separable Banach space. A non-empty set M C
LY([0,1]; E) is called decomposable if f-xom +9- Xppom € Mforall f,g e M
and for every measurable subset 9t in [0,!] where y is the characteristic
function of the corresponding set.

The reader can find more details about decomposable sets in [48] and [155].

Theorem 4.9 (Bressan-Colombo Theorem) Let (£2,d) be a separable metric
space, X be a Banach space and (J, A, 1) be a measurable space with a o-
algebra A and a non-atomic measure p such that u(J) = 1. Consider the
space Y = L% (J, A, u) of integrable mappings from (J, A,u) into X. If a
set-valued mapping F : 2 — Y is lower semicontinuous and has closed
decomposable values, F' has a continuous selector.

The assertion of Theorem 4.9 is proved, for example, as Lemma 9.2 in [48].
Upper semicontinuous mappings arise in applications more often than
lower semicontinuous mappings. Generally speaking, they do not have con-
tinuous selectors (but they do have measurable selectors). The so-called e-
approximations are very useful for investigating upper semicontinuous map-

pings.

Definition 4.10. For a given € > 0 a continuous single-valued mapping f. :
X — Y is called an e-approzimation of a set-valued mapping F' : X — Y if
the graph of f, as a set in X x Y, belongs to the e-neighborhood of the graph
of F.

We mention the following classes of upper semicontinuous set-valued map-
pings of finite-dimensional spaces, for which the existence of e-approximations
is proved for each € > 0:

(i)  the mappings with convex closed values;

(ii) the mappings with values that are aspheric in all dimensions from 1
to n — 1 and weakly aspheric in the dimension n (see [32]). This class
of set-valued mappings was first considered by A.D. Myshkis in 1954
[184]. In [32] and [87] topological characteristics of topological index and
Lefschetz number types were constructed for such mappings. Later (in
the 1980s) this class was rediscovered and described as “the mappings
whose values at every point have the so-called uv*-property for k =
1,...,n” (for the exact definition see, e.g., [166]).

Let X be a Banach space and F' : X — X be an upper semicontinuous set-
valued mapping with convex closed values. For each bounded subset 2 C X,
let the image F'({2) be relatively compact. Then if F sends a ball B of X
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into itself, in B there exists a fixed point « € F(z) of F (this is an analog of
Schauder’s principle known as the Glicksberg-Ky Fan Theorem).
Let F: R x R™ — R"™ be a set-valued mapping. A differential inclusion

i€ F(t,z) (4.2)

is an analog of a differential equation and transforms into the latter if F is
single-valued.

A solution of (4.2) is an absolutely continuous curve z(t) such that (4.2)
is satisfied for x(¢) almost everywhere.

If F' is upper semicontinuous and has convex closed bounded values, for
each pair g € R", ¢y € R there exists a local in time solution of (4.2) with the
initial condition x(tg) = 0. It is also known that for an upper semicontinuous
F with closed bounded (not necessarily convex) values there exists a solution
of the Cauchy problem for the differential inclusion

& € TOF(t, ),

where @O F'(t,x) is the convex closure of F(t,x).

The existence of solutions of (4.2) for lower semicontinuous F' is possible
also for non-convex values. Often such existence can be proved by applying
the Bressan-Colombo Theorem (Theorem 4.9).

4.2 Special Approximations

Here, following [10, 11], we prove the existence of special approximations
for upper semicontinuous mappings in finite-dimensional spaces with convex
closed values which point-wise converge to a Borel measurable selector of the
set-valued mapping as € — 0. These results will often be used below.

Theorem 4.11 Let @ : R™ — R™ be an upper semi-continuous set-valued
mapping with convex closed bounded values. For a sequence e; — 0 there exists
a sequence of continuous g;-approximations for @ that point-wise converges
to a Borel measurable selector of ®. If @ takes values in a conver set = in
R"™, these e-approximations also take values in =.

Proof. Tt is shown in [79, Theorem 2] that, in the case under consideration,
for any ¢; there exists a lower semi-continuous set-valued map ¥; : R® — R™
with closed convex bounded values such that: (i) for any « € R™ the inclusion
&(z) C ¥;(x) holds and (ii) the graph of ¥; belongs to the e;-neighborhood
of the graph of . From the construction it follows that if @ takes values
in a convex set = in R™, then the values of all ¥;(x) belong to Z. Notice
that for an upper semi-continuous mapping with compact values the sum of
such mappings and the products with a continuous function are upper semi-
continuous. Hence, from the proof of Theorem 2 of [79] it follows that, in



4.2 Special Approximations 101

the case under consideration, all ¥; are continuous set-valued mapping and,
in particular in our case, they are continuous with respect to the Hausdorff
metric.

Consider the minimal selector v;(-) of ¥;(+), i.e., ¥;(z) is the closest point
to the origin in ¥;(z), x € R™. We refer the reader to [5] for a complete
description of minimal selectors. In particular, it is shown there that minimal
selectors are continuous. Thus, ¢; is an €;-approximation of ®.

Let z € R™. Since &(z) C ¥;(x) for each 4, for the Hausdorff submetric
H we have H(®(z), ¥ (x)) = 0. Hence for the Hausdorff metric H we obtain
that H(¥;(x),®(x)) = H(¥;(x),®(x)) for each i.

Now specify €. By the definition of upper semi-continuity, for any = € R™
there exists a dp > 0 such that for any 2’ in the §;-neighborhood of z the
value @(z’) belongs to the e;-neighborhood of &(z). Since €; — 0, g4 < O
for some ! = I(k,z) and without loss of generality we may take [(k,z) > 0.
Thus H(P(2'), d(x)) < &, for each 2’ in the ;. ;-neighborhood of z.

Since the graph of ¥y, belongs to the €4 ;-neighborhood of the graph of
&, there exists a point z’ in the e;;-neighborhood of x such that ¥y ;(x)
belongs to the ey ;-neighborhood of &(z"), i.e., H(Wyyi(z), ®(2")) < ki

Thus

(hra(z), ()
(Prti(2), P(2")) + H(P(z"), d(x))
Ehtl + €k < 2¢ep.

HWyi1(z),2(x)) = I?
<H
<

Hence at each x the convex set ¥; () tends to the convex set @(x) with respect
to the Hausdorff metric as ¢ — oo. It follows that ;(x) tends to the point
p(x) € @(x) that is the closest to the origin. The well-known fact that the
point-wise limit ¢(+) of the sequence of continuous mappings ;(-) is a Borel
measurable mapping completes the proof. O

We introduce 2 = C°([0,T],R™) — the Banach space of continuous curves
in R™ given on [0, 7], with the usual uniform norm — and the o-algebra F
on 2 generated by cylinder sets. By P; we denote the o-subalgebra of F
generated by cylinder sets with bases over [0,¢] C [0, T]. Recall that F is the
Borel o-algebra on 2 (see [208]).

Let B : [0,T] x Q2 — Z be a mapping to some metric space Z. Below
we shall often suppose that such mappings, for various spaces Z, satisfy the
following condition:

Condition 4.12 For each t € [0,T], from the fact that the curves z(-) and
x2(+) € 2 coincide for 0 < s <t, it follows that B(t,x1(-)) = B(t,z2(")).

Remark 4.13. The fact that a mapping B satisfies Condition 4.12 is equiv-
alent to the fact that B is measurable at each ¢ with respect to a Borel
o-algebra in Z and P; in {2 (see [83], cf. Condition 6.19(ii) below).
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Theorem 4.14 Let (g1) be a sequence of positive numbers such that e, — 0
as k — oco. Let B be an upper semi-continuous set-valued mapping with com-
pact convex values sending [0, T] x 2 to a finite-dimensional Euclidean space
Y and satisfying Condition 4.12. Then there exists a sequence of continuous
single-valued mappings By, : [0,T] X Q — 'Y with the following properties:

(i) each By, satisfies Condition 4.12;

(ii)  the sequence By point-wise converges to a selector of B that is measur-
able with respect to the Borel o-algebra in'Y and the product o-algebra
of the Borel o-algebra on [0,T) and F on £;

(iit)  at each (t,z(-)) € [0,T] x 2 the inequality || By (t,z(-))|| < | B(t, ()|
holds for all k;

(iv) if B takes values in a closed conver set = C Y, the values of all By,
belong to =.

Proof. In this proof we combine and modify the ideas used in the proofs of
[79, Theorem 2] by Gel'man and Theorem 4.11 above.
For t € [0,T] define the mapping f; : {2 — {2 by the formula

x(s) if 0<s<t
fex() = {xgt)) it t<s<T. (4.3)

Clearly fyz(-) is jointly continuous in ¢ € [0, 7] and z(-) € £2. Since B satisfies
Condition 4.12, B(t,z(-)) = B(t, fyz(-)) for each z(-) € 2 and t € [0,T].
Choose an element ¢, from the sequence. Since B is upper semi-continuous,
for every (t,z(-)) € [0,T] x {2 there exists a 0 (t, ) > 0 such that for ev-
ery (t*,2*(:)) from the Jx(t, z)-neighborhood of (¢,z(-)) the set B(t*,z*(+))
is contained in the %:-neighborhood of the set B(t,z(-)). Without loss of
generality we can suppose 0 < 0(t,2) < & for every (t,z(-)). Consider the
6’““ 2) neighborhood of (t,z(-)) in [0, T] x 2 and construct the open covering
of [07 T x £2 by such neighborhoods for all (¢, (-)). Since [0, T] x £2 is paracom-
pact, there exists a locally finite refinement {VJ’“} of this covering. Without
loss of generality we can consider each V]k as an 7 (t;f , j)-nelghborhood of
some (tk k()) where by construction the radius ny(t;,z;) < M

Consider a continuous partition of unity {¢¥} adapted to {V’“} and in-
troduce the set-valued mapping Py (t,z(-)) = ngj (t,x(- )COB(VJk) where

co denotes the convex closure. Since B(t,z(-)) is upper semi-continuous and
has compact values, without loss of generality we can suppose dx (¢, z) to be
such that the images B(ij) are bounded in Y and so the sets EB(Vj’“) are

compact. Denote by @ (¢, z(+)) the closure of @ (t,z(-)). Then one can easily
see that @, : [0,T] x 2 — Y is a Hausdorff continuous set-valued mapping
with compact convex values.

Define ¥, : [0,T] x 2 — Y by the formula W, (t,z(-)) = ®x(t, frz(-)) and

consider the set-valued mapping ¥ (¢, z(-)). Since f; is continuous, every ¥,
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is a Hausdorff continuous set-valued mapping with compact convex values
and by construction it satisfies Condition 4.12.

The pair (¢, frz(: )) belongs to a finite collection of neighborhoods VJ’“
with centers at (t;C , T, k()),i=1,...,n, and so by construction B(t,z(-)) =

B(t, fix(+)) C B(V]’j) for each i. Hence B(t,z(-)) = B(t, frz(-)) C ¥i(t,z(-))
for every pair (¢, x(-)).

Let [ be the index from the collection of indices j; above such that e (tF, F)
takes the greatest value among ny(t¥ s ]) Then all (j , T, k(.)) are con-
tained in the 2n(¢F, zF)-neighborhood of (¢F,zF(-)) and so every VJ’C is con-
tained in the 3y (tF, xf)—neighborhood of (tF,aF(-)) that is contained in
the 8 (tF, 2F(-))-neighborhood of (tf, z¥) by construction. Then, also by con-
struction, W (t,z(+)) belongs to the St-neighborhood of B(tf,xl (+)). Since
both W (¢,z(-)) and B(tF,z¥(-)) are convex7 this means that Wy (¢, z(-)) also
belongs to the Z:-neighborhood of B(t},zf(-)). Notice that this is true for
each k.

Since B(t,z(-)) C ¥k(t,z(-)) C ¥i(t,z(-)), for the Hausdorff submetric H
we have

H(B(t,.%‘()) 7Ek(t7x('))) = 0.

Hence for the Hausdorff metric H we obtain that
H (@ (t,x(-), B(t, x(-)) = H (i (t, x(-)), B(t, z(-))) -

Since e, — 0, for (¢,z(-)) there exists an integer 0 = 0(¢,z(-)) > 0 such
that ep+o < 0 (2, :r( )). Without loss of generality we can suppose that § > 1.

Thus B(tF? 25+9(.)) belongs to the S-neighborhood of B(t,z(-)) and
S0

H (B (tf+97xf+9(.)) ,B(t,z(-)) < %’v

Since Wy, 1(t,z(-)) belongs to the Z2-neighborhood of B(tkw, ;”9(-))
(see above), we obtain that

H (Trap(t, x(-)), B (tf”,a:f*e())) < 5k2+9,

Thus

H (Wy0(t,2(-)), B(t,2(-)) = H (Trpo(t,2(-)), B(t, ()
H (Whpo(t, (), B (70,210 ()))
+g(3 ty 0, af (), B(t, ()
k40

B
B

€

< ==
2+

LA
9 k-

So, at each (t,z(-)) we have that H(Wy(t,z(-)), B(t,z(-))) — 0 as k — oo
and B(t,z(-)) C ¥(t,z(-)) for all k.
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Consider the minimal selector By(t,z(-)) of i (t, z(-)), i.e., Bx(t,z(-)) is
the closest point to the origin in ¥;(¢,z(-)). We again refer the reader to [5]
for a complete description of minimal selectors and, in particular, recall that
the minimal selectors we shall be considering are all continuous. One can
easily see that all By satisfy Condition 4.12.

By construction the minimal selectors By (¢, z(-)) of ¥y (¢,z(+)) point-wise
converge to the minimal selector B(¢,z(-)) of B(t,z(:)) as k — oo since
at any (t,2(-)) we have that H(¥.(t,z(-)), B(t,z(-))) — 0 as k — oo and
B(t,z()) C ¥i(t,z(-)) for all k (see above). It is a well-known fact that the
point-wise limit B of the sequence of continuous mappings B, is measurable
with respect to the Borel o-algebras in Y and in [0, 7] x £ (see [194]). The
latter coincides with the product o-algebra of the Borel o-algebra on [0, 7]
and F on (2 (see [208]). Properties (iii) and (iv) immediately follow from the
construction. O

Remark 4.15. Unlike W (¢, z(-)), the set-valued mapping @4 (¢, z(+)) may not
satisfy Condition 4.12 since two different curves 1 (-) and x2(+) coinciding on
[0, ] may have different neighborhoods Vj’C to which they belong, and so the
values @y, (t,71(-)) and @ (¢, 72(-)) may be different. On the other hand, it
follows from [79] that @y is an e,-approximation of B while the same is not
true for .



Chapter 5

Analysis on Groups of
Diffeomorphisms

5.1 General Concepts

By H*® we denote the Sobolev space of functions such that the functions and
their generalized derivatives up to order s belong to the functional space
L?. A detailed description of Sobolev spaces can be found, e.g., in [62]. An
introduction to the manifold structure in functional sets can be found in [64].
The reader may wish to consult [61] for details on the remaining material of
this section.

The case of a compact manifold without boundary

Let M, dim M = n, be a compact oriented manifold without boundary
equipped with a Riemannian metric (-,-) and its Levi-Civita connection H.

Denote by H® = H*(M, M) the set of Sobolev H*-mappings from M to
M with s > %n + 1. Recall that for s > %n + k the maps from H?® are
C*-smooth. Sometimes we shall also deal with sets H*(M, N) where N is
a manifold with the same dimension as M. There is an infinite-dimensional
manifold structure on H*(M, M) and H*(M, N) (see [61]).

Consider the open neighborhood D*(M) of the identical mapping in
H*®(M, M) that consists of all H*-diffeomorphisms. Consider also its subset
D;, (M) comprising the H*-diffeomorphisms which preserve the Riemannian
volume form.

D*(M) and D;,(M) have the structures of smooth (and separable) Hilbert
manifolds as well as the natural multiplicative group structures (with respect
to composition). A detailed description of these structures and their inter-
connections can be found in [61]. The tangent space T.D*(M) at the unit
e = id is the space of all vector fields on M belonging to H*®, and T.D;,(M)
is the space of all divergent-free vector fields on M belonging to H®. The
tangent space TyD;, (M), g € D;,(M), consists of the compositions of the
fields from T.Dj,(M) with g, i.e., T,;D; (M) = {X o g|X € T.D;(M)}. This
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to Mathematical Physics, Theoretical and Mathematical Physics,
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means that Y € T,D;,(M) is a map Y : M — T'M such that 7Y (m) = g(m)
where 7 : TM — M is the natural projection. For X € T,.D;,(M) we have
wX (m) = m. D*(M) also possesses the same features, i.e., TyD*(M) = {X €
H*(M,TM)|r o X = g}, etc.

Let N be a compact oriented Riemannian manifold without boundary.
Consider the mappings ay : H*(M,N) — H*(M,N) of the form og4(f) =
fog,and wy : D°(M) — H*(M, N) of the form wy(r) =hor.

Lemma 5.1 (a-lemma) a, is C°-smooth and its derivative is also of the
form oy.

Lemma 5.2 (w-lemma) wy is continuous. If h € H*k w, : D —
H*(M, N) is a C*-mapping with derivative of the form wry. In particular, if
h € C*, wy is C°°-smooth.

The right translation Ry : D, (M) — D;,(M), Rgof = 0o f, where 0, f €
DZ(M ), is C*°-smooth and thus one may consider right-invariant vector fields
on Dy, (M). The tangent to right translation takes the form TR;X = X o f
for X € T'D;,(M). For D*(M) we have analogous properties.

Convention 5.3 We shall consider TR, : T, D°(M) — T,0,D*(M) for all
1,9 € D*(M) as a right action of D*(M) on TD*(M).

Theorem 5.4 Let X € T,D*(M) be a vector field on M and X be the cor-
responding right-invariant vector field on D*(M), Xg = X og. The vector
field X on D*(M) is C*-smooth if and only if the vector field X on M be-
longs to the class H3t*. In particular, X is C*-smooth if and only if X
is C*°-smooth. The same property holds for right-invariant vector fields on

This fact is a consequence of the w-lemma 5.2 and is also true for more
complicated fields (for example, for right-invariant tensor fields).

The left translation L, f = go f is continuous. If g € D3R (M), Ljisa C*k-
mapping. In particular, in this case T'Ly(X) = T'go X where Tg : TM — T M
is the tangent mapping of g and X € TD*(M). The mapping g — g~ ! is
continuous on D*(M). If g € DT*(M), this is a C¥-mapping from D*+¥(M)
to D*(M). Thus, from the point of view of the standard finite-dimensional
definition, D*(M) is not a Lie group.

Theorem 5.5 Let s > 5 + 1 and let the right-invariant vector field X on
D*(M) be Ct-smooth. Then:

(i) for every g € D*(M) there exists a unique integral curve v4(t) of this
field, well-defined for all t € (—o0,00), such that v4(0) = g;

(ii)  7e(t) is the flow of the vector field X = X, on M, v,(t) = 7.(t) o g;

(iii) if s > § + 2, assertion (i) is valid for a continuous right-invariant
vector field X on D*(M).

The same results are true for right-invariant vector fields of D;,(M).
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For g € D*(M) consider the tangent space T, D*(M) (see above). Define
an inner product (-,-) in T,D*(M) by the formula

(X.Y), = /M<X<m>,Y<m>>g<m>u<dm>7 (5.1)

where X, Y € T,;D*(M) and p is the Riemannian volume form. Recall that
7X(m) = 7Y (m) = g(m) so that the vectors X (m) and Y (m) belong to the
tangent space at g(m) and so the product is found with respect to (-, -)g(m)-
Since the metric tensor (-,-) is C*°-smooth, from the w-lemma 5.2 it follows
that (5.1) is C*°-smooth in g € D*(M).

Clearly this metric introduces the topology of the functional space L? =
HOY in the tangent spaces, which is weaker than the initial topology on H?®.
This is why (-, -) is called a weak Riemannian metric.

One can easily check that the second tangent bundle TTD?*(M) consists
of H® maps from M to TTM with the additional properties that they are
projected into maps from D*(M). Counsider the connector K : TTM — TM
of the Levi-Civita connection H on M.

Define the mapping K : TTD*(M) — TD*(M) by the equality

K({Y)=KoY. (5.2)
Theorem 5.6 K is invariant with respect to right shifts on D*(M).

K is the connector of a connection H that is proved to be the Levi-Civita
connection of the metric (5.1).

For vector fields X,Y on D*(M) and for a vector field X (¢) along a cer-
tain smooth curve g(t) in D*(M) define the covariant derivatives VxY and
DX (t), respectively, by the usual formulae (cf. Definitions 2.22 and 2.25)

VxY =KoTY(X)=KoTY(X),

D _ d d
—X(t)=Ko—=X(t)=Ko—X(t). .
DX(t) = Ko £X(H)= Ko X(1) (53)

On D*(M) with connection H a vector field X along a curve g(t) is parallel
if 2X(t) = 0. The curve g(t) is geodesic if it satisfies the equation 2¢(t) =0,
where g(t) = $g(t). o

The geodesic spray Z of H is described as follows:

Z(X)=ZoX (5.4)

for X € TD*(M), where Z is the geodesic spray of the connection H on M.
Since Z is C°°-smooth, from the w-lemma 5.2 it follows that Z is C"*°-smooth
on TD*(M). From (5.4) it evidently follows that Z is D*(M)-right-invariant.

Proposition 5.7 If g(t) is a geodesic of the connection H on D*(M), then
for every f € D*(M) the curve Ryg(t) is also a geodesic.

This follows from the fact that the geodesic spray Z is right-invariant.
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Remark 5.8. The exponential mapping exp of the Levi-Civita connection
on D*(M) is well-defined. It is a C*°-mapping of a neighborhood of the zero
cross-section in TD*(M) to D*. This follows from the existence, uniqueness
and smooth dependence on initial values of the local solution of the Cauchy
problem for integral curves of C'°°-smooth vector fields. The fact that exp
sends a neighborhood in T.D*(M) onto a neighborhood of e in D* follows
from general properties of smooth exponential mappings.

In what follows the tangent space T.D*(M) will be called the algebra of
the group D?(M) in analogy with finite-dimensional Lie groups. In fact the
everywhere dense linear submanifold of C*°-vector fields in T.D*(M) really
is an infinite-dimensional Lie algebra, on which the bracket coincides with
the ordinary Lie bracket of vector fields. However, the entire tangent space
T.D*(M) is not an infinite-dimensional Lie algebra since the Lie bracket can
give values which are not in T.D*(M).

The restriction of (5.1) to T'D;, (M) is evidently right-invariant. It is a weak
Riemannian metric on Dy, (M).

Recall the Hodge decomposition for M [61]

HY(TM)=G"® E*@ker A =G° & T.D;,(M) (5.5)

where G* is the space of gradients of all H**! functions on M, E* is the space
of all H*-co-gradients on M, ker A is the space of all harmonic (i.e., both
gradient and co-gradient) vector fields on M and @& denotes the orthogonal
direct sum with respect to the L?-inner product (5.1) in 7,D*(M). By a co-
gradient we mean a vector field corresponding to a co-exact form on M with
respect to the Riemannian metric (-,-). ker A is a finite-dimensional space
and consists of C'"*°-smooth vector fields.

Denote by P, : T.D*(M) = H*(TM) — E*®ker A = T.D;,(M) the (-, -).-
orthogonal projection in (5.5). Consider the mapping P : TDS(M)‘DE(M) —
TD;,(M) determined for each n € D;,(M) by the formula

P, =TR,0P.oTR,". (5.6)

It is obvious that P is Dy, (M)-right-invariant. There is an important and
rather complicated result (see [61]) that P is C°°-smooth. Notice the conse-
quence of (5.5) and of the definition of P.: the relation

P.(Y)=Y — gradp (5.7)

holds for every Y € T,D*(M) where p is an H**!-function on M, unique to
within an additive constant.

Since Dy, (M) is a submanifold in D*(M), according to the standard con-
structions of differential geometry there is a corresponding connection H on
D;,(M) whose connector K and covariant derivatives V and % are described
by the formulae
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K=Po K,
VxY =PoVxY=PoKoTY(X)=KoTY(X),
D _ D _ d _d
Xt =Po—X(t)=PoKX(t)= K- X(1) (5.8)

where X,Y are vector fields on D;, (M) and X () is a vector field along a
smooth curve g(t) in D;,(M). So, a vector field X along a curve g(t) in

Dj, (M) is parallel if %X(t) = 0 and the curve g(t) is geodesic if £ g(¢) = 0.

Theorem 5.9 The geodesic spray & of the Levi-Civitd connection H of
the metric (5.1) on D;,(M) is a C*-smooth right-invariant vector field on
TD,,(M) of the form § = TP(Z) where Z is the geodesic spray (5.4) on
TD*(M).

Indeed, P and Z are D5, (M)-right-invariant and C*-smooth on T'D% (M),
hence so is 8. Denote by exp the corresponding exponential map of a neigh-
borhood of the zero section in T'D;, (M) onto Dj,(M). Clearly the map exp is
C*>-smooth and Dj, (M )-right-invariant.

Theorem 5.10 There ezists a neighborhood W of the unit e in D;,(M) that
is covered by the image of TGDZ(M) under the exponential mapping of the
Levi-Civitd connection on Dy, (M).

This follows from the smoothness of 8.
The case of M with boundary

Let, as above, s > 5 + 1 and let M be a compact oriented manifold with
boundary M. Denote by D*(M) the set of C*-diffeomorphisms of M belong-

ing to the Sobolev class H® and by D* (M) the set in D*(M) consisting of
diffeomorphisms coinciding with the identity on OM. In this case we cannot
use H*(M, M) to introduce the smooth manifold structure on D*(M) and on

D* (M) since H*(M, M) has infinite-dimensional corners.

Consider an arbitrary compact oriented manifold N without boundary
that has the same dimension n as M and is such that M is embedded into
N. We can take, say, the double of M as N (see Section 1.1) with Riemannian

metric smoothly expanded over the boundary. Consider the Hilbert manifold
H3(M,N).

Theorem 5.11 ([61]) D*(M) and D* (M) are smooth sub-manifolds in
H?*(M,N). For e = id € D*(M) the tangent space T.D*(M) is the space

of H?-vector fields on M tangent to the boundary OM , and T, DOS (M) is the
space of H®-vector fields on M equal to zero on OM.
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The description of tangent bundles, group structures as well as of smooth
properties of right and left shifts are completely analogous to those described
above. For convenience of reference we summarize the properties of right-
invariant vector fields in the following Remark.

Remark 5.12. If X € T,D*(M) is an H*VF-vector field on M, the corre-
sponding right-invariant vector field X on D*(M) is C*-smooth. Neverthe-
less, generally speaking, the converse is not true. If X is C* on D¥(M), X is
H*%% in the interior of M and in the directions tangent to the boundary OM,
but it may not be H¥*-smooth in the directions normal to the boundary.

On the manifold H*(M, N) we introduce a weakly Riemannian metric in
the same way as (5.1). For this metric the analogs of the above-mentioned
theorems are obviously fulfilled. It is important to mention that this metric
can be considered at the points of the manifold D$(M) C H*(M,N). It is
also possible to define a geodesic spray Z o X at X € T'D*(m) but in this
case the geodesics may not exist (exp is not well-defined) since the boundary
OM , generally speaking, is not a completely geodesic manifold in N.

Definition 5.13. We say that a k-form « on M is tangent (normal) to the
boundary OM if the restriction to OM of the form x« (form «, respectively)
is the identically zero form.

There are several versions of the Hodge decomposition on a manifold with
boundary. We shall mainly deal with the following one (see [61]):

H(AF) = dHSTY AR @ £35(AF), (5.9)

where @ is the orthogonal direct sum with respect to the H°-inner prod-
uct (-,-)e (5.1) and E%(AF) denotes the co-closed H*-fields tangent to the
boundary OM.

From (5.9) we obtain the following important statement:

Theorem 5.14 ([61, 170]) For every H®-vector field X, s > 0, on M with
boundary OM there exists a unique divergence-free H®-vector field Y tangent
to the boundary OM and unique to within an additive constant.

For M with boundary, Dj,(M) is a smooth submanifold in D*(M) and
consequently in H*(M, N). The space T.D,,(M) = E5(AF) is the space of
all divergence-free H*-vector fields on M tangent to the boundary dM. Let
P : T.H*(M,N) — T.D; (M) be the orthogonal projector in (5.9). The
corresponding morphism P, defined by analogy with (5.6), is C'*°-smooth
and right-invariant. Thus we can introduce the covariant derivatives V and

% by formulae (5.8), the geodesic spray 8 as in Theorem 5.9, etc. From
Theorem 5.14 it follows that

Y=P.X =X —gradp. (5.10)
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Remark 5.15. In this case the following modification of Remark 5.12 holds.
If a divergence-free vector X tangent to the boundary belongs to the class
H**k the corresponding right-invariant vector field X on DZ(M ) is C*-
smooth. However, if a right-invariant vector field X on D; (M) is C*-smooth,
the field X = X, on M belongs to H*t* in the interior of M and in the
directions tangent to boundary, but it may not belong to this class in the
directions normal to the boundary.

Note that in the case of a manifold M with boundary direct analogs of
Theorems 5.9 and 5.10 remain true.

Strong Riemannian metrics

Let M be a manifold without boundary as above. Consider g € D*(M) and
also X, and Y, € T,D*(M) with X, = X og and Y; =Y o g where X,Y €
T.D*(M) (see the definition of T,D*(M) above). Introduce on T,;D*(M) a

“strong” inner product (-, ~)_£,S) by the formula

(X, Yy)() = /M(<Xg<m>,Yg<m>>g(m> (5.11)
(4 8)°X 0 g(m), (d + 6)°Y © g(m)) g(m) (i),

where d is the differential, § is the co-differential and (d+§)? = (d§+dd) = A
is the Laplace-de Rham operator. Since the Riemannian metric is given on
M, we do not distinguish between 1-forms and vector fields.

We shall also use another strong right-invariant Riemannian metric:

((Xgayg))g(;s) = (TRg_ng’TRng)gs)e (5'12)

5.2 The Group of Diffeomorphisms of a Flat Torus

Consider the constructions, introduced above, in the particular case where
M is a flat n-dimensional torus 7", i.e., 7" = R"/Z™ and the Riemannian
metric on 7" is inherited from the Euclidean space R” via factorization with
respect to the integral lattice Z™ (see Remark 1.18).

Recall that the tangent bundle T'7™ is trivial, i.e., there is a canonical
identification of T'7™ with 7" x R™ that is also inherited from TR™ = R"™ x R"
(see Remark 1.40). Note that here the connection H is generated by the flat
connection on 7™ inherited from the ordinary flat connection on R™ (the
Levi-Civita connection of the Euclidean inner product).

Definition 5.16. We introduce the operators:
(i) B:T7" — R", the projection onto the second factor in 7" x R™;
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(i)  A(m) : R — T, 7™, the inverse to B (see (i)) sending R™ onto the
tangent space T,, 7™ to 7™ at m € T";

(iii) Qg = A(g(m)) o B, the linear isomorphism Qg : T, 7" — Ty T"
where g € D® and m € T™.

Note that if we specify a vector X € R", A(X) : 7" — T7T"™ is a vector
field on 7™ with constant coordinates with respect to the standard basis
8%1, ceey 6‘3" in tangent spaces. In particular, this vector field is C'°°-smooth
and divergence-free with respect to the above-mentioned metric on 7.

By construction, for every f € D*(7") and X € TyD*(7") the vector
Qg X lies in TyD*(7™). In particular, Q. X € T.D*(7"). Note that even for
f € D;(T"), the operator Q. does not send TyD;,(T") to T.D;(T"), but
P.Q.(T;D(T™)) = T.D3(T™).

We describe the action of operator Q, on tangent vectors to D*(7") as
on mappings from 7™ to T7" and compare this action with the right shift.
Recall that a vector X € T, D*(7™), i.e., a vector field on 7", sends a point
m € T™ to the vector (m, X (m)). The right shift TR, on T,D*(7™) sends
the latter vector to (g(m), X (g(m)), and Qq(m, X (m)) = (g(m), X (m)).

Lemma 5.17 The following relations hold:

TR, (QyX) = Qu(TRy-1 X); (5.13)
TRy(Qy1X) = Qu(TRyX). (5.14)

Proof. According to the above formulae, Q.(T'R,-:X) sends a point m €
7" to (m,X(g7'(m))). On the other hand, Q,X = (g(m),X(m)) and
TR,-1(QgX) = (m, X (g "' (m))). From this (5.13) follows. Formula (5.14)
is obtained from (5.13) by replacing g with g~*. O

Theorem 5.18 Q, : T,,D*(T") — T,D*(T") is the parallel translation in
Ds(T™) with respect to H.

Indeed, since (roughly speaking) the connectors on 7" and on D*(7™)
coincide, the parallel translations coincide as well.

For a specified x € R™ we introduce the diffeomorphism L, : 7" — T"
by the formula L,(m) = m + x modulo factorization with respect to the
integral lattice. Evidently L, is C°°-smooth and preserves the volume. Note
that L,g(m) = g(m) + z is in fact the left shift of g € D*(7") by L,.One
can easily see that TL, = Q.

Theorem 5.19 Let g(t) be a geodesic of the flat connection H on D*(T™)
(i.e., 24(t) =0). Then Lyg(t) is also a geodesic.

Proof. Note that the derivative ¢(t) sends the point m € 7™ to the vec-
tor (g(t)(m),g(t)(m)). Since g(t) is a geodesic of a flat connection, it satis-
fies the relation (g(t)(m), g(¢)(m)) = (g(t)(m),0). Then, since x is constant,

4 (L,g(t)) sends m to (g(t)(m) +z, g(t)(m)) and for the covariant derivative
we obtain (g(t)(m) + x, §(t)(m)) = (g(t)(m) + x,0). O
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Chapter 6

Essentials from Stochastic Analysis in
Linear Spaces

6.1 Some Definitions from Probability Theory and the
Theory of Stochastic Processes

In this section we describe some facts and constructions from probability
theory and the theory of stochastic processes, some of which are not generally
included in standard university courses on these subjects. This is done mainly
for convenience of reference, but if necessary this material can be used as an
introduction to the subject. Nevertheless the reader is assumed to be familiar
with the main notions of probability theory including the notions of a o-
algebra (in particular, a Borel o-algebra), measure and independent random
variables.

We consider random variables (measurable mappings) given on a complete
probability space (£2,F,P) and taking values in a finite-dimensional linear
space R™ equipped with the Borel o-algebra. For random variables with values
in non-linear manifolds and in infinite-dimensional spaces there are analogous
constructions.

A detailed exposition of this material can be found, e.g., in [175, 176, 194,
204, 208].

We say that a o-subalgebra B¢ in F is generated by a random variable
£ : £2 — R™ if B¢ is the minimal o-algebra containing the pre-images of all
Borel sets in R" under the mapping ¢ or, equivalently, B is the minimal
o-algebra with respect to which £ is measurable.

6.1.1 Stochastic processes. Cylinder sets

A stochastic process is a random variable, given on a probability space and
taking values in R™, that depends on time. A process 7(t), t € [0,00), has
almost surely (a.s.) continuous sample paths (or trajectories) P-a.s. if for

Y.E. Gliklikh, Global and Stochastic Analysis with Applications 115
to Mathematical Physics, Theoretical and Mathematical Physics,
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w € {2 the curve 7(t,w) is continuous in ¢. The space of continuous curves
C°([0,00),R™) in this case is called the space of (sample) paths (or trajecto-
ries).

Specify a finite number ¢q,...,t; € [0,00) of time instants and a finite
collection of Borel sets Bi,..., By C R™. A cylinder set in C°([0,00), R"),
corresponding to the above collections of times and Borel sets, is the set of
curves

Jtlw-wtk X (Bh e '7Bk) = {.”L'() € CO([O,OO),Rn) ‘ m(tz) € Bi}7

i.e., the set of curves that at time ¢; take a value in the set B;, and arbitrary
values at the other times. The minimal o-algebra that contains all cylinder
sets for a finite time interval ¢ € [0,7] C R coincides with the Borel o-
algebra on the Banach space C°([0, 7], R™) of continuous curves in R" given
on [0, T], with the usual uniform norm. A stochastic process with a.s. contin-
uous sample paths is usually considered as a random variable with values in
C°([0,0), R™) equipped with the o-algebra generated by cylinder sets, i.e., a
measurable mapping from §2 to C°([0, 00), R™) with respect to the o algebra
generated by cylinder sets in C°([0, o), R") and the o-algebra F in (2.

Denote C°([0, 00),R™) by 2 and the o-algebra generated by cylinder sets
by F. Then, since a process & () can be considered as a measurable mapping
from (£2, F) to (£2, F), it generates a probability measure p¢ on (§2, F) in the
usual way: pe(A) = P(6-1(A)) for A € F. This measure is called the measure
generated by £(t) on (2, F) or the distribution of £(t).

For any probability measure g given on ({2, F), one can construct a
stochastic process 7, (t) on the probability space (2, F, ) with values in
R™ as follows: 7,,(t,w) = w(t) where the elementary event w € C°([0, 00), R™)
is by definition a continuous curve w : [0,00) — R™. The process &,(t) is
called the coordinate process on the probability space (fZ, F J 1)

Note that for u = e generated by a stochastic process £(t) with continuous
path in R™, the corresponding coordinate process has, by construction, the
same distribution as £(t).

Every stochastic process £(t) in R™, t € [0, T, given on a probability space
(£2, F,P), determines three families of o-subalgebras of the o-algebra F:

(i) “past” ”Pf , generated by pre-images of Borel sets in R™ by all mappings
£(s): 2 >R for 0 < s <t

(ii)  “future” ]—"f, generated by pre-images of Borel sets in R™ by all map-
pings £(s) : 2 — R" for t < s < T}

(iii)  “present” (“now”) N, generated by the mapping &(%).

We suppose that all of these families are complete, i.e., contain all sets of

probability zero: P = 0.
Let B; be a non-decreasing family of o-subalgebras of the o-algebra F.
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Definition 6.1. A random process A(t) is said to be non-anticipative with
respect to a filtration B, if A(t) is measurable with respect to B; for every t.

Consider the measure space (f?,]} ) introduced above. Denote by P, the
o-algebra generated by cylinder sets with bases over [0,]. Note that for any
probability measure x on (£2, F) the coordinate process fﬂ( ) on the proba—
bility space (_Q ,7-" () is non-anticipative with respect to P, and moreover, P,
is its “past”.

6.1.2 Conditional expectation

Consider the Hilbert space L2(§2, F, P) of square integrable random variables.
Let Fo be a o-subalgebra in F. Consider L?(£2, Fy,P), the Hilbert space of
square integrable random variables that are measurable with respect to Fy.
It is clear that L?(£2,Fy,P) is a closed subspace in L%(£2, F,P). Denote by
Q : L3(2,F,P) — L?(£2, Fy,P) the orthogonal projector. The projector @Q
extends to the projector in the corresponding space L' of integrable random
variables.

Definition 6.2. For every ¢ € L!(§2,F,P) the random variable Q¢ €
LY (02, Fy,P) is called the conditional expectation of ¢ with respect to F
and is denoted by E(§|Fo).

It is important to point out that (up to sets with probability zero) E(&|Fo)
is the unique random variable in L!(§2, F,P) such that for every set A € F
the equality [£dP = [ E(£|F;)dP holds. Recall that the existence of such

a function fo?lows froﬁl the Radon-Nikodym theorem. This description of
E(&|Fo) is equivalent to Definition 6.2 and is often used as the definition in
the probabilistic literature (see e.g., [208]). The details of the approach based
on Definition 6.2 are given, e.g., in [194].

It is not hard to see that the usual mathematical expectation is the condi-
tional expectation with respect to the trivial o-algebra comprising two sets:
() and £2.

Let A € F and x4 be the indicator of A. The value P(A|Fy) = E(xa|Fo)
is called a conditional probability.

Let us describe some properties of conditional expectation. These proper-
ties generally follow from the properties of projectors. A detailed presentation
of this material can be found in [194, 208]

Theorem 6.3

(1) Conditional expectation is a linear operator.

(ii)  If n is measurable with respect to Fo, E(n|Fo) = 1.

(i) If 71 C Fo, E(E(|Fo)|F1) = E(|F1). In particular, the equality
E(E(n|Fo)) = En holds.
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iv) If F1 C Fo, E(E(n|F1)|Fo) = E(nlF1).

v)  Ifn does not depend on Fo, E(n|Fo) = En.

vi)  Let & and n be random variables with values in R. If £ is measurable
with respect to Fy, then for every n the equality E(&n|Fo) = EE(n|Fo)
holds. In the case of vector-valued random variables this property is
valid for inner products.

P

Let ¢ and 7 be random variables given on a probability space (£2,F,P)
and taking values in R™. By E(&|n) we denote the conditional expectation
of ¢ with respect to the o-algebra generated by pre-images of Borel sets in
R™ under the mapping 7 : 2 — R™. One can easily show (see, e.g., [194])
that there exists a unique Borel measurable mapping Y : R™ — R"™ such that
E(&|n) =Y (n). The mapping Y is called the regression of £ with respect to
1 and is usually denoted by the expression Y (z) = E(§ | n = ).

6.1.3 Markov processes

Let a non-decreasing family B; of o-subalgebras of a g-algebra F, t € [0, c0),
be given. A random process £(t) is called a Markovian (or Markov) process
with respect to By if P-a.s. P(BNF | N&) = P(B | N¥) - P(F | N¥) for every
t €]0,00), B€B;and F € ff (see the Definition of “past”, “future” and
“present” in Section 6.1.1).

A process £(t) is called a simply Markovian (or simple Markov) process if
it is Markovian with respect its own “past” Pf.

The next two conditions are equivalent to each other and to the fact that
the process is Markovian with respect to B;.

1) For every t € [0,00) and every bounded ff—measurable random variable
¢ with values in R the relation E(p | By) = E(p | N¥) holds.

2) Fort > s > 0 and every (measurable) function f(x), for which
sup |f(@)| < oo, the equality E(f(£(1)) | Bs) = E(f(£(t)) | NF) holds.
Tz€ER™

A random variable 7(w) taking values in [0,00) is called a random time.

A random time is called a Markov time if for every ¢ > 0 the inclusion

{w| 7(w) >t} € B; holds. If P(7(w) < 00) = 1, the Markov time is called a

stopping time.

6.1.4 Martingales and semi-martingales

A stochastic process n(t) is called a martingale with respect to a non-
decreasing family of o-algebras B;, t € [0,00), if for every ¢ the variable
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n(t) is measurable with respect to B; (i.e., non-anticipative with respect to
B;) and for every t > s > 0 the equality E(n(t) | Bs) = n(s) holds.

Directly from the definition of martingale and property (iii) of conditional
expectation (see Section 6.1.2) it follows that the mathematical expectation
of a martingale is constant.

A process n(t) is called a local martingale if there exists a non-decreasing
sequence of Markov times (stopping times) 7, such that lim 7,, = oo and for
every T,(w) the process n(tAT,) is a martingale, where t A7, = min(t, 7,(w)).

A stochastic process 7(t) is called a semi-martingale if n(t) = A(t) + M (t)
where M (t) is a local martingale and A(¢) is a process whose sample paths a.s.
have bounded variation in ¢ (i.e., the Stieltjes integral of integrable functions
is well-defined with those paths as integrators).

It is clear that a martingale is a local martingale and that a local martin-
gale is a semi-martingale. Note that there is a construction of the integration
of random functions with respect to semi-martingales (see [176]), a particular
case of which is the stochastic integral with respect to the Wiener process
that is described below in Section 6.2.

Under a smooth change of coordinates in R™ martingales and local mar-
tingales do not transform into analogous processes, but semi-martingales are
transformed into semi-martingales. A decomposition into the sum of a local
martingale and a process of bounded variation is possible but in this decom-
position the summands are not the results of transformation of corresponding
summands in the previous coordinate system. From this property it follows
that the notion of a semi-martingale with values on a manifold is well-defined.

A stochastic process £(t) is called a backward martingale with respect to a
non-increasing family of o-algebras F; if for every ¢ the variable £(t) is measur-
able with respect to F; and for every s > ¢ > 0 the equality E(n(t)|Fs) = n(s)
holds.

6.1.5 Weak convergence of probability measures

A detailed presentation of this material can be found in, e.g., [25, 194, 208].
Everywhere in this Section the symbol X denotes a separable complete metric
space and B is its Borel o-algebra (i.e., the minimal o-algebra generated by
open sets). Recall that a measure p on (X, B) is called a probability measure
if u(%) =1.

Definition 6.4. A sequence of probability measures i, on (X, B) weakly con-
verges to a probability measure g if [ fdu, — [ fdpo for every continuous
x x

bounded function f: X — R.
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Definition 6.5. A family of probability measures {uq} on (X,B) is called
weakly relatively compact if every sequence of measures from {u,} has a
weakly convergent subsequence.

The measure to which the subsequence converges in Definition 6.5 may
not belong to the set {yq}. For short we shall often call weakly relatively
compact set of measures weakly compact, omitting the word “relatively”.

Theorem 6.6 (Prokhorov’s theorem) A family of probability measures M
on (X, B) is weakly relatively compact if and only if for every e > 0 there
exists a compact K. C X such that po(K:) > 1 — € for every p, € M.

6.2 A Survey on Stochastic Integrals and Equations

In this section we briefly describe the basic facts from the theory of stochastic
integrals and stochastic differential equations necessary for understanding
their geometric properties below. We consider only integrals with respect to
a Wiener process since they play the main role in the forthcoming sections.
A complete and detailed exposition of this material can be found in many
monographs and textbooks (see, e.g., [76, 83, 84, 162, 165, 175, 176, 216)).
We should particularly highlight the excellent introductory paper [50] which
illuminates those aspects of the theory that are especially important for our
approach.

6.2.1 White noise and Wiener processes

We begin this section with a physically motivated observation that leads to
an intuitive introduction to Wiener processes (for details, see [160]).

Consider an ordinary differential equation #(t) = F(t,z(¢)) in R™ and
suppose that its right-hand side is subjected to an additive random influence
that satisfies the following physically natural assumptions:

(a) the mechanism that produces the randomness is the same at all times;

(b)  the randomness occurs at any time ¢ independently of the other times;

(¢c) the mathematical expectation of the random variable equals 0 while
the dispersion equals 1.

We can interpret (a) as saying that the process has independent values at
different times and (b) as saying that the distributions of the values at all
times are the same. Assumption (c) is given for simplicity; one can consider
more general processes satisfying (a) and (b).

The above-mentioned process is denoted by w(t) and is called white noise.
It turns out that this process takes values in generalized functions and so it
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is rather difficult to deal with. We shall avoid the use of generalized func-
tions in the usual way: we introduce the process w(t) = fg w(s)ds. From
the properties (a)—(c) of w(t) we intuitively derive that w(¢) must have a.s.
continuous sample paths and independent increments such that for a given
difference ¢t — s = § all increments w(t;) — w(sy) with t; — s; = § have the
same distribution. Finally, for all such increments, E(w(t) — w(s)) = 0 and
E(w(t) —w(s))?=t—s.

The differential equation we started with, with the above random influence,
has the form @(t) = F(t,z(t)) + w(t). Avoiding the use of generalized func-
tions, we transform it into the integral equation z(t) = x¢ —i—fot F(s,z(s))ds+
w(t). For a differential equation without random influence this transformation
yields the equivalent integral equation. In the presence of random influence
the transformation makes the equation easier to work with since it is given
in terms of processes with continuous sample paths.

w(t) has all the properties of a certain process, called a Wiener process,
that we want to formally introduce in this Section. The precise definition
requires the following abstract scheme.

Let (£2, F,P) be a probability space and By, t € [0, 00), be a nondecreasing
family of o-subalgebras of the o-algebra F. In what follows, we assume that
the o-algebras B; are complete, i.e., they contain all sets from F of measure
zZero.

Here we consider only stochastic processes (random variables) on (£2, F, P)
with values in a Euclidean space with an inner product (-,-). Specifying a
basis, we shall describe its vectors by columns of coordinates, i.e., we identify
this space with R".

Definition 6.7. A stochastic process w(t) is called a Wiener process (relative
to the family B;) if:

1) the sample paths of w(t) are almost surely (a.s.) continuous in ¢;
2) w(t) is a square integrable martingale with respect to By;
3)  w(0) =0 and E((w(t) — w(s))’|Bs) =t — s for t > s.

In this case it is said that the Wiener process w(t) is adapted to B;.

From Definition 6.7 we deduce that the Wiener process has the (intuitive)
properties that we listed the beginning of this Section:

Theorem 6.8 (Levi, see, e.g., [175]) If w(t) is a Wiener process, then it has
stationary independent Gaussian increments. Furthermore, w(t) satisfies the
following conditions: E(w(t) —w(s)) = 0 and E((w(t) — w(s))?) =t — s for
t > s.

In other words, for t > s, the increment w(t) — w(s) is independent of B;
and has the same probability distribution as w(t — s).

The distribution density p™(t,z) of a Wiener process in R"™ is described
by the formula (see, e.g., [162])
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22

w _ 1 -z
PVt x) = o)t e, (6.1)

One can easily see that P’ C B; where P’ is the “past” of w(t) (see
Section 6.1.1).

Consider the space 2 = C°([0, 00), R") of continuous curves in R” given on
the semi-infinite interval [0, c0). Introduce in 2 the o-algebra F generated by
cylinder sets (see Section 6.1.1). As for the other processes with continuous
sample paths, every Wiener process can be regarded as a mapping of the
measure space (£2, F) into the measure space (£2, F). Thus, P gives rise to a
measure v on (f?, F ) according to the construction given in Section 6.1.1. The
measure v, called the Wiener measure, depends only on the inner product on
R™, not on a specific Wiener process w(t). The Wiener measure enables one to
introduce the probability distributions of w(t) in 2 = C°([0, 00),R™), i.e., the
conditional probability distributions of the random variables w(t1), ..., w(t)
in R™ for all collections ¢4, ...,ts.

Consider (fZ, F, v) as a probability space and define the coordinate process
w(t) on (2, F,v) (see Section 6.1.1) via w(t,w) = w(t) (here the elementary
event w € CY([0, 00), R™) is by definition a continuous curve w : [0, 00) — R™).
Consider the o-algebra B; generated by the cylinder sets with base over [0, ],
i.e., By = P{. Clearly, w(t) is a Wiener process relative to the family B;.
The process w(t) is called a Brownian motion process or a standard Wiener
process.

Remark 6.9. Often in the probability literature one finds that the Wiener
process is described as unique. This phrase means only that the standard
Wiener process is unique since the Wiener measure v (as well as the coordi-
nate process) is unique on (Q,f ). But there are plenty of concrete realiza-
tions of Wiener processes on various probability spaces. In particular different
Wiener processes can be independent.

To facilitate further references, we summarize here some results on Wiener
processes.

Theorem 6.10 Any Wiener process w(t) has the following properties:

1) A sample path of w(t,w) is a.s. (i.e., with probability 1) non-differenti-
able for all t and has unbounded variation on any arbitrarily small in-
terval.

2)  The coordinates wi(t) of w(t) are one-dimensional Wiener processes
that are mutually independent and the orthogonal projection of w(t) to
any k-dimensional subspace of R™ is a k-dimensional Wiener process.

3)  Leta be an orthogonal operator in R™. Then aow(t) is a Wiener process.
In particular, if w(t) is a standard Wiener process, then so is a o w(t),
i.e., the Wiener measure is invariant under the action of orthogonal
operators on R™.
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Note that assertion 1) of Theorem 6.10 clarifies the fact that white noise,
the “derivative” of a Wiener process, takes values only in generalized func-
tions.

6.2.2 Stochastic integrals

Our goal in this section is to define the stochastic integral with respect to a
Wiener process. For the sake of simplicity, we restrict our attention to the
construction based on a Riemann integral. An approach involving a Lebesgue
integral can be found in [76, 83, 84, 162, 175].

Specify a positive constant | < co. Let A: [0,1] x 2 — L(R* R") be a
random operator function, i.e., A(t) is a random linear operator from R* to
R™ for every t € [0,1]. In what follows the main role will be played by the
particular case k = n, i.e., where A(t) is a random linear operator in R™.

Consider a Wiener process w(t) with respect to B; with values in R*. To
define the It6 integral of A(t), pick a partitiong = (0 =ty <t1 < ... <ty =1)
of the interval [0,!] and consider the integral sum

2
=

-
Il
=]

Note that we have selected the argument in A(-) as the left end of [t;, ¢;41] in
the é-th summand. The limit (if it exists) of such sums as diam ¢ — 0 (usually
in the space L?((£2,F,P),R™) but possibly with respect to some other type
of convergence of random variables) is called the Ité integral of A(t) and is
denoted by f(f A(t)dw(t). Since the trajectories of w(t) have a.s. unbounded
variation, the It6 integral cannot be defined as the Stieltjes integral along
every trajectory.

It turns out that under certain boundedness hypotheses, the It6 integral
does exist as the L2-limit of the integral sums when A(t) is non-anticipative
with respect to B;. In particular, it exists (as a Lebesgue type integral) if the
entries A7 (t) of A(t) satisfy the equality

l
PLwl| [ (AD2(tw)dt < oo p = 1. (6.3)
/

The It6 integral with varying upper limit is the process defined by

[ A awe = [ v,
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where x: is the characteristic function of [0,¢]. Note that fo 7)dw(r) is
linear in A and dw. Some other important properties of the 1ntegral are
given in the next theorem.

Theorem 6.11 The process fo 7)dw(7) has the following properties:

(1) it is non-anticipative with respect to By;
(2) it is a martingale relative to By;
(3) its sample paths are a.s. continuous in t.

Let us outline the proof of Theorem 6.11(3) for future reference. Consider
processes with continuous trajectories of the form

Zj(f) = Z Xe(tiv1)A(t:) (w(tivn) — w(ts)) + Alti) (w(t) — w(tr)),

where k = max {i |x;(¢;) = 1}. Under certain hypotheses, the sequence Y 7(¢)
contains a subsequence that converges a.s. uniformly to fg A(7) dw(7). This
yields assertion (3).

Note the following discrepancy between the ordinary Riemann and stochas-
tic Ito integrals. The former calculated for, say, a bounded continuous func-
tion f(t) with respect to some power a > 1 of d¢ always equals zero since the
integral sum 23;11 F@&) (tig1 — t)®, t* € [ti,tit1], tends to zero as diamq
tends to zero. However, this is not the case for the latter. One can define
the multiple stochastic integral fo 7)dw! (1) - -+ dwk(7) of a given stochas-
tic process a(-) to be the limit of the integral sums Y ¢ Lal(t ) (w(tis1) —
w!(t;)) -+ (w*(tiy1) — w*(¢;)) which may not be equal to zero.

Later on, we shall use the following result on the existence and properties
of multiple integrals.

Theorem 6.12 Let «(t) be a random real-valued function and w(t) be a
Wiener process with values in R™, i.e., w(t) = (w'(t),...,w"(t)), where the
coordinates wi(t), i = 1,...,n are mutually independent one-dimensional
Wiener processes. Then.:

a(r)dw (r)dw’ (1) = 0 i

a(r)(dw'(r))?

fta(T)dT;
0

a(r)drdw(r) = 0;

O O O O

a(r)(dw(r))® = 0;

(v)  all integrals of higher order in dr and dw'(T) exist and are equal to
zero.
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Here we just outline the proof. Assertion (i) follows immediately from the
hypothesis that w*(t) and w’(t) are independent. To prove (ii), it suffices to

observe that for any Wiener process w(t) we have E((w(t) —w(s)) 2) = |t—s].

Assertions (iii)—(v) result from the fact that the multiple Riemann integral
with respect to (dt)*, k > 1, is equal to zero.

Remark 6.13. It is sometimes useful to use white noise (the “derivative” of
a Wiener process, see Section 6.2.1) to give a better physical interpretation
of solutions of certain equations but, as mentioned in Section 6.2.1, it is dif-
ficult to use in practice since it takes values in generalized functions. The
use of the It6 integral allows one to avoid dealing with white noise by us-
ing integral (rather than differential) equations and taking into account that
fo T)dr = fo t)dw(7). Then, if an ordinary differential equation
z(t) = a(t x( ) is subJected to a random perturbation and takes the form
z(t) = a(t, z(t)) + A(t,z(t))w(t) where A(t,x) is a linear operator, a mathe-
matically exact description of the perturbed equatlon is glven by transition
to the integral equation z(t) = xo + fo ))dr + fo ,o(7))dw(T).
The latter equation is called the stochastic dzﬁerentml equatwn in Ité form
or Ité stochastic differential equation. Such equations are considered in detail
below.

It should be pointed out that the value of a stochastic integral depends
on the point in [t;11,¢;] that is substituted as the argument value of the
integrand in the summands of the integral sum. Recall that in integral sums
of It6 integrals we choose the left end of [t; 11, t;].

Alternative choices yield some other versions of stochastic integrals. In
particular, we introduce the so-called backward (or anticipative) integral
fot A(7) d,w(7) [152] as the limit of the following integral sums

ZA 1—0—1 1—0—1) w(ti))a (6'4)

(i.e., choosing the right end of [t;,t;11]) if, of course, the limit exists. This

integral differs, in general, from the It6 integral. For example, the backward

integral with varying upper limit is not a martingale relative to B;.
Considering the integral sums

qg—1

= Z w(w(tiﬂ) —w(t;)) (6.5)
i=0
we arrive at the Stratonovich integral fot (1) o dw(r) (or fo 7)dsw(T))

defined as the limit of these sums (if it exists) (see [50 216].) It is easy to
see that the Stratonovich integral is equal to half of the sum of the It6 and
backward integrals, provided that all three integrals exist. The Stratonovich
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integral with varying upper limit can be defined in the standard way. Note,

however, that this integral (like the anticipative integral and unlike the It

integral with varying upper limit) is not a martingale with respect to B;.
Under an extra hypothesis, the Stratonovich integral may be defined as

the limit of the integral sums Zg;ol A (%) (w(tiz1) —w(t;)) (i-e., where
the value of A is taken at the mid-point of the segment [t;,¢;41], see [177]).

Remark 6.14. The idea to use the mid-point, as in the definition of the
Stratonovich integral sums (6.5), is due to Richard Feynman.

The differentials dw, d,w, and o dw = dgw (appearing in the definitions of
the It6, anticipative and Stratonovich integrals) are conveniently called the
forward, backward and symmetric differentials, respectively, in reference to
the location of the point ¢ in [t;,t,11] at which the value of A is evaluated.
The terminology we introduce here is actively used below.

Let us now turn to the formulas relating the values of the three integrals.
By the definition of the Stratonovich integral, we have

S=d Z tipr) — Alt)) (w(tipr) — w(t:))

where Y% is the Ito integral sum (6.2). The limit of the second sum on the
right-hand side is a second order integral in dA and dw, which can naturally
be denoted by fg dA dw. Thus,

LAtAUﬁo(hMT)=tAtA@ﬂdwCﬂ—%%h/tdAﬁjdwCﬂ. (6.6)

0

Similarly, one can show that

/A ) dow(r Q/A du(r /dM) wr).  (6.7)

An Tté process is a process £(t) of the form

5@:®+Aa@®+AA@M$L (6.8)

where a(t) is a process with sample paths a.s. having bounded variation.
Let f(t,x) be a continuously differentiable mapping from R x R™ to R™.
Consider its Taylor decomposition at a neighborhood of the point (g, zo):

F(t.2) = Fltoro) + 2 vt praw+ SO (an o L ae, any 4

where the primes denote derivatives of f in x at zg (recall that f/ and f” are
linear and bilinear operators respectively). Having replaced in this formula
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Az by the increment AL(s) = a(s)As + A(s)Aw(s) of the Itd process £(t),
we obtain

f(5,€(s)) = f(to, o) + %Aerf’(a(s)AerA( ) Aw(s)) + %a_f( 5)?
+ 57" (a(s)As + A(s) Auw(s), a(s)As + Als) du(s) +

= flto,20) + 92 A5+ fla(s)As + ' Als) Au(s)

(f"(a(s)7 a(s))(As)* + f"(a(s)As, Aa) Aw(s))
'(A(S)Aw(s), a(s)As)
+ f”(A(s)Aw(s), A(s)Aw(s)) + ... (6.9)
After integrating formula (6.9) we obtain that if f(¢,z) is C'-smooth in ¢

and C%-smooth in x, the so-called classical It6 formula (see [50, 76, 83, 84,
162, 175], for example) holds for the process f(£(t)):

FE@) = F(&0) + / 5+ 1) + gnf (A, AG) |

+ /0 (A(s))dw(s), (6.10)
where .
trf”(A(s), A(s)) = Z " (A(s)es, A(s)er), (6.11)

and ey, ..., ey, is an arbitrary orthonormal frame in R¥. Indeed, by formulae
(i) and (ii) from Theorem 6.12, exactly one second order integral

3 [ 7). A = [ (a6, A6

is not equal to zero, which yields (6.10) (note that for the ordinary Riemann
integral in a non-random integrator, all integrals of the second and higher
orders equal zero and so all summands with derivatives of f of order higher
than 1 vanish upon integration).

Remark 6.15. It is a well-known result in linear algebra that the trace,
introduced by formula (6.11), does not depend on the choice of orthonormal
frame eq, ..., ey in R¥.

A backward Ito process is a process of the form

E(t) =& +/0 a(s)ds+/0 A(s)dw(s). (6.12)
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For it the so-called backward Ité formula holds:

) = 5660 + [ |5+ Ftate)) - s (4(5). A

+ / F(A(s))dw(s)

Indeed, in the Taylor expansion with respect to the right end of an interval
the summands with even derivatives change sign. Represent fo s)d,w(s)
by formula (6.7) and substitute into the latter expansion. It is not hard to
see that the integral of higher order, in which dAdw is an argument in f”,
equals zero. Then (6.13) is proved by the same argument as (6.10).

Let us call a Stratonovich process a process of the form

&) =& —|—/0 a(s)ds —|—/0 A(s) o dw(s). (6.13)

If f(t,z) is a smooth mapping as above,

f(&(t)):f(soH/O {af }ds+/ F'(A(s)) o dw(s). (6.14)

Formula (6.14) is proved by the same arguments as (6.10) and (6.13) modified
by the fact that the Taylor expansion with respect to the mid-point does not
contain summands of even order at all. Note that the form of formula (6.14)
coincides with that for the transformation of non-random smooth curves.

Definition 6.16. An It6 process £(t) is called a diffusion type process if both
a(t) and A(t) are not anticipative with respect to the “past” filtration P¢ of
£(-) and the Wiener process w(t) is adapted to PF.

Diffusion type processes exist, say, as solutions of the so-called 1t6 diffusion
type equations (see Definition 6.21 below).

Definition 6.17. A diffusion type process £(t) is called a diffusion process
if B(t) = a(t,&(t)) and A(t) = A(t,&(t)) where a(t,z) and A(t,x) are Borel
measurable mappings of R x R™ to R™ and to the space of linear operators
L(R* R™), respectively.

6.2.3 Stochastic differential equations

Let on the space R™ a non-autonomous vector field a(¢,z) and a non-
autonomous field of linear operators A(t,x) be given (i.e., A(t,z) : R¥ — R"®
is a linear operator depending on t € R and = € R"™). A Stochastic differential
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equation (SDE) in Ité form or an Ité stochastic differential equation is an
integral equation

t

£(t) = £(0) + / a(r, €(r))dr + / A(r€(r)du(r)  (6.15)

where the second summand on the right-hand side is a Lebesgue integral. Here
we do not discuss the conditions under which all integrals in this expression
are well-defined. An interpretation of It6 stochastic differential equations as
ordinary differential equations with random perturbations is described in
Remark 6.13.

Equation (6.15) is usually written in the following formal differential form
(identical in meaning to (6.15))

dE(t) = a(t, €(8))dt + A(t, £(t))dw(?). (6.16)

Equations of the form (6.15) are often called diffusion equations since
diffusion processes are described by equations of this sort (see below).

A Stochastic differential equation in Stratonovich form (or Stratonovich
stochastic differential equation) is the integral equation with Stratonovich
integral

t t
€0 =0 + [ alners [(Amemodur,  (617)
0 0
which is usually written in the reduced differential form as follows:
d(t) = alt,£(1))dt + At E(1) o du(®). (6.18)

Definition 6.18. In a stochastic differential equation the coefficient a(t, x)
is called the drift and the bilinear form ((2, 0)-tensor field) A(¢,z) o A*(¢, x)
is called the diffusion coefficient.

There are more general types of SDEs called diffusion type SDEs. In these
equations the coefficients a(t, ) and A(t,-) depend not on 2 € R™ but on a
curve z(-) given on the interval [0,¢], i.e., they are equations with delayed
argument.

The exact description is as follows. Specify an interval [0,{] C [0, 00)
and consider the mappings a : [0,1] x C°([0,],R") — R™ and A : [0,] x
C°([0,1],R") — L(R* ,R"™) where L(R*,R") is the space of linear operators
from R* to R™ and C°([0,1],R™) is equipped with the o-algebra of cylin-
der sets. We always assume that a(t,z(-)) and A(¢, z(-)) satisfy the following
conditions:

Condition 6.19

(i)  The mappings a(t,z(-)) and A(t,z(-)) are jointly measurable.



130 6 Essentials from Stochastic Analysis in Linear Spaces

(ii)  For every t € [0,1] the mappings a(t,-) : C°([0,1],R") — R" and
A(t,-) : C°([0,1]),R™) — L(R*,R™) are measurable with respect to the o-
algebra generated by cylinder sets with bases over [0,t] in C°([0,1],R™),
and the Borel o-algebras in R™ and L(R* R™).

Remark 6.20. Condition 6.19(ii) (cf. Condition 4.12) is equivalent to the
fact that if for any ¢t € [0,1] two different curves z;1(-) and z2(-) coincide on
the interval [0,¢], then a(t,x1(-)) = a(t,z2(-)) and A(t,21(-)) = A(t,x2("))
(cf. Remark 4.13). For details, see [83] .

Definition 6.21. An equation of Itd type
dg(t) = a(t,£(-))dt + A(t, £(-))dw(t) (6.19)
is called a diffusion type stochastic differential equation.

Equation (6.19) is a reduced form of the integral expression

Et) = €+ / a(s, £())ds + / As, €())du(s). (6.20)

It is clear that equation (6.16) is a particular case of (6.19).
We shall often require that the coefficients of equation (6.19) in addition
satisfy the following;:

Condition 6.22 The mappings a(t,x(-)) and A(t,x(-)) are jointly continu-
ous.

Sometimes one also needs to consider the equations with random coeffi-
cients (i.e., coefficients explicitly depending on w € (2).

In the theory of stochastic differential equations one distinguishes between
two types of solution: strong and weak.

Definition 6.23. Equation (6.16) ((6.18) or (6.19), respectively) has a strong
solution £(t) if for every Wiener process w(t) on a probability space, and
adapted to a filtration By, there exists a stochastic process £(t) on the same
probability space as w(t) and non-anticipative with respect By, such that for
&(t) and w(t) a.s. for every ¢ in some interval, equality (6.15) ((6.17) or (6.20),
respectively) is fulfilled.

Definition 6.24. Equation (6.16) ((6.18) or (6.19), respectively) has a weak
solution £(t) if there exist a probability space (§2,F,P), a non-decreasing
family B; of o-subalgebras of the o-algebra F, a process £(¢) in R™ non-
anticipative with respect to B;, and a Wiener process w(t) in R* adapted to
By, such that for £(t) and w(t) a.s. for every ¢ in some interval, the equation
(6.15) ((6.17) or (6.20), respectively) is fulfilled.
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It should be emphasized that a strong solution is well-defined on every
probability space on which a Wiener process is well-defined, and it is non-
anticipative with respect to the Wiener process. A weak solution £(¢) must
be well-defined on at least one probability space and in some sense the cor-
responding Wiener process is non-anticipative with respect to £(t).

For strong solutions the “past” P;” of a Wiener process is usually taken as
B, and it turns out that P = PS. On the other hand, for weak solutions it
is often the case that B, = Pf where Pf is the “past” of £(t). Thus, in both
cases one may suppose that w(t) is adapted to Pf.

A strong solution is said to be strongly unique if any two strong solutions
coincide a.s. A weak solution is called weakly unique if for any two weak
solutions the measures corresponding to them on the path space coincide
(see Section 6.1.1).

From Definitions 6.17, 6.23 and 6.24 it follows that the solutions of (6.16)
are diffusion processes. It also follows that the strong solutions of (6.16)
are Markov processes. The solutions of (6.19) are evidently diffusion type
processes (see Definition 6.16) and, generally speaking, they are not Markov
processes.

Definition 6.25. The coefficients of (6.16) are said to satisfy the [t condi-
tion (have linear growth) if there exists a constant K > 0 such that for all
t € R and x € R” the inequality

lla(t, ©)[| + A )| < K1+ [lz]]), (6.21)
is satisfied where ||A]| is the operator norm of A.

The It6 condition for a Stratonovich equation has the same form as for an
It6 equation. For a diffusion type equation it takes the form

la(t, 2+ [AE z())] < K1+ [lz()llcoo.n.rm)- (6.22)

Existence theorems for local solutions of SDEs assert that a solution exists
up to the (random) hitting time of the boundary of a neighborhood of the
initial value. It is clear that for local existence, conditions of type (6.21) are
not required.

Conditions (6.21) or (6.22) guarantee the global in time existence of SDE
solutions (if local solutions exist). We discuss some generalizations of Condi-
tion (6.21) in Section 7.3 and conditions of another type in Section 7.4.

Existence theorems for strong solutions are mainly proved by the con-
traction mapping principle, e.g., if (6.21) is satisfied and the coefficients are
in some sense Lipschitz continuous (in this case the solution is well-defined
for t € [0,00)). Theorems of this sort exist for a broad class of equations
with random coefficients (see, e.g., [83, 84, 162]). For example, for equation
(6.19), the existence of a strong solution of the Cauchy problem for ¢ € [0, c0)
is proved if the coefficients are Lipschitz continuous or smooth and (6.22) is
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satisfied. There are existence of strong solution theorems based on some other
principles, and theorems which derive the existence of a strong solution from
that of a weak solution. Note that there are examples of equations that have
weak solutions but no strong solutions (see, e.g., [84]).

The notion of weak solution is due to A. Skorokhod. He also proved the
following classical existence theorem for weak solutions of equation (6.19) in
R™ with an n-dimensional Wiener process (see, e.g., [83, 84, 162]):

Theorem 6.26 Let the coefficients a(t,z(-)) and A(t,z(-)) in (6.20) satisfy
Conditions 6.19 and 6.22 and the Ité condition (6.22). Then for every deter-
ministic initial condition £(0) = zo € R™ equation (6.20) has a weak solution.

Theorem 6.26 is proved in [83, Theorem III.2.4]. Note that in some sense
this theorem is a natural analog of the existence of solution theorem for
ordinary differential equations with continuous right-hand sides.

The proof of Theorem 6.26 is based on the following technical statements
which we shall make use of later in the book.

Lemma 6.27 For a solution of the diffusion type stochastic differential equa-
t t
tion £(t) = &o + [a(s,&(-))ds + [ A(s,&(-))dw(s) in R™, t € [0,T], whose

0 0
coefficients satisfy (6.22) for some K > 0, for any integer p > 2 there exists
a constant C, > 0, depending only on p, K and T, such that the inequality
E(sup ||£(t)]|P) < Cp holds.
t<T

Lemma 6.27 follows from [83, Lemma II1.2.1] and the remark after it.

Lemma 6.28 Let {u¢} denote the measures on the path space (2, F) (in the
notation from Section 6.1.1) corresponding to the solutions of the equations
(6.20) with various a(t,z(-)) and A(t,z(-)) that satisfy Conditions 6.19 and
6.22 and the Ité condition (6.22) with the same K. Then {u¢} is weakly
compact.

Lemma 6.28 is a Corollary to [83, Lemma II1.2.2].

Consider a sequence of diffusion type equations with continuous coefficients
d&i(t) = ar(t,&(-))dt + Ag(t, &(-))dw(t) satisfying the hypothesis of Lemma
6.27 with the same K and T for all k. Let there exist (weak) solutions & of
the above equations and let z be the corresponding measures on ({2, F).

Lemma 6.29 Suppose the measures p, weakly converge to a measure f.
Then for every integer p > 1 the measures vy defined by the relations
dv, = (1 + ||lz(-)||P)dur weakly converge to the measure v defined by the
relation dv = (1 + ||z(-)||?)dp.

Proof. Let f : 2 — R be an arbitrary bounded continuous function. The
random elements f(&x(+))(1+]|€x()||?) are uniformly integrable. This follows
from the facts that f(z(-)) is bounded, that by Lemma 6.27
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[ 10 < w0 B (I @) < G

and that .
[z ()I[Pdp: < p / ll2zs ()][P T d e
llzi()lI>c llzs (-)||>c

(see [25]). Then, since f(z(-))(1+ ||z(-)||) is a continuous map from {2 to R
the weak convergence of pi to pu yieldS E(f(ﬁk)(1+ 1€k 1D) — E(f (¢ )(1+||§||))
as k — oo (see [25]). Thus hm fQ (N + ||ac( WP dpe = [ fz(-)(1+

|z(-)||P)dp and so hm fQ Ndv = [o, f(z(-))dv. ]

There are existence of weak solution theorems that require the linear op-
erator A(t,z) to be non-degenerate at all (¢,2) and which therefore have
no analogs for ordinary differential equations. For example, if A(t, z) is non-
degenerate and continuous, a(t, x) is measurable, and they satisfy (6.21), then
for every initial condition there exists a weak solution of (6.16) well-defined
for t € [0, 00) [83, Theorem I11.3.3].

N.V. Krylov’s theorem [165, Theorem I1.6.1] proves the existence of a weak
solution for the diffusion equation (6.16) in the case when both coefficients
are only measurable but uniformly bounded and A(t,z) is positive definite
and satisfies a qualified non-degeneracy condition.

We refer the reader to, say, [162], which contains a detailed survey of
existence theorems for strong and weak solutions of SDEs.

If the coefficient A is smooth, a solution of an equation in It6 form is also
a solution of an equation in Stratonovich form with different drift and vice
versa. Indeed, apply the It6 formula (6.10) to A(t,&(t)) as to a mapping.
Then

0A

dA(t,£(t)) = Edt + A'(a(t, £(¢)))dt + %trA”(A, A)dt + A'(A(t, £(t)))dw(t).

Now substitute this expression for d4 into the integral fot dAdw(r). By The-
orem 6.12 only one summand in the expression for fot dAdw(r) is not equal to

zero, so that fo dAdw(r fo trA’(A(7,£(7)))dr. Substitute this expression
into (6.6). Then

/Aodw /trA’( (,£(7) dr+/ A(r, £())dw(r),  (6.23)

i.e., a solution &(¢) of the equation in It6 form (6.16) satisfies the equation in
Stratonovich form

dé(t) = [a(t,§(t)) - %trA’(A(t,g(t))] dt + A(t,&(t)) o dw(t). (6.24)
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On the other hand, if £(¢) is a solution of the equation in Stratonovich form
(6.17), it satisfies the equation in Itd form

dé(t) = |a(t, &(t)) + %tr A'(A(t, €(8)) | dt + A(t, £(¢))dw(t). (6.25)

Note that in equivalent equations in It6 and Stratonovich forms the diffusions
are the same while the drifts are different.

So, if the coefficients of an equation in Stratonovich form are smooth
enough, by using formula (6.24) one can derive existence theorems for such
equations from those for equations in Itd form. If the coefficients are not
smooth enough, independent proofs are required. Existence of solution prob-
lem for equations in Stratonovich form have not been as deeply investigated
as for equations in It6 form.

By analogy with formula (6.24) (now by the use of formula (6.7)) one
can show that a solution £(t) of the equation in It6 form (6.16) satisfies the
following equation with anticipating integral:

£(t) =& + / (s, £(s))ds — / (A’ (A(s, £(5)))ds
" / As,€(s))dw(s), (6.26)

There are various methods of approximating the Wiener process by pro-
cesses with smooth or piecewise smooth sample paths. Consequently a
stochastic differential equation is approximated by ordinary differential equa-
tions with coefficients depending on a parameter w € 2. It turns out that the
solutions of these approximating equations tend to a solution of an equation
with initial coefficients in Stratonovich form rather than in It6 form.

Let g be a partition of the interval [0,!]. Consider the piecewise linear ap-
proximations of the Wiener process w(t) in the form wg(t) = ﬁ((tlﬂ —
Hw(t;) + (t — t)w(tiy1)), t; <t <ti41, and the ordinary differential equa-
tions
dwy

=a(t,z(t,w)) + A(Lmq(t,w))ﬁ, w e (2. (6.27)

dz?(t, w)
dt

Note that by replacing w(t) by wq(t) we obtain the same equation (6.27) both
from the It6 and from the Stratonovich equations with equal coefficients. The
classical Wong-Zakai theorem asserts that under some conditions that guar-
antee the existence of solutions on the entire interval [0,1], the solutions of
(6.27) with initial conditions x¥, (0,w) = mo(w) tend with uniform probabil-
ity on [0,!] to a solution of the Stratonovich equation (6.18) (not of the Itd
equation (6.16)) with initial condition @,,(0,w) = mo(w) as diamg — 0. It
is clear that one can choose a sequence of partitions ¢; such that i ~tends
to &, a.s. uniformly on [0, ].
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Several versions of this statement, due to McShane, can be found in [66].
We should also mention a theorem of P. Malliavin (see, e.g., [177]) where a
Wiener process is approximated by a process with averaged paths and the
solutions of the corresponding ordinary differential equations converge to a
solution of a Stratonovich SDE.

6.3 Stochastic Flows and their Generators

By analogy with the case of ordinary differential equations (see Section 1.1)
the general solution of a stochastic differential equation with smooth coef-
ficients is called a stochastic evolution family or, in the autonomous case, a
stochastic flow. For simplicity of presentation we shall use the term stochastic
flow for general solutions in both autonomous and non-autonomous cases.

Denote by £(t,s), s >t > 0 the flow generated by a stochastic differential
equation with smooth coefficients. This equation can be given in It6 or in
Stratonovich form. Since the coefficients are smooth, one can pass from It6
to Stratonovich form and vice versa (see formulae (6.24) and (6.25)). For
x € R™ and t > 0 the Markov diffusion process & ,(s) (s > ¢), the solution
of the above-mentioned equation with initial condition & ,(¢) = z, is called
the orbit of the flow £(t, s). Generally speaking, x can be a random variable
with values in R™, but if the contrary is not stated, we shall suppose x to be
a non-random point in R"™.

Denote by (£2,F,P) the probability space on which the solutions of the
above-mentioned equation are given.

In general, it is not assumed that the orbit & ,(s) exists for all s > ¢.

Definition 6.30. If for all ¢ € [0,+0c0) and 2z € R™ (or, in the general case,
x € M, where M is a smooth manifold) the orbits exist a.s. for all s € [t, +00),
the flow is said to be complete.

For an arbitrary w € (2 the corresponding sample path & ;,(s), of an
orbit &, 4, (s) may exist for all s > ¢, yet &, 4, (s)., may not exist for another
orbit &y 4, (S).

Definition 6.31. Denote by (2 the set of those w € 2 for which, for all
t €]0,400) and z € R™ (or, in the general case, z € M where M is a smooth
manifold), the sample path & ,(s). exists for s € [¢,+00). The flow is said
to be strongly (or strictly) complete if P(£2) = 1.

Some completeness criteria for the general case of stochastic flows on man-
ifolds will be considered in Section7.4 below.

In the general case the orbit exists on a random time interval.

Definition 6.32. Let [0,7(w)) be the maximal random time interval on
which a solution of a stochastic differential equation (in particular, an or-
bit of flow) exists. The random time 7(w) is called the explosion time.
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An important role in the investigation of stochastic flows is played by the
so-called infinitesimal generators of flows (for short we shall often refer to
infinitesimal generators simply as generators). Let the equation describing
the flow be given in It6 form: (6.16). We introduce the following notation:
(¢',...,q") denote coordinates in R™ and A* denotes the matrix of the op-
erator adjoint to A. Take a relatively compact open neighborhood U C R™
of z € R™ and let 7 be the Markov time that the process & ,;(s) first hits the
boundary of U. Let f : R™ — R be a real-valued function that has continuous
bounded derivatives up to the second order.

Theorem 6.33 (see, e.g., [76]) The equality

(B ((t+ A ATY) — F(@) = Alt2) (6.28)

AIISEE-O At
holds where (t + At) A7 = min((t + At), 1), At — +0 means that At — 0
and At > 0, the differential operator A(t,x) is given by the relation
Alt,z)f = 120”(15 ) Of +al(t,z)f, (6.29)
’ 2 " 0qi0qI '

4,7

the matriz (0') = Ao A* is the diffusion coefficient of the equation, and
a(t,z)f denotes the derivative of f in the direction of the vector field a(t, x).

Proof. Tt is known that ft(Hm)AT A(s, & 2 (s))dw(s) is a martingale. Since

for At = 0 this integral equals zero, E(ft(tJrAt)AT A(s, &z (s))dw(s)) =0 (see
Section 6.1.4). Taking into account this equality, one can derive from the It6
formula that

E(f(§a(t+At)AT))) = f(2)

(t+At)/\T
a(s, &,a(s)))ds
(t+ADAT
+ % tr f(A(s, &.2(5)), A8, &2 (s))ds

t

Direct calculations in coordinates show that f’(a) is the derivative a(t, z)f of
the function f in the direction of the vector field a(t, x) and that tr f/(A, A) =

Z okl 85 D7 So, the latter equality can be presented in the form:

(t+At)AT
E(f(§a((t+At)AT))) = f(x) = E (/t (Af)(s,ft,z(S))dS> :
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Since for s € [t, (t+ At) A7) the process & ,(s) belongs to the compact set
U and since f is smooth, the values of f and of its derivatives are bounded.
Hence we can apply Lebesgue’s theorem on limits under integrals (expecta-
tions) and so there exists a random value s’ € [t, (t + At) A 7] such that:

(t+At)AT
/t (AS)(5,Ea(5))ds = (AF)(S", €0 () (t+ At) AT — 1),
Evidently (t + A) AT —t=((t+ At) —t) AN (T —t) = At A (7 —¢) and

lim —— B((Af)(s', & () ((t + A) A — 1))

At—+0 At
A _
=B Jim (AN &) 2D (6.30)

Since at time ¢ the process under consideration has value z, i.e., t is not the
first time that the sample path hits the boundary of the compact set U, we
see that a.s. 7 —¢ > 0. In addition the expression 7 — ¢ does not depend on

At. Hence Alim o TT_tt = 400. From the last expression it follows that
—+

(MA(r—1)=1A lim ——L—1

I 1
m —
At—+0 At

At—+0 At
Since s € [t, (t+ At) A7], by Lebesgue’s theorem s’ — t as At — +0. Passing
to the limit in (6.30) completes the proof. O

Definition 6.34. The operator A4 defined by (6.29) is called the infinitesimal
generator (or simply generator) of the flow &.

If @ and A satisfy some regularity conditions, the generator A determines
the diffusion process uniquely: any two processes having the same generator
and having the same initial value induce the same measure on the path space
(see Section 6.1.1). This means the process is weakly unique, see Section 6.2.3.

It is easy to see that the generator of the Wiener process is %A where A
is the Laplace operator in R™.

We should point out the following classical result of A.V. Skorokhod:

Theorem 6.35 (see, e.g., [81]) Let the coefficients of equation (6.16) be con-
tinuous and bounded together with their first and second derivatives in x on
the product R x R™. Suppose that the function f : R™ — R has continuous
partial derivatives up to the second order and that it, and its first and sec-
ond derivatives, is bounded on R™. Choose an arbitrary interval [0,1] C R.
Then the function v(t,z) = E(&..(1)) on [0,1] x R™ is C'-smooth in t and
C?-smooth in x and it satisfies the equation % + Av = 0.

Thus, solutions of stochastic differential equations play for parabolic equa-
tions a role similar to that of characteristics for first order partial differential
equations.
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By analogy with the case of ordinary differential equations (see Section 1.1
and Section 3.1), the mapping & (.y(s) is a random diffeomorphism (random
homeomorphism — in the case of continuous coefficients of the equation) of
R™ onto its image. If the image coincides with R"™, £(¢,s) is said to be a
stochastic flow of diffeomorphisms (homeomorphisms, respectively).

Note that unlike the case of ordinary flows (see Section 1.1), without ad-
ditional constructions the evolution (or group) property makes no sense for
stochastic flows since for such properties the flow must be defined for all
t,s € (—o0,00). Thus, we need to define a solution & ,(s) for s < ¢ and prove
the solution’s existence on the entire real line.

If £(t, s) is a flow of diffeomorphisms, there exists a backward flow £ (s, t)
consisting of diffeomorphisms inverse to those in the flow £(¢, s).

Theorem 6.36 [167] If a flow of diffeomorphisms £(t, s) is given by equation
(6.16), the backward flow £(s,t) is given by the Ité equation of the form

dE(t) = [—alt, £(t)) + tr A'(A(t, £(t))]dt — A(t, £(t))dw(t). (6.31)

If both forward and backward flows are strictly complete, it is not hard
to see that having defined for s < ¢ a value of £(¢,s) equal to &£(s,t), we
obtain a family of random diffeomorphisms for which the evolution property
o160 0(s1)(52) = & a(51 + 52) holds for all ¢,51,52 € (—o0,+00).Note that
equation (6.31) is well-defined even if £(t, s) is not a flow of diffeomorphisms.

Definition 6.37. If the flow £(¢, s) is not a flow of diffeomorphisms, the flow
generated by equation (6.31) is called the backward flow to £(t, s).

Definition 6.38. The generator A of the backward flow generated by (6.31)
is called the backward generator of the flow (¢, s).

One can easily see that Ais given by the relation
0% f
Oqi0qI

At z)f = % > ot x)

0,J

—a(t,z)f +tr A'(A(t,z)) f, (6.32)

where tr A’(A(t, z)) f is the derivative of f along the vector field tr A’(A(t, )).

If a flow is given by an equation in Stratonovich form (6.18), it is not hard
to derive from formula (6.25) that in terms of the coefficients of equation
(6.18) the generators A and A have the following presentations:

Alty) = 257000, 0) =2 — 4 (alt,2) + %trA’(A(t, ), (6.33)

2 r 0q*dqJ
A(t )—12 Gt )8—2+(— (t )+1trA’(A(t ). (6.34)
, L) = 5 - o , T 9q0g a(t,x 5 ,T)). .

We refer the reader to, e.g., [1, 167] for a more detailed discussion of
stochastic flows.



Chapter 7
Stochastic Analysis on Manifolds

The purpose of this chapter is to describe and investigate the main features
of stochastic analysis on smooth manifolds. Our principal focus shall be on
stochastic differential equations. A monographic presentation of various al-
ternative aspects of and approaches to stochastic analysis on manifolds can
be found in [23, 66, 69, 147, 179, 180, 190, 205].

7.1 Stochastic Differential Equations in Stratonovich
Form on a Manifold

7.1.1 General construction

The theory of stochastic differential equations in Stratonovich form can be
generalized to the case of manifolds in a very simple way. The reason for
this is that by formula (6.14) a solution of an equation in Stratonovich form
(6.18) under the coordinate change g, transforms into

dpsa(E(t)) = Ppalalt, §(t) + A(t,€(1)) o dw(t)] (7.1)

which coincides with formula (1.1) for the transformation of a tangent vector.
Equations in It6 form are transformed by formula (7.6), i.e., they are cross-
sections of a special bundle, and so they require special constructions for their
description. This is why Stratonovich’s approach to stochastic differential
equations on manifolds is used so extensively in the literature.

In this section we describe an approach to stochastic differential equations
on manifolds which is based on that of Stratonovich. It6’s approach will be
described in later sections.

Let M be a smooth finite dimensional manifold with dimension 7.

Definition 7.1. The pair (a(t,m), A(t,m)), where a(t,m) is a vector field
on M and A(t,m) is a field of linear operators A(t,m) : R¥ — T,, M sending
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a certain Euclidean space RF to the tangent spaces to M, is called an Ité
vector field.

For Tt6 vector fields we often use the notation (a, A). The value at the
point m is denoted by (@, Ay) or (a(m), A(m)) (in the non-autonomous
case the notation (a(t,m), A(t,m)) is also used).

Since the space R¥ is specified (i.e., it is not subjected to coordinate
changes), one can easily see that under a change of coordinates ¢g, in a
chart on M the coordinate descriptions A(t,m) and A”(t,m) are connected
by formula A”(t,m) = PlaA%(t,m), i.e., under changes of coordinates both
components of the pair (a(t,m), A(t,m)) are transformed by formula (1.1).
This is the reason for using the term “It6 vector field”.

Lemma 7.2 Let A(t,m) be as above. Then AA* is a symmetric (2,0)-tensor
field on M.

Proof. If the matrix of the operator A(t,m) is calculated with respect to the
standard basis in R¥ and the basis in T}, M is generated by the coordinate
system of some chart, the transposed matrix A*(¢,m) is the matrix of the
conjugate operator calculated with respect to the dual basis in the cotangent
space T/ M and the standard basis in R¥ (we identify R¥ with its conjugate
space in terms of the standard inner product). Note that A(t, m)A*(t,m)
sends 1,7 M to T,,M, i.e., a pair of cotangent vectors is transformed into a
pair comprising a tangent vector and a cotangent vector whose “coupling”
yields a real number that linearly depends on both cotangent vectors from
the initial pair. Thus A(t,m)A*(t,m) is a bilinear form on cotangent vectors,
i.e., it is a (2,0)-tensor field. The fact that the matrix of AA* is symmetric
in any coordinate system is obvious. O

Let w(t) be a Wiener process in R* and (a(t,m), A(t,m)) be an It vector
field on M. The expression

dE(t) = alt, £(1))dt + A(t,£(t)) o dw(t) (7.2)

is called a stochastic differential equation in Stratonovich form on M, given
by Ito vector field (a(t,m), A(t,m)). This means that in every chart on M
the solution &(t) satisfies equation (6.17). As said above, (7.2) has the correct
transformation rule under changes of coordinates, i.e., it is well-defined.

Remark 7.3. Let M be embedded into a Euclidean space RV as a subman-
ifold. Since the It6 vector field (a, A) on M is transformed as a vector under
changes of coordinates, the phrase “an Ito vector field is tangent to the sub-
manifold M in RN" is well-defined. This means that a(t,m) € T,, M C T,,RY
and A(t,m) : R¥ — T,,M C T,,RN at every point m € M; notice that these
relations remain true under changes of coordinates. For It6 equations the
property of being tangent to M is ill-defined.
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We consider some examples of stochastic differential equations in Stratono-
vich form on manifolds.

Ezample 7.4. Embed the manifold M by Whitney’s Theorem (Theorem 1.2)
into a Euclidean space R¥ for some sufficiently large k. Denote by P, : RF —
T,,M the operator of orthogonal projection. Let a(t,m) be a vector field
and B(t,m) be a (1, 1)-tensor field on M. Define the field of linear operators
A(t,m) : R¥ — T,,M by the formula A(t,m) = B(t,m)o P,,. It is clear that
(a(t,m), A(t,m)) is an It6 vector field on M that generates the equation

dE(t) = a(t, €(8))dt + A(t, £(t)) o dw(t). (7.3)

Example 7.5. Let M be a Riemannian manifold with dim M = n. In this case
we set k = mn. Consider the total space OM of the bundle of orthonormal
frames over M and the Levi-Civitd connection H on OM (see Section 2.7). Let
a(t,m) be a vector field and B(t,m) be a (1,1)-tensor field on M. Consider
their horizontal lifts a® (t,b) and BT (¢,b) onto OM. Recall that a”(¢,b) =
Tr*(a(t, wb)n, and BT (¢,b) is defined analogously. Consider also the basic
vector field E(w(t)) on OM (see Definition 2.68), constructed from the vector
w(t) in R™. The pair (a”(t,b), BT (t,b) 0 Ep) is an It vector field on OM and
together with w(t) from R™ it determines the equation

d€(t) = a® (£, €(t)dt + BT (t, £(1)) 0 Eg(yy (0 dw(?)). (7.4)

on OM.

Ezxample 7.6. We present an example of a stochastic differential equation with
random coefficients. Let the following objects be given: a non-decreasing fam-
ily of o-subalgebras B; of the o-algebra F (t € [0,1], [ > 0) to which a Wiener
process w(t) in R” is adapted; a stochastic process a(t) in R™ and a stochas-
tic process A(t) with values in the space of linear mappings from R* to R”
that are non-anticipating with respect to B; and having a.s. continuous sam-
ple trajectories; the field of linear operators E,, : R™ — T, M, smooth in
m € M. The pair (E,a(t), E,A(t)) on M is a random It6 vector field and
it generates the stochastic differential equation

df(t) = Ef(t)a(t)dt + Eg(t)A(t) o dw(t))

The notions of strong and weak solutions continue to be meaningful for
stochastic differential equations on manifolds.
Theorem 7.7 Let F: M — N be a smooth mappings of manifolds and &(t)
be a solution of equation (7.2) on M. Then F(&(t)) satisfies the equation
dF(E()) = TFa(t, €(0)dt + TFA( (1)) o du(t),

on N where TF is the tangent mapping of F.

Theorem 7.7 follows from formula (6.14).
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Local existence of solution theorems for equation (7.2) with smooth enough
coefficients (a, A) can be proved via the following argument. Specify an initial
condition £(0) = mg € M and counsider a relatively compact chart U, > mg.
Since A(t,m) is smooth enough, in this chart it is possible to pass from
equation (6.17) (whose solution in the chart is £(¢) by definition) to equation
(6.25). If the coefficients (a, A) are smooth enough, applying the existence
theorems for linear spaces from Section 6.2.3 (applicable in every chart) one
can easily see that the latter equation has a strong solution with given initial
condition. This solution exists on a random time interval [0, 7,,) where 7, is
the time that a sample trajectory &, (t) first hits the boundary of the domain
U, (the stopping time, see Section 6.1.3).

We describe two tricks that from the very beginning have been applied
in this theory for proving the global existence of solutions (alternative tech-
niques will be considered later). The first trick embeds M into a Euclidean
space, as in Example 7.4 (but it is applicable in a much broader setting).
Embed M into a Euclidean space RY of sufficiently large dimension. Con-
sider the normal bundle N(M) of M in RY with fiber N,,. Take a tubular
neighborhood © of M. Recall that @ is retracted onto M by the fibers of N,
(see [172]). Denote by 7 : @ — M the corresponding retraction.

The neighborhood O is represented as a direct product M x W where W
is an open ball in RV~" that at every point m € M we can identify with a
ball of the normal space N,,, to M. From the presentation of @ as M x W it
follows that the tangent space T{,,,1)© = Ty, M x T, W,,. It is obvious that T'7
(where 7# : © — M is the retraction introduced above) sends the subspaces
T,W,, into zero vectors in T, M. Thus on the subspaces T,,, M the mapping
T# is a linear isomorphism. Introduce vectors a(t, (m,x)) = T#ta(t,m) and
linear operators A(t, (m,z)) = T#~1A(t,m) at = € 6. By Remark 7.3 it is
clear that (a(t,z), A(t,x)) is a well-defined It6 vector field on O.

Let O be a neighborhood of M such that O C ©, where O is the closure of
0. Let ¢(y) : RY — R be a smooth function that meets the conditions: 0 <
0 <1,9(y) =1forz € O and p(y) = 0 for z ¢ O (Urysohn’s function). Con-
sider the Ito vector field (a(t, ), A(t,z)) on RN (a(t,z), A(t,x)) of the form

a(t,z) = {‘P(m)a(m) r €O,

0 z¢6,
A(t,z) = {g(xlAét,@fv.) €0,

On R¥ this vector field has the same smoothness as (a(t,m), A(t,m)) on M.
Specify an arbitrary initial condition £(0) = mg € M.

Theorem 7.8 Let the above-mentioned Ito vector field (a(t,x), A(t,x)) on
RY be smooth and C'-uniformly bounded. Then equation (7.2) on M with
initial condition £(0) = mg € M has a unique strong solution on M that
exists for all t € |0, +00).
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Proof. Consider the following equation in Stratonovich form in RV

AE(t) = alt, &(1)dt + A(t,E(1)) o duw(t).

Pass by formula (6.25) to the corresponding equation in Ité form. Since
by hypothesis the coefficients (a(t,z), A(t,z)) and their first derivatives are
smooth and uniformly bounded (from this it in particular follows that a(¢, x),
%tr A'(A(t,r)) and A(t,z) are uniformly bounded), the corresponding equa-
tion in It6 form that we have obtained has a unique strong solution that
exists for ¢ € [0, +00) (see Section 6.2.3). Since by construction the It6 vector
field (a(t,z), A(t,x)) at the points z € M coincides with (a(t, ), A(t,)),
(i.e., it is tangent to M), it is easy to show that the solution £(¢) with initial
conditions £(0) = my a.s. lies in M. O

7.1.2 Riemannian uniform atlases

The second traditional trick that allows one to prove the existence of global
in time solutions of stochastic differential equations is based on the existence
of a certain covering, uniform in the following sense:

(i)  for every point there exists a chart that together with the point contains
a ball of some specified radius, this radius being independent of the
point, the chart, etc.;

(ii) on every ball as described in (i), the coefficients of the equation are
bounded by a constant and that constant is independent of the ball,
the point, the chart etc.

The technique of proving the existence of a solution for ¢ € [0, +00) is as
follows. Applying theorems of existence of strong solutions in vector spaces
(see Section 6.2.3), we can prove the existence and uniqueness of a solution
in the chart with center at mg on a random interval [0, 71] where 7 (w) is the
Markov time of the first hit of a sample trajectory £(¢,w) on the boundary of
the above-mentioned ball with specified radius and center at mg in this chart
(if £(t,w) does not hit the boundary at all, 7(w) = o0). Then in an analogous
manner we start a solution from &(71,w) given for [y, 72| where 2(w) is the
Markov time of the first hit to the boundary of the ball centered at £(71,w) in
the corresponding charts, etc. Some estimates are proved for the probability
of hitting the boundary of the ball for small ¢, based on boundedness of
the equation coefficients. Then it is derived from those estimates that a.s.
sup 7, = 0.

T

L Such a trick was used for the first time by It for equations in It6 form in
[149] (this is perhaps the first paper in the literature devoted to stochastic
differential equations on manifolds). For equations in Stratonovich form we
refer the reader to the paper by Clark [40] (see also [66]). The same trick was
used in [23] for It6 equations in Belopolskaya-Daletskii form (see below). In
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[66] the global existence of solutions for the equation from Example 7.6 was
proved by this method.

Usually the radii of balls are estimated in terms of Euclidean distance in
charts. This is why it is not clear whether such a covering exists on a given
manifold for a given equation.

Following [95], here we present a modification of such conditions in which
the radii of balls are measured with respect to a certain Riemannian metric
on the manifold, i.e., we introduce a special class of Riemannian metrics. We
prove an important result that such metrics exist on every finite-dimensional
manifold.

Let M be a connected finite-dimensional Riemannian manifold with Rie-
mannian metric (-,-) and let p be the Riemannian distance function on M.

Definition 7.9. An atlas on M is called a uniform Riemannian atlas if for
every point m € M there exists a chart (V,¢), m € U = ¢(V), of this
atlas such that U contains the metric ball V;,,(r) centered at m and having
a specified radius r > 0 independent of m and U, where V,,(r) is taken with
respect to the Riemannian distance p.

Note that, in general, the metric ball V,,(r) = {m' € M|p(m,m’) < r}
may not be homeomorphic to a ball in the model space and may have a
complicated topological structure.

Obviously, a Riemannian metric possessing a uniform Riemannian atlas is
complete.

Theorem 7.10 [95] For any Riemannian metric on M, there exists a Rie-
mannian metric conformal to it that possesses a uniform Riemannian atlas.

To prove Theorem 7.10, we refine the methods developed in [140, 191] for
the investigation of convex neighborhoods and complete Riemannian metrics.
Theorem 7.10 is a generalization of the main result from [191] proving that
any Riemannian metric is conformal to a complete Riemannian metric.

Pick a Riemannian metric (-,-) on M, i.e., let (-,-),, be an inner product
in the tangent space T,,M, and let p be the Riemannian distance on M
corresponding to (-, ).

It is known (see [161]) that for any point m € M, there exists a number
a(m) > 0 such that the p-metric ball V;,(a(m)) lies in a normal coordinate
neighborhood (chart) of any point m’ € V;,(a(m)). Let r(m) be the least
upper bound of such a(m).

If 7(m*) = oo for a point m* € M, the proof is clear. Assume that r(m) <
oo for all m € M.

Lemma 7.11 For any two points m,m’ € M, the following inequality holds:

‘r(m) — r(m’)’ < p(m,m’). (7.5)



7.1 Stochastic Differential Equations in Stratonovich Form on a Manifold 145

Proof. First, consider the case where m’ € V,,(r(m)). Then Vi, (r(m) —
p(m,m’)) C V,,(r(m)) and, by the definition of r(m'), we have r(m’) >
r(m) — p(m,m’). If r(m) > r(m'), then (7.5) follows. On the other hand,
m € Vip(r(m')) if r(m') > r(m), and, therefore, r(m) > r(m) — p(m,m’),
which proves (7.5). The case where m € V,, (r(m’)) can be dealt with in
the same manner. In the remaining case, the inequalities r(m) < p(m,m’)
and r(m') < p(m,m’) follow from m’ & V,,(r(m)) and, at the same time,
m & Vi (r(m')) . Therefore, |r(m) —r(m’)| < p(m,m’), which completes the
proof of the lemma. a

Without loss of generality, we may assume that the function r(m) is
smooth. If r(m) is not smooth, it can be approximated by a smooth function
r*(m) such that 0 < 7*(m) < r(m) and r*(m) satisfies (7.5).

Let us introduce a new metric (-,-)" on M by the formula

Denote by p* the Riemannian distance on M corresponding to (-, -)".
Lemma 7.12 If p(m,m’) > r(m) then p*(m,m') > 1/2.

Proof. Let ~(t) be an arbitrary piecewise smooth curve such that y(a) = m
and v(b) = m/. Denote its length in the metric {-,-) by L, i.e.,

b
L= / @)l d.

The length of v in the metric (-,-)" can be found by the formula

Ol
L ‘/a ) @

Using the classical mean value theorem, we obtain

.1 b L
L=y L o= s

where 7 € [a, b]. Then

L* = L
r(y(7)) = r(m) +r(m)
and, by Lemma 7.11,
L
L >

r(m) + p(m, (7))
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By assumption, L > r(m). Moreover, p(m,v(r)) is not greater than the
length of « on the interval [a, 7), which, in turn, is not greater than L, i.e.,
L > p(m,y(7)). Thus

L 1
> —— ==
“ILTL 2
Since (2.2) holds for an arbitrary v, p(m,m’) > 1/2 and the lemma is proved.

O

Proof. [of Theorem 7.10] By construction, the metric (-,-)" is conformal to
the original metric (-, -). By definition, a normal chart of the metric (-, -) at m
contains the metric ball V,,, (r(m)) with respect to the distance p. It follows
from Lemma 7.12 that p(m, m') < r(m) when p(m,m’) < 1/2. Thus, at every
point m € M, the normal chart of the metric (,-) contains the ball centered
at m and having the radius 1/2 with respect to the metric p*. Therefore,
{-,-)" is the desired metric. The theorem is proved. O

Theorem 7.13 Let there exist a Riemannian metric on M possessing a uni-
form Riemannian atlas such that a smooth Ito vector field (a(t,m), A(t,m))
is uniformly bounded with respect to the norm of the functional space C'
generated by this metric. Then for every initial condition £(0) = mg € M
equation (7.2) with this Ito vector field has a unique solution well-defined for
allt € [0, +00).

Theorem 7.13 is proved by the argument presented at the beginning of
this Section, modified by replacing distances with respect to the Euclidean
norm by Riemannian distances.

7.2 The Ito Bundle and It6 Equations on a Manifold

The investigation of equations in It6 form on manifolds was initiated by
It6’s paper [149] and yielded interesting constructions clarifying the geometric
nature of stochastic differential equations (see, e.g., [21, 23, 77]).

According to the Ité formula (6.10), under a coordinate change g, a
solution of the equation in It6 form (6.16) transforms into the equation

950 (€(1)) = G lo(t, £))dt + At £(1)du(0)
+ e elia(Alh €0), Al €0 (76)

i.e., the solutions are cross-sections of a special fiber bundle. In order to
describe this bundle precisely, according to Definition 1.32, we first describe
its structure group.

Let M be a smooth manifold of dimension n. Denote by L(R¥ R™) the
space of linear operators sending R* to R™, by GL(n,R) the group of in-
vertible n x n matrices (or invertible linear operators acting on R™) and by
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L?(R") the set of bilinear mappings o : R" x R® — R" (cf. the notation of
Section 1.2).

Definition 7.14. The [t6 group G is the set of pairs (B, () where B €
GL(n,R) and 3 € L2(R™), with the operation defined by the following equal-
ity:

Theorem 7.15 G with operation (7.7) is indeed a group.

Proof. The associativity of (7.7) is verified by direct calculation. The unit in
G is the pair (I,0) where [ is the unit operator and 0 is the zero bilinear
mapping. For a pair (B, ) the inverse element with respect to (7.7) is the
pair (B,8)"! = (B~Y,-B 1o B(B71(:), B71("))). 0

Remark 7.16. As for every Lie group, the tangent space T{; )G at the unit
(I,0) of G; has the structure of a Lie algebra. Note that T(; )G consists
of the pairs {(D, )}, where D € L(R"), the group of all linear operators in
R™ (n x n matrices) and § € L?(R"™). Direct calculations with left-invariant
vector fields on Gy according to formula (1.7) determining the Lie bracket
yields the following formula for the bracket of vectors (D, d) and (E,€) from
T([’O)G]Z

(D, 6),(E,€)] = (DE — ED,E(6(1, D)) — D(e(I, E))). (7.8)
We call the Lie algebra with bracket (7.8) the Ité algebra.

Recall that for a bilinear operator ¥(-,-) on an n-dimensional Euclidean
space taking values in the same space, its trace is the vector defined by the
formula

tr = i@(ei,ei) (7.9)
i=1

where eq,...,e, is an orthonormal frame and the trace does not depend on
the choice of orthonormal frame.
Let ¥ be a bilinear operator on the tangent space T,, M of a Riemannian

manifold which takes values in T,,M. Denote by Wi’? its coefficients with
o) d
BqT7 "2 dg™
metric tensor (see Notation 1.51 and Remark 1.52). Then it is easy to see
that in local coordinates the trace is described by the formula

respect to the basis in a chart and by ¢ the components of the

tr? = g iu. (7.10)

Define the left action of group G on the product R” x L(R¥,R") by the
formula

(B,B) - (X,A) = (BX + %trﬂ(A(-),A(-)LB o A) . (7.11)
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Definition 7.17. The Ité6 bundle I(M) over a manifold M is the bundle
described in Definition 1.32 with standard fiber R" x L(R*, R") and structure
group G that acts on R™ x L(R* R") from the left by formula (7.11).

It is clear that the remaining two elements from the Definition 1.32 of
the bundle (i.e., the total space and projection), are determined here by the
standard fiber and structure group. We emphasize that over every chart U,
on M the It6 bundle is presented as a direct product U, x (R™ x L(R* R™))
and under the change of coordinates g, from the chart U, to another chart
Ug an arbitrary point (m®, (a®, A%)) is transformed according to the rule

1
(a2, 4%0) = (o, ((had® + 0 (4% 4,0 t") ) (722

It is not hard to describe the principal It6 bundle, i.e., the principal bundle
with G as the structure group. In every chart U, it is presented as a direct
product U, x G and under the change of coordinates ¢go to a chart Ug it
transforms according to the rule

(m®, (B*,7*)) = (eam®, (€5aB" €5a7" () + ©ha (B (), B*(-)))) -

It is easy to see that I(M) is a bundle associated with the principal 1t6
bundle where the left action on the fiber is given by formula (7.11).

Definition 7.18. The cross-sections of the It6 bundle I(M) are called the
Ito equations.

We introduce the notation (a,A) for an Itd equation, the value at a
point m is denoted by (G, Ay) or (a(m), A(m)) (in the non-autonomous
case (a(t,m), A(t,m))). This notation makes sense in every chart. Notice
that the second element of the pair is well-defined as a linear operator
A, o R¥ — T,,M (under changes of coordinates A transforms as a linear
operator of this sort, see formula (7.12)). Taking a trivialization in a chart,
a can be identified with a vector from T, M, but this identification depends
on the choice of chart and trivialization (the transformation rule for & under
changes of coordinates depends on A). Convenient coordinate and invariant
descriptions of It6 equations will be given below.

Let (a,A) be an It6 equation and w(t) be a Wiener process in R*. In a
given chart U, we consider the following stochastic differential equation in
1t6 form

d&(t) = a(t, &(t))de + A(t, £(¢))dw(t). (7.13)

Comparing the Itd formula (7.6) and formula (7.12), one can easily see that
equation (7.13) has the correct transformation rule under a change of coor-
dinates, i.e., (7.13) can be considered on the entire manifold M.

A solution of (7.13) is a diffusion process according to Definition 6.17
(see also Section 6.2.3) and so it is a semi-martingale since £(¢) in a chart
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is the sum of an It6 integral fot A(t, &(t))dw(t) (i.e., an ordinary martingale)

and a Lebesgue integral fot a(t, &(t))dt (i.e., a process with bounded variation
of sample paths). Recall (see Section 6.1.4) that under coordinate changes
semi-martingales are transformed into semi-martingales, i.e., the notion of a
semi-martingale is well-defined on manifolds.

However the notion of a martingale is ill-defined on manifolds since under
a coordinate change a martingale is transformed to a semi-martingale. A
natural generalization of the notion of a martingale to the case of processes
on manifolds is the notion of a martingale with respect to a connection that
arises in the works of L. Schwartz and P.A. Meyer. We refer the reader to
[69, 179, 180, 204, 205] where a detailed description of this material in the
general case can be found. Here we introduce it only for the particular case
of diffusion processes.

The construction of the generator described in Section 6.3 is valid for
a solution of (7.13). Recall that a generator is a second order vector field
on M (see Section 2.9). Introduce a connection H on M and consider the
corresponding field of fiber-wise linear operators H : 7M — T'M defined by
formula (2.45).

Definition 7.19. A diffusion process with generator A is called a martingale
with respect to a connection H if HA = 0.

For specialists we mention that in the general case a semi-martingale
is called a martingale with respect to a connection H if the mapping H sends
its quadratic characteristic to zero.

The notions of strong and weak solutions is naturally transferred to
stochastic equations (7.13) as well as to equations (7.2). The existence of
local solution theorems (in charts) also remain valid. Let us present a theo-
rem of existence of a global solution.

Use the natural trivialization of I(M) in every chart and for an It equation
(G, A) determine in this trivialization the norm ||@,,|| as the Riemannian norm
of the vector in T, M that corresponds to the first element of the pair (a, A)
with respect to the given trivialization, and the norm ||A,,|| as the norm of
the linear operator A sending R™ to T;, M where the latter is equipped with
the Riemannian inner product. Recall that a Riemannian metric possessing
a uniform Riemannian atlas exists on every finite-dimensional manifold (see
Section 7.1.2).

Theorem 7.20 Let an Ité equation (a(t,m), A(t,m)) be smooth in m € M
and continuous in t € [0,00). Let on M there exist a Riemannian metric
possessing a uniform Riemannian atlas and let in the charts of that atlas, in
every ball Vp,(r), the estimates ||a(t,m’)|| < C and ||A(t,m)|| < C hold for
all t € [0,00) and m’ € V,,(r) where the constant C' > 0 does not depend on
the choice of chart and ball. Then for every initial condition £(0) = mg € M
there exists a unique strong solution £(t) of equation (7.13) that is well-defined
fort € [0,00).
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Theorem 7.20 is proved by the same argument as Theorem 7.13 (see the
beginning of Section 7.1.2). It is a modification of classical existence state-
ments for solutions of stochastic differential equations on manifolds that are
proved in various settings in [23, 40, 66, 149, 177]. The difference is that
we use the charts of a uniform Riemannian atlas and postulate the uniform
boundedness of the equation in the balls of that atlas with respect to that
metric, while in the above-mentioned papers the existence of a special atlas
and boundedness with respect to Euclidean norms in the balls in the charts
are required (the exact formulation varies depending on the setting).

We should mention that the proof of Theorem 7.20 is quite analogous to
that of [23, Theorem 2.2]. A modification is required only for proving the
estimates (Propositions 2.1 and 2.2 of [23]): one should replace Euclidean
norms in the tangent space by Riemannian norms and Euclidean distances
in charts by Riemannian distances. The proof of [23, Theorem 2.2] remains
valid without change, taking into account the obvious statement that for
every m’ € Vi, (%) the inclusion V,,/(5) C Vi, (r) holds.

Remark 7.21. Theorem 7.20 is a general statement on the existence of solu-
tions for ¢ € [0, 00) (completeness of stochastic flow). Some known conditions
of completeness of flow follow from this theorem as simple corollaries.

For example, let for an equation in Itd form (6.16) in R™ the following
condition of Wintner type (see Theorem 3.39) be fulfilled:

la(t, m)[ + [|AGE,m)|| < L([lm]), (7.14)

where ¢ € [0,00); m € R"; L : [0,00) — (0,00) is continuous and satisfies
inequality (3.16) (the norms are with respect to the Euclidean metric in R™).
For example if L(u) = K(1 + u), K > 0, formula (7.14) turns into an Itd
condition of linear growth (6.21). Without loss of generality we can suppose
that L is smooth (see the proof of Corollary 3.42). Pass to a new Riemannian
metric (3.17), with respect to which from (7.14) it follows that the equation
is uniformly bounded for all ¢ € [0,00) and m € R™. The existence of a
uniform Riemannian atlas for the metric (3.17) on R™ is obvious. Thus from
Theorem 7.20 and Condition (7.14) it follows that the flow of the equation
in R™ is complete.

Define another left action of G; on R™ x L(R* R") by the formula
1
(B.5) (X, 4) = (BX = Jup(A(). AQ). Bod ). (115)

Definition 7.22. The backward Ité bundle I.(M) over a manifold M is a
bundle (according to Definition 1.32) with standard fiber R® x L(Rk, R")
and structure group G that acts on R™ x L(R* R™) from the left by formula
(7.15).

Over every chart U, on M the backward It6 bundle is presented as a
direct product U, x (R” x L(R*¥,R™)) and under the change of coordinates
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8¢ from the chart U, to another chart Ug an arbitrary point (m®, (a®, A%))
is transformed according to the rule

[e3 (03 e (03 [e3 1 [ [e3 [e3%
(m®, (a®, A%)) — <<p5(,m ,<<p’ﬁaa —itrgaga(A VA ),ga’ﬁaA >) (7.16)
Definition 7.23. The cross-sections of a backward Ité bundle I.(M) are
called backward Ité equations and are denoted by (., A).

7.3 Itd6 Equations in Belopolskaya-Daletskii Form

If a connection is specified on a manifold M, one can apply it to identify the
1t6 equations from Section 7.2 with the It6 vector fields from Section 7.1 so
that this identification is invariant with respect to changes of coordinates,
i.e., it is well-defined on the entire manifold.

Definition 7.24. An Ito vector field (a, A) and an Ité equation (@, A) are
said to canonically correspond to each other at a point m € M with respect
to the connection H if at m they coincide under the trivialization in the
normal chart of H at m. If this identification is fulfilled at all points m € M,
(a, A) and (G, A) are said to canonically correspond to each other with respect
to Hon M.

Lemma 7.25 An Ité vector field (a, A) and an Ité equation (a, A) canoni-
cally correspond to each other with respect to a connection H on M if and
only if in every chart Uy the fields of linear operators A and A coincide and
a and a are related by the formula

a(t,m) = a(t,m) — %tr T (At m), A(t,m)), (7.17)

where Iy, (-, -) is the local connector of H in the chart.

Proof. The equality A(t,m) = A(t,m) trivially follows from the facts that at
every point the linear operators coincide in the normal chart and have the
same rule of transformation under changes of coordinates.

To prove (7.17), choose some m € U, and consider the normal chart U,
of H at this point. Let X,Y € T,,M. Consider the vector in T{,, x)T'M
which is described in U, by the quadruple (m,X,Y,0) (see Section 2.1).
Then by formula (2.10) in another chart U, this vector takes the form
(Panm, @b, X, 00 Y, o (X,Y)). Since in U, the local connector of H at
m equals zero, from formula (2.19) we obtain that I',,,(X,Y) = —¢ll (X,Y)
in Uy.

Since a(t, m) and a(t,m) coincide after trivialization, in the chart U,, and
under the change of coordinates ., they transform by formulae (1.1) and
(7.12), respectively, and in the chart U, they satisfy the relation
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1
a(t,m) = a(t,m) + itr o (A(t,m), A(t,m))
1
= a(t,m) — gtr I, (A(t,m), A(t,m)).

The proof of sufficiency is based on the same formulae. a

The generator A of the flow of (G, A) is well-defined on a manifold, it is a
second order tangent vector (see Section 2 9) that in local coordinates of some

chart U, takes the form A = a* 8qk +1 50 a*
a and a¥ are elements of the matrix AA*.

where a” are coordinates of

82
Bq t9qd
Lemma 7.26 Let (a, A) be the Ito vector field canonically corresponding to
the It equation (a,A) with respect to the connection H. Then a = H(A)

where H : TM — TM 1is the mapping generated by the connection H via
formula (2.45).

Proof. Note that trI',,(A(t,m), A(t,m)) = Fi’;-aij% where, as above, a'/

B)
are the elements of the matrix AA* in local coord(i]nates. By Lemma 7 25
a(t,m) = a(t,m) — 3trl'y(A,A). Then HA = a(t,m) — 37Fa" 3% +
1F£ i B‘Z = a(t,m). o

We now turn to the construction of Ya.l. Belopolskaya and Yu.L. Daletskii
(see, e.g., [43, 23]), by means of which it is very easy to describe the Ité
equations in terms of It6 vector fields and connections.

Definition 7.27. The forward stochastic differential
a(t,m)dt + A(t,m)dw(t)

at a point m € M given by an Itd vector field (a, A) is the class of stochastic
processes in the tangent space T, M that consists of the solutions of all
stochastic differential equations of the form

t+s t+s _
X(t+s)= /t a(r, X(r))dr + ) A(r, X (7))dw(7),

where a(r, X) is a vector field on T,,M; A(r,X) : R¥ — T,,M is a linear
operator depending on the parameters 7 € R and X € T,,M; and the fol-
lowing conditions are satisfied: (7, X) and A(7, X) are Lipschitz continuous,
are equal to zero outside some neighborhood of the origin in 7;,, M and such
that for 7 > ¢ the equalities a(7,0) = a(t,m) and A(r,0) = A(t,m) hold.

Note that since @(7, X) and A(r, X) are Lipschitz continuous, the process
X (t+s) is a strong solution of the equation and so it is well-defined for every
Wiener process in R¥.

Let H be a connection and consider its exponential mapping exp.
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Definition 7.28. We say that a process £(t) satisfies the [to equation in
Belopolskaya-Daletskii form

d€(t) = expe(y (alt, £(8))dt + A(t, £(1))dw(t)) (7.18)

if for every point £(t) there exists a neighborhood of £(t) in M such that
before £(t + s), s > 0, leaves this neighborhood, £(t + s) a.s. coincides with a
process from the class expg ) (a(t, §(t))dt + A(t, £(t))dw(t)).

Theorem 7.29 Let (a, A) be the Ité vector field canonically corresponding
to (G, A) with respect to the connection H. Equation (7.13) for a process &(t)
is fulfilled if and only if equality (7.18) holds for £(t).

Proof. Let Iy, (+,-) be the local connector of H in a chart U,. By formula
(7.17) we have that a(t,m) = a(t,m) — 5tr I'y,(A(t,m), A(t,m)). Thus equa-
tion (7.13) in U, can be equivalently written by means of the It vector field
(a(t,m), A(t,m)) in the form

dg(t) = a(t, &(t))dt — %tr ey (A(1,6(1)), A, £(2)))dt + A(t,£(2))dw(t).
(7.19)
Recall that in the chart U, the exponential mapping of H for m € U, and
X € T,,M to within terms of order X? is presented via the Taylor expansion
(see [63])

1
exme:m+X—§Fm(X,X)—|—.... (7.20)

From formula (7.20) and Theorems 6.10 and 6.12 it follows that to within
terms of order higher than dt the equality

expg(t) (ag(t)dt + Ag(t)dw(t)) = ﬁ(t) + a(t, €(t))dt

_ %tr Tey (At €(1)), Ak £(1)) )t
+ A(t €(1))dw(?) (7.21)

holds. The assertion of the theorem follows by comparing equalities (7.19)
and (7.21). O

Thus for equations of type (7.18) the existence of solution theorems from
Section 7.2 are applicable.

Remark 7.30. In the literature the local expression (7.19) for (7.18) is
known as the It6 equation in Baxendale’s form after P. Baxendale who inde-
pendently found this presentation of It6 equations in charts (see. [21]). We use
this term strictly for the local description, retaining the term “It6 equation in
Belopolskaya-Daletskii form” for global expressions of type (7.18). The first
publication by Ya.l. Belopolskaya and Yu.L. Daletskii in this direction was
[44]. Notice also Gangolli’s paper [77] where local connectors were first used
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for the covariant description of diffusion processes on manifolds. This paper
was the inspiration for further constructions.

By Theorem 7.29, having specified various connections, we can express an
1t6 equation in different Belopolskaya-Daletskii forms corresponding to those
connections. Thus it is a reasonable idea to look for the “best” connection
relative to a given problem. A “good” connection, well-defined in some special
cases, is described in [43]. Equations in Belopolskaya-Daletskii form with
respect to this connection are equations in Stratonovich form.

The next statement gives an example of another useful connection.

Theorem 7.31 Let (a,A) be an Ité equation on a manifold M that is
smooth, autonomous and such that A(m) has rank equal to dim M at all
m € M. Then there exists a connection on M such that the corresponding
equation in Belopolskaya-Daletskii form has no drift, i.e., it is described as

de(t) = exper (A(E (1)) dw(t)). (7.22)

Proof. Since A(m) is smooth and has rank equal to dim M at all m € M,
the symmetric (2,0)-tensor field AA* on M is smooth and positive definite.
Hence it can be taken as a metric (2, 0)-tensor on M. Denote its matrix in a
chart by (a%). Then the (0, 2)-tensor (a;;) = (a¢¥)~! is a Riemannian metric
on M. Note that a;; and a' are the components of this metric tensor. Denote
by H the Levi-Civitd connection of this metric, by I'(-,-) its local connector
and by Fi’} the corresponding Christoffel symbols of the second kind. Thus the
equation in Belopolskaya-Daletskii form corresponding to (a, A) with respect
to H in a chart takes the form (7.19) with the above local connector where
(a, A) is the Ito vector field canonically corresponding to (G, A) with respect
to H.

In [148, Proposition V.4.3] it is shown that for every vector a = a*-2

aq*
(in particular for a, the first term of the Ito vector field (a, A)) there ex-
ists a Riemannian connection H of the metric (a;;) with Christoffel sym-

bols I}fi such that a¥ = $a" (I} — I}). Denote by I'(-,-) its local con-

nector. Recall that tr I'(A, A) = a¥I';. Thus, replacing a(t,(t)) in (7.19)
by %aij(l“i’; — Z:‘Z-’;), we obtain that the equation takes the form d¢(¢) =

—5tr Der (A(E(t)), A(E(t)))dt+A(£(t))dw(t). Hence the equation in Belopol-
skaya-Daletskii form corresponding to (G, A) with respect to H is (7.22). O

Corollary 7.32 Let A(m) be a smooth autonomous second order vector field
on M with invertible matrices of coefficients at second derivatives. Then there
exists a connection on M such that A is the generator of a solution of a type
(7.22) equation with respect to this connection.

Remark 7.33. Theorem 7.31 and Corollary 7.32 are obtained by modifying
to It equations a construction from [148; Section V.4] involving equations in
Stratonovich form. The generalization of that construction to the case where
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A has non-maximal but constant rank, for equations in Stratonovich form, is
presented in [68, Theorem 2.1.1].

We describe the transformations of equations of type (7.18) under certain
special mappings. Let M and N be manifolds equipped with connections.
Denote the exponential mapping on N by exp” and retain the notation exp
for the exponential mapping on M. Let F : M — N be a C?-mapping that
sends geodesics of the connection on M to geodesics of the connection on N.
This means that F oexp(X) = exp (T Fo X) for X € TM (see Section 2.4).
From this we immediately obtain the statement that replaces Theorem 7.7
for equations (7.18) (see [23]):

Theorem 7.34 Under the above-mentioned assumptions for a solution &(t)
of equation (7.18) on M the process F(£(t)) on N satisfies the equation

AF(&(t)) = exppepy) (TF(a(t, £(t)dt + TFA(t, (1)) dw(t)).

Now we can present several existence theorems adapted to equation (7.18).
For this we introduce the following notion.

Definition 7.35. We say that a connection H and a Riemannian metric (-, )
on M are compatible if (-,-) has a uniform Riemannian atlas in whose charts
on the balls V,,,(r) the local connector I'y,, (X, X) at all m’ € V;,,(r) is uni-
formly bounded in the norm generated by the metric, as a quadratic operator
of X, by a certain constant Cy > 0 independent of the choice of chart and
ball.

It is obvious that on a compact manifold every Riemannian metric and
every connection are compatible. Another class of examples exhibiting this
behavior are the left-invariant (right-invariant) Riemannian metrics and con-
nections on Lie groups. Indeed, a left-invariant metric (-, -) on a Lie group G
has a uniform Riemannian atlas constructed by left shifts to points g € G of
a specified chart in a neighborhood of the unit. The estimates for the local
connector of a left-invariant connection in the charts of the obtained atlas
remain the same as in the above-mentioned chart at the unit, i.e., they are
independent of the choice of chart and ball. The same argument is valid for
right-invariant metrics and connections.

Let a connection H be given on M. Denote by exp its exponential mapping.

Theorem 7.36 Let an Ité vector field (a(t,m), A(t,m)) be smooth inm € M
and continuous in t € [0,00). Let there exist a Riemannian metric on M,
compatible with H, with respect to which ||a(t,m)| < Cy and ||A(t,m)|| < Cy
(here C1 > 0 is a constant) for all t,m. Then for every initial condition

£(0) = myg there exists a strong and strongly unique solution £(t) of equation
(7.18), well-defined for all t € [0,00).

Using Theorem 7.29 and formula (7.19), Theorem 7.36 is reduced to The-
orem 7.20.
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Remark 7.37. The hypothesis of Theorem 7.36 is satisfied for an auton-
omous smooth Itd vector field on a compact manifold and any connection
H.

Let (£2,F,P) be a probability space. All o-subalgebras of the o-algebra F
that we use below in this section are assumed to be complete.

Theorem 7.38 Let the following objects be given: a mon-decreasing family
of o-subalgebras By of F (t € [0,1], | > 0) and a Wiener process w(t) in R"
adapted to By; a stochastic process a(t) in R™ and a stochastic process A(t)
with values in the space L(R™) of linear automorphisms of R™; a connection H
on the manifold M, compatible with a Riemannian metric (-,-); and a field of
linear operators Fp, : R® — T,, M smooth in m € M and uniformly bounded
in the norm generated by (-,-). Assume that the processes a(t) and A(t) are
non-anticipating with respect to By, a.s. have continuous sample paths and
such that both a(t) and A(t) are a.s. bounded in norm, uniformly in t, by a
certain constant. Then for every initial condition £(0) = mo € M there exists
a strong and strongly unique solution &(t) of the equation

dE(t) = expeyy (Beqnalt)dt + Eg A(t)dw(t)),

non-anticipating with respect to By and a.s. having continuous sample paths,
that is well-defined for t € [0,1].

The equation (7.19) under consideration is reduced to an equation of type
(7.13) with random coefficients. The remaining part of the proof is analogous
to that of [23, Theorem 2.2], modified as described in Remark 7.21.

Note that the equation in Theorem 7.38 is an analog of the equation in
Stratonovich form in Example 7.6. The proof of Theorem 7.38 can also be
obtained from the results of [66] for equations in Stratonovich form.

Remark 7.39. The conditions formulated in the hypotheses of Theorems
7.36 and 7.38 can be slightly weakened. Indeed, from formula (7.19) and
Theorem 7.20 it follows that in Theorem 7.36 instead of the compatibility of
connection and metric it is enough to require that the estimate

||trFm’ (A(ta m/)a A(ta m/)) ” <2

for m’ € V,,(r) holds on the balls V,,,(r) in the charts of a uniform Rieman-
nian atlas where co is a certain constant independent of ball and chart. In
Theorem 7.38 the conditions can be weakened in an analogous way.

Now we are in a position to present an example of an equation in Belopols-
kaya-Daletskii form that is used below.

Ezample 7.40. Consider an Itd vector field (a(t,m), A(t,m)) as in Exam-
ple 7.4 where a(t,m) and B(t, m) are smooth. For this field the It6 equation
in Belopolskaya-Daletskii form
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d&(t) = expery(alt, §(t))dt + A(t, £(2)))dw(t) (7.23)

is well-defined where w(t) is a Wiener process in R (see Example 7.4) and exp
is the exponential mapping of a connection on M. Introduce a Riemannian
metric on M (for example, the first fundamental form generated by the inner
product in R¥). If M is a compact manifold, the connection and metric are
compatible in the sense of Definition 7.35. The existence of a strong solution
for all ¢ € [0, 00) is proved as above.

We conclude this section with a description of a class of stochastic differ-
ential equations on infinite-dimensional Hilbert manifolds that will be used
below. This class is a particular case of the equations on infinite-dimensional
manifolds considered in [23] (see also [35, 66], where equations in Stratonovich
form are considered).

Let M be a Hilbert manifold, H be a connection on M and G(:,-) be
a strong Riemannian metric on M (the term “strong” means that G(-,-)
determines the topology of the model space in tangent spaces to M; the
description of Riemannian metrics and connections on infinite-dimensional
manifolds can be found, e.g., in [172], see also Chapter 10 for the particular
case of groups of diffeomorphisms). Notice that in this case Definition 7.9 of
a uniform Riemannian atlas and Definition 7.35 of compatible metrics and
connections remain valid.

Let a(t,m) be a vector field and A(t,m) be a field of linear operators
A(t,m) : R™ — T,, M where m € M, t € [0,1] and R"™ is the Euclidean space
in which a Wiener process w(t) takes values. As in the finite-dimensional
case the pair («, A) is called an It6 vector field and for this field (and for the
exponential mapping exp of the connection H) equation (7.18) is well-defined.
For convenience of reference we formulate an existence of solution theorem
for (7.18) in this case as a separate statement.

Theorem 7.41 Let the above mentioned objects G, H, a(t,m) and A(t,m)
be given on a Hilbert manifold M and let the conditions of Theorem 7.36 be
satisfied for them. Then for every mog € M there exists a strong and strongly
unique solution &(t) of equation (7.18) with initial condition £(0) = mg, well-
defined for all t € [0,1].

Note that Theorem 7.41 is valid for every finite-dimensional Euclidean
space R™. As for Theorem 7.36, the proof of Theorem 7.41 is reduced to
Theorem 7.20. Recall (see Remark 7.21) that the proof of Theorem 7.20 is
analogous to that of Theorem 2.2 in [23] (proved in the infinite-dimensional
case). The modification mentioned in Remark 7.21 is also valid here.
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7.4 Completeness of Stochastic Flows

7.4.1 Setting up the problem and a necessary condition
for completeness

In this Section we follow [114] and [116].

Let M be a finite-dimensional non-compact manifold. Consider a stochas-
tic flow £(s) on M generated by a stochastic differential equation in Itd or in
Stratonovich form with smooth coefficients. Since the coefficients are smooth,
we can pass from the Stratonovich to the It6 equation and vice versa. By A
we denote the generator of this flow.

Consider the one-point compactification M | J{oo} of M where the system
of open neighborhoods of co consists of complements to all compact sets
of M. Denote by £(s) : M — M |J{oo} the stochastic flow. For any point
m € M and time t the orbit & ,,(s) of this flow is the unique solution of
the above-mentioned equation with initial conditions & ,,(t) = m. As the
coefficients of the equation are smooth, this is a strong solution and so a
Markov diffusion process given on some random time interval. The point oo
is the “cemetery” where the solution (defined on a random time interval)
arrives after the explosion.

We refer the reader to [174] for more information on the behavior of a
diffusion process at infinity.

Recall that the generator A is a second order vector (see Definition 2.74).
In local coordinates one can find the matrix of its pure second order term,
which is symmetric and positive semi-definite.

For a stochastic flow the generator plays the same role as the derivative in
the direction of a vector field in the right-hand side of an ordinary differential
equation. The main result on completeness for stochastic flows here is analo-
gous to Theorem 3.3 where the derivative in the direction of the vector field
X7 is replaced with the corresponding generator. However in the stochastic
case there is an additional difficulty that for a flow with inverse time direction
the generator does not coincide with the generator for the flow itself. This
is why we obtain a necessary and sufficient condition for completeness only
for flows with the additional assumption that the flow must be continuous at
infinity (see the exact Definition 7.44 below).

We denote the probability space, where the flow is defined, by (£2, F,P)
and assume that it is complete. We also deal with separable realizations of
all processes.

Let T be a positive real number.

Definition 7.42. The flow {(s) is complete on [0, T if & ., (s) a.s. takes val-
ues in M for any pair (t,m) (with 0 < ¢t < T') and for all s € [t,T]. The
flow £(s) is complete if it is complete on any interval [0,7] C R (cf. Defini-
tion 6.30).
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We start with a sufficient condition for completeness of a stochastic flow
analogous to conditions for completeness of ODE flows with one-sided esti-
mates. This is a simple version of a rather general sufficient condition [66,
Theorem IX. 6A]. We use the notion of a proper function introduced in Def-
inition 3.2.

Theorem 7.43 Let there exist a smooth proper function ¢ on M such that
A(t,m)p < C for some C >0 at all t € [0,400) and m € M. Then the flow
&(t, s) is complete.

Proof. Consider the collection of subsets Wy = ¢~1([0,k)) of M where k

ranges over the positive integers. Since ¢ is proper, these sets are relatively

compact and |J Wy = M. Besides, by construction W; C W1, 4i=1,2,....
k

Let t € [0,400) and m € M and consider the orbit & ,,,(s). Denote by
Tk, the first time & ,,,(s) hits the boundary of Wj,. Transform ¢ (& (s A %))
by the Ito formula. Since Wi is relatively compact, the It6 integral on the
interval [t, s A7) is a martingale and so its expectation is equal to 0. Then

SATE

E(€m(s A 7)) = p(m) + / (A@) (0, £4.(6))d8 < p(m) + Cs,

t

since A(t,m)p < C and s > s A 7.
Consider the set 2F = {w € 2 | s < 7}. Obviously k(1 — P(2F)) <

Ep(€,m (s A k), since for w ¢ 28 we get &m(s A 7i,w) = &um(7w), ie,
O(&4m(s A Tg,w)) = k. Thus,

o(m) + CS.

— P(0*
(28) < =

(7.24)

Hence klim (1—P(£2F)) = 0. However by construction, hm 0k = U 08 =

i.e., for any given s > ¢ the value & ,,(s) exists in M Wlth probablhty 1. O

7.4.2 A necessary and sufficient condition for
completeness of flows continuous at infinity

In this Section the maximal assumption on the stochastic flow is that its gen-
erator A(t, x) is smooth and strictly elliptic (i.e., in a local coordinate system
its pure second order term is described by a positive definite, i.e., invertible,
matrix). This assumption allows us to apply the machinery from [12]. Notice
that using this machinery we can reduce the condition that the stochastic
equation is C'*°-smooth to the assumption that it is Holder continuous. How-
ever, in some statements in this Section we use weaker assumptions, indicated
in the hypotheses.
Let £(s) be a (not necessarily complete) stochastic flow.
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Definition 7.44. We say that the flow £(s) is continuous at infinity if for
any 0 <t <7T and any compact K C M the equality

lim P(&.n(T)) € K) =0 (7.25)

m— 00
holds.

One can easily see that continuity at infinity according to Definition 7.44
means that for any ¢t € [0,400) and for all s € [t,+00) the correspon-
dence (m, s) — & m(s) is continuous (in probability) at the point (s, {co}) €
[t,00) x (M |J{o0}). See [203, 206] for details.

As an example we mention that a flow whose diffusion semigroup has the
so-called C property is continuous at infinity. We refer the reader to [206]
for relations between continuity of a flow on M (J{oo} and the Cj property of
the corresponding diffusion semigroup (see also, e.g., [12] and [67] for details
on the Cy-property).

Our next task is to construct a special proper function associated to a
complete stochastic flow £(s).

Consider an expanding sequence of compact sets M; such that M; C M; 11
for all i and | J; M; = M. Let (T;) be an increasing sequence of real numbers
tending to +o0.

For (t,m) € [0, T;] x M; the distribution function y y, s of random elements
&m(8), s € [t,Ti], on M form a weakly compact set of measures. Indeed,
take an arbitrary sequence of random elements &;, , (si) with corresponding
IMeASUTes fit, m, s, - Since [0, T;] x M; x [0, T;] is compact, it is possible to select
a subsequence (tg,, mg,, Sk,) of the sequence (ty,ms, sx) which converges (to
(to, mo, So), say). It is a well-known fact that the function Ef(& mn(s)) is
continuous jointly in t,m, s for any bounded continuous function f : M —
R. Then we obtain that E(f (&, ,my, (Sk,))) = E(f(&to,mo(50))), i.e., from
any sequence of measures described above it is possible to select a weakly
converging subsequence.

Take a monotonically decreasing sequence of positive numbers ¢; — 0 such

o0
that the series ) /g; converges. From Prokhorov’s theorem it follows that
i=1

1=
for the measures corresponding to & ., (s), s € [t,Ti], (t,m) € [0,T;] x M;
mentioned above, there exists a compact =; C M such that for all jizm, s
the inequality psm,s(M\Z;) < €; holds. Construct an expanding system of

K3
compact sets ©; O |J =k for any i, being closures of open domains in M
k=0

with smooth boundary and such that ©; C ©;44 for any i and | J, ©; = M. By
construction, for s € [0,T;], (t,m) € [0,T;] x M; the relation pi; m, s(M\O;) <
g; holds. In particular, (i m,s(©i+1\0;) < €;.

Choose neighborhoods U; C ﬂl of the set ©; that are proper subset of
©,4+1 and consider a smooth function v; that equals 0 on U;, equals 1 on
@i+1\ﬂi and takes values between 0 and 1 on ﬂz\uz Construct the function
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6 on M setting its value on ©;41\6; equal to %‘% + (1 =) \/%
that on ©;11\0; the values of 6 are not greater than \/%

Immediately from the above construction we obtain the following:

Lemma 7.45 For a complete flow £(s) the function 6, constructed above, is
smooth, positive and proper.

Theorem 7.46 If the flow £(t) is complete, for every (t,m) and every T >t
the inequality EO(&; m(s)) < oo holds for each s € [t,T).

Proof. Take 4 such that [0,T] C [0,T;], t € [0,7;] and m € M,;. Then
Htm,s(M\O;) < g; and s0 g m,s(0;) > (1 — ;). By construction, the values
of the continuous function 6 on compact @; are bounded by the constant

R‘

1 . ;
Neek Then also by construction
E0(&1,m(s)) <= Zsk N \/_ (7.26)

o0
for some positive constant C' since by definition the series > /& con-
k=it+1
verges. O

Corollary 7.47 The function E0(&; ., (s)) is integrable in s € [t,T).

Proof. From the construction in Theorem 7.46 it follows that for given ¢, m,
estimate (7.26) is valid with the same C for all s € [¢, T1. O

Theorem 7.48 For every stochastic flow £(s) on a manifold M that is com-
plete on an interval [0, T, there exists a proper positive function 6 on M such
that for allt € [0,T], m € M and s € [t,T] the inequality E0(&; m(s)) < oo
holds.

Theorem 7.48 follows from Lemma 7.45 and Theorem 7.46.
Let T > 0 and consider the direct product MT =[0,T] x M. Denote by
: MT — M the natural projection: 77 (t,m) = m.

Theorem 7.49 Let the generator A of the complete flow be smooth and
strictly elliptic. Then the function u(t,m) = E0(&.m(T)) on M7 is C1-
smooth in t € [0,T], C?-smooth in m € M and satisfies the equation

(% + A) uw=0 (7.27)

Proof. Since M is locally compact and satisfies the second countability axiom
(and hence is paracompact, see Section 1.1) we can choose a countable locally
finite open covering {V;}2; of M such that all V; have compact closures.
Consider a smooth partition of unity {y;}5°, adapted to this covering. Then
at any point m € M the equality 6(m) = Zz:l wi(m)0(m) holds.
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Introduce the functions v;(m) = ;(m)f8(m) and the functions u,;(t, m) =

k
Ev;(&.m(T)) and 0k (t,m) = 3 u;(t,m). Notice that all v;(m) are smooth

=0

and bounded. Then all v;(m) satisfy the conditions of [81, Theorem VIII.4.1]
and so all u;(t, m) are C'-smooth in ¢, C?-smooth in m and satisfy the relation
%ui + Au; = 0. Hence all functions 0y (¢, m), being finite sums of functions
u;(t,m), are also C*-smooth in ¢, C*-smooth in m and satisfy 2 0),+.46), = 0.

In addition it is evident that (¢, m) is the limit of 0y (¢,m) as k — oo and
the functions 6y (¢, m) form an increasing locally bounded sequence. Then,
since A is strictly elliptic, the assertion of the Theorem follows from standard
Schauder estimates. (For autonomous A, see [12, Lemma 1.8].) O

Theorem 7.50 If a complete flow £(s) is continuous at infinity, the function
u(t,m) = E0(&.m(T)) on MT is proper.

Proof. Let £(s) be continuous at infinity. To prove the properness of u(t, m)
it is sufficient to show that u(t,m) — oo as 6(m) — oo, i.e., that for any
C > 0 there exists = > 0 such that §(m) > = yields u(t,m) > C for any

€ [0,T]. Since @ is proper, K = 671([0,2C]) is compact. From formula
(7.25) in the Definition 7.44 of continuity at infinity it follows that for any
t € [0,T] there exists a = such that P(&,,,(T) ¢ K) > 3 for §(m) > =. Then
u(t,m) = E0(&,,(T)) > 2C-1 = C. Since ¢ belongs to the compact set [0, 7]
and u(t, m) is continuous in ¢, this completes the proof. ]

On the manifold M7 consider the flow n(s) = (s,£(s)). Obviously for
(t,m) € M™ the trajectory of . n(s) satisfies the relation 77 (9 m(s)) =
& m(s). It is clear that n(s) is the flow with infinitesimal generator A7 de-
termined by the formula:

0
T —

AT is a direct analog of the differentiation in the direction of X described
in Theorem 3.3.

Theorem 7.51 A flow &(s) on M, continuous at infinity and having a
smooth strictly elliptic generator, is complete on [0, T] if and only if there ex-
ists a positive proper function ul : MT — R that is C'-smooth in t € [0,T),
C?-smooth in m € M and such that ATuT < C for some constant C' > 0 at
all points (t,m) € MT.

Proof. Let there exist a smooth proper positive function u”(t,m) on M7T
such that ATu” < C at all points of M7T. Then from Theorem 7.43 it follows
that n(s) is complete. Thus £(s) is also complete.

Let £(s) be complete. Consider the function #(m) on M introduced above
and the function u®' (¢, m) = E0(&;,,,(T)) on MT. Since £(s) is continuous at
infinity, u” (t,m) is proper by Theorem 7.50. By Theorem 7.49 it is also C*
in ¢, C? in m and satisfies the relation (% + Al = ATuT = 0. O
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Corollary 7.52 A flow £(s) on M as in Theorem 7.51 is complete if and
only if for all T > 0 there exists a positive proper function v : M7 — R
on MT that is Ct-smooth in t € [0,T], C%-smooth in m € M and such that
ATu(t,m) < C for some constant C > 0 at all points (t,m) € MT.

7.4.3 Remarks on L'-complete stochastic flows

For a stochastic flow &£(s) in the Euclidean space R™ there is a property
stronger than ordinary completeness, where £(s) is complete and in addi-
tion each of its orbits & ,(s) at every s > t belongs to the functional space
Ll((‘Q’fv P)aRn)a Le., E||£t,r(s)” < o0.

In the general case of flows on manifolds it is natural to replace the norm
by a proper function, i.e., to suppose that there exists a positive proper
function ¢ on M such that Ev (&, »(s)) < oo for all s > ¢ (note that both the
norm in R™ and the distance with respect to a complete Riemannian metric
are proper functions). Moreover, by Theorem 7.48 such a function exists for
every complete flow.

In order not to lose some useful properties of E||& ,(s)|| (which are not
possessed by the function from Theorem 7.48 without additional assump-
tions), in [120, 121] we introduced the notion of an L!-complete stochastic
flow as follows:

Definition 7.53. A flow £(s) on a finite-dimensional manifold M is called
LY -complete on [0,T] if the following conditions are fulfilled:

(i)  &(s) is complete on [0,T];

(ii)  there exists a smooth proper positive function v : M — R such that
Ev(&m(T)) <ocoforallme M, te[0,T];

(i) for each K > 0 there exists a compact Cxr C M, depending on K
and T, such that the inequality Ev(&; ., (T)) < K yields m € Ck r;

(iv)  the function f(t,m) = Ev(&:,,(T)) is C'-smooth in ¢ and C?-smooth
in m.

A flow is L'-complete if it is L'-complete on every interval [0,7] C [0, c0).

As above, introduce MT = [0,7] x M and the process Neem)(8) =
(5,&.m(s)) on MT. By AT we denote the generator of the flow 7(s). Let
uw: M7 — R be a proper function. Consider the sequence of compact subsets
Wi = u=1([0,k]) of MT. Specify a point (t,m) € MT and for k such that
(t,m) € Wg, denote by 7 the time 7 ,,)(s) first hits the boundary of W.

In [120, 121] the following necessary and sufficient conditions for L!-
completeness are obtained.

Theorem 7.54 ([120, Theorem 3.1]) The flow £(s) on M is L*-complete on
[0,T], T > 0, if and only if there exists a smooth proper positive function
u(t,m) on MT such that for all (t,m) € M™ the equality Aa’m)u = C holds
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where C is some constant, and for all (t,m) € MT the random wvariables
w(nee,m) (T A 7)) are uniformly integrable.

Theorem 7.55 The flow £(s) on M is L'-complete on [0,T), T > 0, if and
only if there exists a smooth proper positive function v on M™T such that at
every (t,m) € MT the following conditions are satisfied:

1) AT < C where C is a positive constant;

2)  Bu(ne,m(T)) < oo and |Eu(n,m)(T)) — u(t,m)| < C1 where Cy is a
positive constant;

3)  the function Eu(ng ) (T)) is C'-smooth in t and C*-smooth in m.

The assertion of Theorem 7.55 follows from [121, Theorem 3.6].
The constructions from Section 7.4.2 allow us to obtain the following suf-
ficient condition of L'-completeness.

Theorem 7.56 A complete flow, continuous at infinity and having a smooth
strictly elliptic generator, is L'-complete.

Indeed, from Lemma 7.45 and Theorems 7.46, 7.49 and 7.50 it follows that
the function 6 constructed in Section 7.4.2, under the hypotheses of the The-
orem, meets all requirements set up for the function v by Definition 7.53. In
particular, Condition (iii) of Definition 7.53 is fulfilled since by Theorem 7.50
the function u(t,m) = E0(&.,,(T)) is proper on M7T.

7.5 A Condition for Weak Compactness of Measures
Corresponding to Solutions of Stochastic
Differential Equations

Lemma 7.57 Consider on M a sequence of smooth It equations (4q(t,m),
Aq(t,m)), t € [0,T] C R, with generators Aq(t,m), respectively, such that:

(a) over each compact set K C M the images (a4([0,T],K), A4([0,T], K))
for all q belong to a compact set in I(M);
(b)  there exists a C*-smooth proper function v : M — R such that for all
q the inequality
Ay < C (7.29)

holds for some constant C > 0 independent of q, t and m.

Then

(1)  for every moy € M there exist strong solutions &,(t) with initial con-
dition £,(0) = mg of all Ité equations (a4(t,m), A4(t,m)) that are
strongly unique and well-defined on the entire interval [0,T];

(i)  the set of measures {pq} corresponding to &4(-) on the Banach manifold
2 = C%[0,T), M) of continuous curves in M, equipped with the o-

algebra F generated by cylinder sets, is weakly compact.
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Proof. Recall that a solution that exists up to the first time the boundary of
some chart including mg is hit is said to be a local solution. The existence
and strong uniqueness of strong local solutions &,(-) for all ¢ follows from the
fact that all (G4(t,m), A¢(t, m)) are smooth and hence are bounded on every
relatively compact chart. The global existence follows from Condition (b) by
Theorem 7.43.

For every integer p consider the set W, = 1 ~1([0,p]). Since ¢ is proper,
these sets are compact and |J W, = M. Besides, by construction W,, C W11

forall p=1,2,.... Thus mé) belongs to W), for sufficiently large p.

For a curve z(-) € CY([0,T], M) denote by 95(') the time the boundary of
W, is first hit. Introduce the subset in 2 of the form 2, = {z(-) | T < 95(')}
(i.e., every z(t) from (2, lies in W, for all ¢ from ¢t = 0 to t = T'). Taking into
account condition (b) it follows from the proof of Theorem 7.43 (see (7.24))
that p14(2,) > 1 — W for all q. Thus for every € > 0 there exists a p

large enough such that
€
pg($2p) > 1 — D) (7.30)

for all q.
Employing the routine machinery of unit decomposition, one can easily

construct a sequence of smooth Ité equations (a4(t,m), A4(t,m)) such that
(aq(t,m), Ay(t,m)) coincides with (a,(t,m), A,(t,m)) for m € W, for all ¢,
and (a,(t,m), Ay(t,m)) equals zero outside some relatively compact neigh-
borhood V}, of W), for all g.

Now choose an arbitrary complete Riemannian metric g(-,-) on M and
by Nash’s Theorem 1.46 embed M isometrically into a Euclidean space R¥
with K large enough. Introduce an Ito vector field (a,(t,m), A,(t,m)) on
V, by setting A,(t,m) = A,(t,m) and in each chart U in V, by setting
ak(t,m) = a*(t,m) + I'};a" where I'}; are Christoffel symbols of the second
kind of the Levi-Civita connection of the metric g(-, -) in U, (@) = (A})(A])*.

Let N(M) be the normal bundle of M in RX with fibers N,,, m € M.
Denote by © a relatively compact tubular neighborhood of M over V), in
RE (it exists since V,, is relatively compact) and by r : © — V,, the smooth
retraction of © onto V,, along the fibers of N(M).

Recall that @ has the structure of a direct product
0=V,x0, (7.31)

where O is an open ball in RX~" that at any point m € V), can be identified
with the normal space N,,.

At any point (m,z) € © the presentation (7.31) yields the presentation
of a tangent space to RX of the form T(m’x)RK =T,,M x T,0. Introduce a
new Riemannian metric ¢;(-,-) on @ by transferring the Riemannian inner
product from 7, M into the factor 7T,,, M in the above product by determining
the inner product in the factor 7,0 as the restriction of the Euclidean inner
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product in RX and by setting the factors in T}, M x T, to be orthogonal to
each other. Let U be a chart on V), and consider the chart & = U x O in ©.
In this chart the matrix of the (0, 2)-metric tensor g;(-,-) will be denoted by
(94;) and the matrix of the corresponding (2,0)-metric tensor by (g7’).

Calculate the Christoffel symbols I
g1(+,+) in U by the usual formula Fl = 14t (a;igjk + a—qjgik — ngj). One
can easily calculate that:

” of the Levi-Civita connection of

a) if 22,2 0 O T, M, then I'l = I'}; where Fl are the Christoffel

dq7’ Dqi’ BgF> 8q ij
symbols of the Lev1—C1V1ta connectlon of g(+,-) on M in the chart U;
b) 1f,9 - T,,M and 81 € T,,O or vice versa, thenFl =0 for all 22; and
% since gkl =0;
c) if sz, a7 € T M an ,aqj € T, M, then gjk fg]k does not

depend on a_qi and so aqi gjk = O. It is also obvious that g}, = 0 and
gilj = 0. Hence I ilj = 0. Applying analogous arguments We obtain that
filj—Ofor%ET M, 8q] ETOandFl =0 for a—q“aqg €T, 0;

d) if 62’“ a7 € T, O then for all o and 577 we obtain Fl =0.

Let O be a neighborhood of V,, in © such that O C © where O is the
closure of O. Let ¢(y) : RX — R be a smooth function satisfying the relations
0<¢<1, ¢(y)=1fory € Oand ¢(y) = 0 for y ¢ O. Using the presentation
of the chart U on © as the above-mentioned direct product, introduce a new
object on U by the formula

IF(m,z) = (p(m,x)[f(m),0), (m,z) € O. (7.32)

Consider © as a chart with local coordinates inherited from the global
coordinate system in RK This chart will be called global. Find the values of
the Christoffel symbols I ” in the global chart and define the values of I
on the complement R*¥\O as f" (m,z) =0, (m,z)¢ O. Thus the values of

I, Z’; are given on all of R¥ and since the functions I} 1’; are smooth and have
non-zero values only on a compact set, their values are uniformly bounded.

By construction, both in the chart ¢/ and in the global chart, the symbols I/
on O coincide with the corresponding fj;
Define the vector fields @4, the fields of linear operators ﬁq ‘R xRN —

TRE and the (2,0)-tensor fields a, on R by defining them in the chart U
by the formulae

o(m, x)giq(u m) Y . (7.33)
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and by extending them to all of RX by setting them to be equal to zero
elsewhere.

Notice that from condition (a) and from the construction it follows that
all fields @, (t,m,x), Eq(t,m,x) and a,(t,m,x) are uniformly bounded on
[0, T] x RE.

Denote the matrix of a,(t,m,z) in the chart & by (a”) and for the
object that in U is determined as ﬁ@aij, introduce the invariant notation
tr(I'(A, A)).

Consider the following problems in RX:

dé, (1) = a, (t,@(t)) dt — %tr (fgq(t) (Eq (t,a](t)) LA, (t,@(t)))) dt
+ A, (t, @(t)) dw(t), (7.34)
£,(0) = mg € M.

Since all the coefficients in (7.34) are smooth and bounded, the equations
have unique strong solutions qu(t) well-defined on the interval [0, T].

After transition to the chart U, taking into account the form of the
Christoffel symbols (see above), one can easily see that in the neighborhood
O NU equations (7.34) are transformed into the system

{ aé, () = i, (L&) at - dur (T, (A Ag)) at+ A, (1.6,(1)) du(),
d&q(t) =0
(7.35)

with initial conditions Eq (0) = mg and &,(0) = 0. Hence the solutions of (7.35)
(and so of (7.34)) a.s. belong to M for all ¢ € [0,7] and coincide with the
solutions of the first parts of (7.35). In particular the corresponding measures
g on the path space take the value 1 on the curves lying in M. But since
the coefficients of (7.34) are uniformly bounded in R, from the Corollary
to [83, Lemma IT1.2.2] it follows that the set of corresponding measures {fiq}
on 2 is weakly compact. Then by Prokhorov’s theorem (see, e.g., [82]) for
every € > 0 there exists a compact set = C C%([0,T], M) such that for all ¢
the inequality 7i,(5) > 1 — § holds.

Note that by construction, on W, the right-hand sides of the first parts
of (7.35) coincide with (44, A4). Then (see, e.g., [23, theorem III.3.3]) the
processes &4(t) and al(t) a.s. coincide before leaving W, for all ¢. From this
and from (7.30) it follows that for the compact set 2, N = the inequality
Hq(£2,NZ) > 1 —¢ holds for all g.

Thus, for every e > 0 there exists a compact subset of £ whose measure
g for all ¢ is greater than 1 — e. By Prokhorov’s theorem this means that
the set {u,} is weakly compact. O
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7.6 Stochastic Development and Parallel Translation

7.6.1 The FEells-FElworthy and Ité6 developments

Let m: OM — M be the manifold of orthonormal frames on a Riemannian
manifold M, H be the Levi-Civita connection on OM and V be the vertical
distribution on OM. Recall (see Section 2.7) that the bundles V and H over
OM are trivial: V is trivialized by fundamental vector fields and H by basic
vector fields E(z) where the vector Ey(z) € Hy, for b € OM and z € R™ is
defined by the equality Ey(x) = T7~ ! (ba)y, (the frame b is considered here
as a linear operator b : R" — T, M, see the proof of Theorem 2.67 and
Definition 2.68). Thus the tangent bundle TOM = H &V is also trivial.

Definition 7.58. The Riemannian metric on OM, generated by the above-
mentioned trivialization of the tangent bundle TOM, is said to be induced.

Remark 7.59. It is easy to see that the restriction of every induced metric
to the connection space Hy in T,OM coincides with the pull-back of the
Riemannian inner product in T, M under the mapping T'w. The restriction
of an induced metric to V is determined by a certain inner product in the
algebra o(n). Thus, a Riemannian metric on M and an inner product in o(n)
uniquely define an induced metric on OM.

Consider a probability space ({2, F,P) and a non-decreasing family B, of
complete o-subalgebras of the o-algebra F such that a Wiener process w(t),
taking values in some Euclidean space R, is adapted to it. Let mg € M. Let a
stochastic process a(t), t € [0, 1] with values in T,,,, M and a stochastic process
A(t), t € [0,1], with values in the space of linear mappings L(R¥,T,,, M) be
given on ({2, F,P) and let those processes be non-anticipative with respect to
B;. Finally, let a(t) and A( ) a.s. have continuous sample paths and a.s. for
t € [0,1] C R the integral fo 7)d7 and Stratonovich integral fo o dw(T)
be well-defined.

Take an orthonormal frame by in T}, M and consider the processes by ' o(t)
and by ' A(t) in the Euclidean space R™ (here n is the dimension of M) and
in L(RF R™), respectively. Construct a basic I1t6 vector field with random
coefficients on OM that at b € OM has the form (Ey(by *a(t)), Ey(by P A(2))).

Consider the Stratonovich stochastic differential equation on OM (cf. Ex-
amples 7.5 and 7.6) of the form

(1) = By (5 (D)t + By (05 A1) 0 duo(t).  (7.36)

Since Ep : R™ — TOM is smooth in b (see Section 2.7), this equation has
a strong and strongly unique solution 7 p,(¢) in iy, M with initial condi-
tion 70, (0) = by, well-defined (generally speaking) on some random time
interval.

Consider the process z( fo )T + fo )o dw(r) in Ty, M.
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Definition 7.60. The process 71 ¢, (t) on M is called the Eells-Elworthy
development of the process z(t) and is denoted by Rpg z(t) (see, e.g., [66]).
The process 7., (t) is called the horizontal lift of Rgg 2(t) to OM with
initial condition by.

The Eells-Elworthy development is a stochastic generalization of the op-
eration that is the inverse to Cartan’s development (see Remark 3.45).

Lemma 7.61 Rgp z(t) does not depend on the initial frame by.

Proof. Let b € O,,,(M). Since the fiber O,,, M is isomorphic to the orthog-
onal group O(n), there exists an operator ¥’ € O(n) such that b = by o V'.
Since the connection H is invariant with respect to the right action of O(n)
on OM, from the definition of the mapping E and from the uniqueness of
the solution of (7.36) it follows that 7(t) = 170, (t) o b’ is the unique strong
solution of the equation

di(t) = B (E_Ia(t)dt) + Bz (E_lA(t) o dw(t))
that starts at b. The projections 77(t) and 71 ¢ 4, (t) coincide. O

Note that 7j(¢) from the proof of Lemma 7.61 is the horizontal lift of
Rpgpz(t) with initial value b.

For a development based on equations in It6 form on OM, we need addi-
tional constructions.

It is well-known (see, e.g., [26]) that the integral curves of autonomous
basic and fundamental vector fields, and only these curves, are respectively
the horizontal and vertical geodesics of the Levi-Civitd connection of every
induced metric on OM. (But integral curves of constant linear combinations
of basic and fundamental vector fields are not geodesics.) Recall (see Sec-
tion 2.7) that integral curves of basic vector fields, and only these curves, are
horizontal lifts of geodesics of the Levi-Civita connection on M.

Denote by e the exponential mapping of the Levi-Civitd connection of
some induced metric on OM.

Lemma 7.62

(i) For all induced metrics the restrictions ey coincide.

(ii)  For every Y € H the equality me(Y') = exp(TnY’) holds where exp is
the exponential mapping of the Levi-Civitd connection on M.

(ill)  For all induced metrics in every specified chart on OM, the restrictions
of the local connectors I'*(X, X) to H coincide as operators of X € H.

Statements (i) and (ii) follow from the above-mentioned properties of in-
tegral curves of basic vector fields. In order to prove (iii) note in addition
that in a chart the operator —I'*(X, X), X € H, is the second derivative of
a horizontal geodesic with initial velocity X (i.e. it is an integral curve of a
basic vector field) that is independent of the choice of induced metric.
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Let processes a(t) and A(t) be given as above on the probability space
(2, F,P). Let the Ito integral fot A(r)dw(r) for t € [0,1] be well-defined (this
condition replaces the above condition that the Stratonovich integral exists).
As above, construct the basic It6 vector field with random coefficients on
OM that at b € OM takes the form (Ey(by a(t)), Ey(by A(t))). Consider the
following It6 equations in Belopolskaya-Daletskii form on OM:

dé(t) = ety (Eu(by ' au(t))dt + Ep(by " A(t)dw(?))) - (7.37)

As in the case of equation (7.36), from the fact that E; is smooth in b it follows
that there exists a strong and strongly unique solution & o p,(t) of equation
(7.37) with initial condition & ¢, 4,(0) = by that is given on some random time

interval. In Ty, M consider the It6 process y(t) = fot Oé(T)dT—i-fOt A(r)dw(T).

Definition 7.63. The process 7€, p,(t) on M is called the Ité development
of the process y(t) in Trp, M and is denoted by Ry y(t). The solution £ g 4, (t)
of equation (7.37) is called the horizontal lift of the process Ryy(t) to OM
with initial value bg.

By construction and by general formula (7.19) the description of equation
(7.63) in a chart on OM contains a local connector I'*(X, X), restricted to H.
We emphasize that it follows from Lemma 7.62 that R;(y(t)) is independent
of the choice of induced metric on OM.

Lemma 7.64 R;y(t) does not depend on the choice of the initial value by
of the horizontal lift.

The proof is analogous to that of Lemma 7.61. Here another horizontal lift
of Ryy(t) also can be obtained by the action of an orthonormal operator to
the process £ g, p, (t)-

Lemma 7.65 The process Ry y(t) on M is a solution of the Ité equation in
Belopolskaya-Daletskii form

(R y(t)) = expp, ) (Tm(Ep(by ' a(t))dt + Ey(bg ' A(t)dw(t))).

This statement follows immediately from Theorem 7.34, Lemma 7.62(ii)
and the construction of the process Ry y(t).

Remark 7.66. The process Rrz(t) can be constructed in another way that
is analogous to the classical construction of the It6 integral with varied upper
limit. Indeed, for a subdivision ¢ = (0 = ¢y < t1 < ... < t; = [) determine
the process éq(t), starting at b, as follows. Start integral curves of the vector
field E(b~(a(0)t; + A(0)w(ty))) from b up to ¢, then start integral curves
of E(b~Y(au(ty)(ta — t1) + A(t1)(w(tz) — w(t1)))) from the points £9(¢;) up
to ta, etc. One can easily see that under the above conditions the process
£€9(t1) is well-defined on the entire interval [0,]. The process #€%(t) M a.s.
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has piecewise geodesic sample paths. As diamg — 0 the processes Wéq(t)
converge in probability to 7&(¢) uniformly in ¢. In particular it is possible to
select a subsequence converging to 7&(t) a.s. uniformly.

Remark 7.67. Like Rpp, the operator R; is a stochastic analog of the oper-
ation inverse to the classical Cartan development (see Remark 3.45). Note in
addition that according to the theory of stochastic processes the It6 processes
in T, M are analogs of smooth curves, to which the classical Cartan devel-
opment is applied. From Remark 7.66 it follows that R; is an extension of
the inverse of Cartan’s development from the set of piecewise smooth curves
to a.s. all sample trajectories of processes z(t) that are continuous but a.s.
not smooth [77].

One can apply analogous methods to “develop” processes from Euclidean
space R™ in which a Wiener process w(t) takes values. In this way it is possible
to construct developments with random initial data.

Consider a probability space ({2, F,P) and a non-decreasing family By, t €
[0,1], of complete o-subalgebras of the o-algebra F. Let on that probability
space the following objects be given: a Wiener process w(t) with values in a
Euclidean space R™ adapted to By, a process a(t) in R™ with a.s. continuous
sample paths and a process A(t) in L(R™, R™) also with a.s. continuous sample
paths, both a(t) and A(t) non-anticipative with respect to B; and such that
the Itd process y(t) = fot a(t)dr + fot A(7)dw(7) is well-defined. Consider the
following It6 equation in Belopolskaya-Daletskii form on OM:

() = ey (Ep(alt))dt + Ey(A(t)dw(t))). (7.38)

Let 9 : 2 — M be a random element independent of B;, and By be a
Borel measurable cross-section of OM (recall that on a non-parallelizable
manifold M the bundle OM may not have continuous cross-sections, but
Borel measurable cross-sections do exist).

Since the mapping E is smooth, as above a solution éo,ﬁo(ivo) (t) of equation
(7.38) with initial condition foﬂﬁo(wo) (0) = Bo(xo) exists on some random time
interval.

Definition 7.68. The process R;(08o(xo))y(t) = 7750)50(950)(15) is called the
1té development of the process y(t) in R™ generated by (Bo(zo). The process
fo,ﬁo(wo)(t) is called the horizontal lift of the process Ry(8o(xo))y(t) to OM
with initial value Gy(xg).

Note that here the development depends on the initial value of the hori-
zontal lift.

An analogous construction is also valid for the Eells-Elworthy develop-
ment.
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7.6.2 Wiener processes on Riemannian manifolds.
Stochastic completeness

Let M be a Riemannian manifold and H be the Levi-Civita connection on
OM. Consider a Wiener process w(t) in R™ and the “basic” stochastic process
Ey(w(t)) in Hy, b € OM. Observe that the field of processes E(w(t)) is
smooth on OM, i.e., obtained from w by means of the smooth map E: OM X
R" — H.

As above, for every m € M, a frame b € O,,(M) can be regarded as a
linear operator b: R™ — T, M (see Section 2.7).

Definition 7.69. The process TmE,(w(t)) = bw(t) is called a realization of
the Wiener process w in Ty M or simply a Wiener process in Ty M.

A realization of w in T,,M gives rise to the standard Wiener process
in T,,M, i.e., a measure on the space of continuous curves in 7T,,M (cf.
Section 6.2.1).

Theorem 7.70 The standard Wiener process in T, M is independent of the
choice of w(t) on R™ and b € O, M.

Proof. Since b is an orthogonal operator, bw(t) is a Wiener process in the Eu-
clidean space T,,, M with the inner product given by the Riemannian metric.
Thus, the measure determined by bw(-) on the space of curves in T,, M is the
Wiener measure with respect to this inner product. Let by, by € Oy, (M). It is
clear that by and by differ by an orthogonal operator on T, M. The theorem
follows, since the Wiener measure is invariant with respect to the group of
orthogonal transformations. O

Thus, once a Riemannian metric on M is specified, we have a well-defined
standard Wiener process in every tangent space to M. Furthermore, this
field of Wiener processes is smooth, i.e., obtained from the standard Wiener
process in R™ by means of a smooth linear transformation, namely, by means
of TmE. We denote the Wiener process on 1, M by w,, or just by w when
no confusion may arise. The realization of w in T;, M obtained by the use of
b is denoted by bw.

Having taken a Wiener process w(t) in a tangent space Tp,, M, we can
apply to it either the Eells-Elworthy development Ry g or the It6 development
R;.

Theorem 7.71 Rppw(t) = Rrw(t).
Proof. For w(t) equation (7.36) takes the form
dn(t) = E ) o dw(t), (7.39)

and equation (7.37), the form
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dé(t) = (1) Eg(t)d’w(t). (7.40)

We describe these two equations in the local coordinates of some chart on
OM. By formula (6.25) we transform equation (7.39) into the Ité equation

1
and by formula (7.19) equation (7.40) takes the form
1

where I is the unit operator. The assertion of the theorem follows from the
fact that %tr E'(Ey) = —3trI'y(1,1) at every b € OM, i.e. the equations
coincide. O

Note that both equation (7.39) and equation (7.40) are determined by the
Itd vector field (0, Ep).

Definition 7.72. The development Ryw,,(t) = Rpgw(t) of a Wiener pro-
CESS Wy, in Ty, M is called a Wiener process on M beginning at mg € M.

The definition of a Wiener process on M as the development of a Wiener
process in a tangent space is due to Eells and Elworthy (see the monograph
[66] and the bibliography therein.)

Theorem 7.73 The generator of a Wiener process on a manifold M is %VQ
where V? is the Laplace-Beltrami operator (see Deﬁnition 2. 58) that in local

coordinates of some chart takes the form g”FZ} 32 + g 8q(?8q9 where FZ;

are the Christoffel symbols of the Levi-Civitd connection.

Theorem 7.73 is proved by application of Lemma 7.62(ii) and Theorem 7.34
to equation (7.37) and then by direct calculation in local coordinates by the
use of formula (7.10).

Recall the Definition 7.19 of a martingale with respect to a connection.

Theorem 7.74 A Wiener process w(t) on a Riemannian manifold M is a
martingale with respect to the Levi-Civitd connection.

Proof. By Theorem 7.73 the generator of a Wiener process is lv2 that in
local coordinates has the presentation 5( i TIIE 82 + g% 6,qlaqj) Apply to
this generator the mapping 3 of the Levi-Civita connection by formula (2.45).

Then H(3(— wrj;ag + gt 8q%q])):—§gﬂrl’;8§k+; ”Fz’iaf} =0. 0

Definition 7.75. A Riemannian manifold M is called stochastically complete
if, for each mgy € M, every Wiener process beginning at mg a.s. extends to
[0, 00).
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On a stochastically complete manifold a Wiener process beginning at mg
gives rise to a measure on the space of continuous curves in M which, in turn,
begin at mg. It is not hard to see that this measure is actually independent
of the choice of Wiener process. The coordinate process on the space of such
curves is just the standard Wiener process on M beginning at mg. On the
other hand, the measure on the space of curves is not uniquely defined if with
a non-zero probability the development R;w goes to infinity in finite time.
In other words, the measure depends on the behavior of Ryw at infinity, i.e.,
on the geometry of M. (See [66, 138].)

Note that there exist stochastically complete manifolds that are not com-
plete in the usual sense: if we exclude a single point from R" it will become
incomplete but for every Wiener process w,(t) = = + w(t) (starting from
x at t = 0) the sample paths will still a.s. exist for ¢ € [0,400) since the
probability of hitting the excluded point equals zero. Note nevertheless that
the flow of a Wiener processes constructed in such a way in R™ by removing
a point will not be strongly complete (see Definition 6.30).

Note also that ordinary completeness is insufficient for the stochastic com-
pleteness of a Riemannian manifold.

Applying Theorem 7.43 one can obtain some sufficient conditions for
stochastic completeness of a manifold. Denote by A" the generator of the
flow on OM given by equation (7.40) (or (7.39)). It is not hard to see that
in a chart on OM this operator is presented in the form

1 1, 0?
Ay = —itrfg(I,I) + —a¥ 0 (7.41)

2 0q'0¢7’
where (a%) is the matrix of the operator E,E;.

Theorem 7.76 If on OM there exists a proper function ¢ such that the
values of the generator AY on ¢ are uniformly bounded, the Riemannian
manifold M is stochastically complete.

This statement follows immediately from Theorem 7.43.
Corollary 7.77 A compact Riemannian manifold is stochastically complete.

Indeed, since the group O(n) is compact, from the compactness of M it
follows that OM is compact, i.e., M is stochastically complete.

To avoid contradicting some statements in [66] concerning stochastic com-
pleteness, we emphasize that we are dealing with the usual Riemannian man-
ifolds, i.e., the manifolds with positive definite Riemannian inner product in
T, M at every point m € M. In this case the group preserving the inner prod-
uct is the orthogonal group and is compact. If a manifold is semi-Riemannian,
the corresponding group that preserves the semi-Euclidean inner product is
not compact. Thus, the principal bundle with this group over a compact
manifold is not compact either.

The next statement is proved by applying Theorem 7.13 to equation (7.36)
on OM.



7.6 Stochastic Development and Parallel Translation 175

Theorem 7.78 Assume that on OM there exists a Riemannian metric pos-
sessing a uniform Riemannian atlas and such that the Ité vector field (0, Ep)
is uniformly bounded on OM in the norm of the space C' generated by this
metric. Then the Riemannian manifold M is stochastically complete.

Corollary 7.79 A Lie group with left (right) invariant metric is stochasti-
cally complete.

Indeed, the Levi-Civita connection and basic vector fields E,(x) are left
(right, respectively) invariant. A uniform Riemannian atlas on the group
can be constructed by left (right, respectively) translations of a chart in a
neighborhood of the unit element to the points of group. Define in the algebra
o(n) an inner product and translate it by left (right, respectively) shifts into
all points of O(n). For the constructed Riemannian metric on OM a uniform
Riemannian atlas can be also constructed by translations of some chart in a
neighborhood of the unit. Since the fibers of OM are isomorphic to O(n), we
obtain an induced metric on OM (see Definition 7.58 and Remark 7.59) and
by construction for this metric and the field E,(z) the hypothesis of Theorem
7.78 is fulfilled.

Since the fibers of OM are compact, the proper functions on OM can be
constructed from proper functions on M: if ¢ is a proper function on M,
@ =ywom: OM — R is a proper function on OM. It is not hard to see that if
on M there is a proper function ¢ such that V2¢ is uniformly bounded (here
V? is the Laplace-Beltrami operator, i.e., by Theorem 7.73 the generator of
the Wiener process), for ¢ the hypothesis of Theorem 7.76 is fulfilled.

Theorem 7.80 (Elworthy [66]) If the Ricci curvature of a complete Rieman-
nian manifold M is bounded from below, M is stochastically complete.

Proof. Tt is shown in Yau’s paper [234] that under the hypothesis of this
Theorem there exists a proper function « (constructed from the Riemannian
distance) on M, for which V2a < C for some C' > 0. A more complete proof
can be found in [66]. O

Theorem 7.81 (Grigoryan [138]) Let M be a complete Riemannian man-
ifold and let V(r) denote the volume of the metric ball with radius r with
center mg € M. If the condition foo rdr — oo is satisfied, M is stochasti-

vir) —
cally complete.

Notice that if the hypothesis of Theorem 7.80 is fulfilled, V (r) < e“" where
C > 0 is a constant and so the hypothesis of Grigoryan’s theorem is satisfied.
Moreover, the hypothesis of the latter theorem is fulfilled if V(r) < e,
V(r) < eCr’ln " etc. If for some positive function f, regular in some sense,
the estimate [ > frzi:) < oo is fulfilled, there exists a complete Riemannian
manifold for which V(r) < Cf(r) but it is not stochastically complete. A
discussion of these questions can be found in Grigoryan’s paper [138].
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We also refer the reader to another paper of Grigoryan, [139], where ad-
ditional deep results concerning stochastic completeness are obtained.

Some criteria of stochastic completeness based on the use of atlases which
are in some sense uniform, and on the existence of a function with special
properties on M, can be found in [66].

7.6.3 Parallel translation along a stochastic process.
Ité processes on manifolds

Definition 7.82. A stochastic process on M is called an It6 process if it is
an It6 development of an Ito process in some tangent space.

Using the transformation of equations of Itd type into equations of
Stratonovich type and the expression of It6 processes in tangent spaces via
Stratonovich integrals it is possible to present It0 processes on manifolds as
the Eells-Elworthy development of a process with Stratonovich integral as in
Definition 7.60. For simplicity of presentation here we restrict ourselves to
the use of It6 developments.

It is possible to define the Riemannian parallel translation along It6 pro-
cesses on M analogously to the standard (i.e., non-stochastic) construction.
Let n(t) be an Itd process given for ¢ € [0,1] and let £(t) be a horizontal
lift of 7(t) to OM with the initial condition £(0) = b. Let v € T0)M be a
(random) vector.

Definition 7.83. The parallel translation of the vector v along 7(-) at the
point 7(t) is the vector (£(t) o (b 'v)) € Ty ) M.

It is obvious that parallel translation preserves the Riemannian norms
and does not depend on the choice of horizontal lift £&. From the construc-
tion of the process Ryy(t) where y(t) = fg afr)dr + [y A(T)dw(T) in T,y M
it is clear, in particular, that the vector TWEE(t)(l;’la(t)) and the operator
TwEé(t)(lA)’lA(t)) from Lemma 7.65 are parallel along n(t) = Rry(t), respec-
tively, to the vector «(t) and to the operator A(t).

Remark 7.84. We mention the papers [58, 66, 151, 152] where the parallel
translation is constructed along stochastic processes of various sorts. It is not
hard to see that It6 processes in the sense of Definition 7.82 are local quasi-
martingales (i.e., special semi-martingales, see [176]) with continuous sample
paths, along which the parallel translation is constructed in [151], and the
parallel translations in the sense of [151] and in the sense of Definition 7.83 co-
incide. From this it follows, in particular, that the parallel translation along
an Itd6 process is the limit in probability of trajectory-wise parallel trans-
lations (in the ordinary “piecewise smooth” sense) along processes whose
sample paths are piecewise geodesic approximations of the trajectories of the
process 7(t) (see [151]). It is clear that one can always select a sub-sequence
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of these approximations such that the trajectory-wise parallel translations
converge almost surely. Hence the parallel translation along n(t) as in Defi-
nition 7.83 is an extension of the classical parallel translation from the set of
piecewise smooth curves to a.s. all sample paths of 7(t) that are continuous
but a.s. not smooth (cf. Remarks 7.66 and 7.67).

7.7 The Integral Approach to Stochastic Differential
Equations on Manifolds

In this Section we present an integral description of It6 stochastic differential
equations, analogous to the classical case in linear spaces as presented in
Section 6.2. The construction of the required integral operators is a stochastic
modification of the integral operators with Riemannian parallel translation
from Section 3.2 based on constructions from Section 7.6. Then, making use
of parallel translation along a stochastic process, we modify the notion of
a stochastic differential equation of It6 type and describe a broader class
of equations for which the notion of a non-degenerate (in particular, unit)
diffusion coefficient is well-defined.

7.7.1 General constructions

Let y(t) = fo T)dr + fo 7)dw(r) be an Itd process in the tangent
space TmoM to the Rlemanman manifold M as in Section 7.6. Introduce
for the corresponding Itd process Ryy(t) on M the new notation Rry(t) =
S(b(1), B(7))(t). One can easily see that the operator S introduced in this
way is a stochastic analog of the operator S with parallel translation from
Section 3.2.

Let £(t) be an It process that a.s. exists for ¢ € [0,] and (a(t,m), A(t,m))
be an It6 vector field on M, t € [0,1]. As in Section 2.2 (see Theorem 2.32),
denote by I s the operator of parallel translation along £(-) from the random
point £(s) to the random point £(t). For the sake of simplicity, if ¢ = 0,
i.e., if the translation is performed at the point £(0) rather than Ip s, we
shall often use the notation I" analogous to that from Section 3.2.2. Thus
I'a(t,&(t)) is the random vector in T¢(p) M obtained by parallel translation
of the random vector «(t,£(t)) along &(-) at the point £(0). Analogously,
I'A(t,&(t)) is the random operator sending R™ to T¢() M that is obtained by
parallel translation of A(t,£(t)) along £(-) at £(0).

Let an It6 vector field (a(t,m), A(t,m)) be Borel measurable. Consider
the processes Ia(t,£(t)) and I"A(t, £(t)). Using the properties of horizontal
lift, i.e., of a strong solution of equation (7.37), it is not hard to show that
these processes are non-anticipative with respect to the family B, that is used
in the definition of the It6 process £(¢). Consider equation (7.37) on OM, in
which « is replaced by ' and A by I'A:

d&(t) = egr) (Ep (b 'Tu(t)) dt + Ey (by 'TA(t)dw(t))) . (7.42)
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For further developments it is important to present conditions under which
(7.42) has global solutions. This is the case, if, say, on OM there exists a
proper function ¢ such that the values of the generator of the Itd equation
on OM, corresponding to (7.42), are uniformly bounded.

In [107] the existence of global solutions of (7.42) is proved for a(t) and
A(t) (and hence for I'ae(t) and I"A(t) since the parallel translation preserves
the norms) uniformly bounded under the additional assumption that M is a
uniformly complete Riemannian manifold.

Definition 7.85. A Riemannian manifold M is said to be uniformly com-
plete if the following two conditions are satisfied:

(1)  there exists an induced metric on OM which possesses a uniform Rie-
mannian atlas;

(2) onthe balls V4(r) of the atlas, the norm of the operator X — IS (X, X),
where X € Hy and b € Vi(r), as a norm of a quadratic operator, is
bounded by a constant C' > 0 independent of the chart and the ball.

Evidently compact Riemannian manifolds and Lie groups are examples of
uniformly complete Riemannian manifolds but the latter class of manifolds
is much broader than these two examples.

For uniformly complete manifolds and uniformly bounded I'a(t) and
I' A(t) the solvability of (7.42) follows from Theorem 7.38.

Let, for any given initial data, equation (7.42) have a strong and strongly
unique solution that is well-defined for all ¢ € [0,1]. It is clear that the pro-
jection of this solution to M is the It6 process S(Ia(T,&(t)), I'A(T,£(7))) ().

Definition 7.86. The 1t6 process S(I'a(T,&(7)), I'A(T,€(7)))(t) on M is
called the line Ito integral with Riemannian parallel translation of the field

(o, A) along £(¢).

S(Ta(r,£), 'A(1,£))(¢) is a direct analog of the ordinary line integral used
in the theory of It6 stochastic differential equations in Euclidean spaces. If
M is a Euclidean space, I' is the identical mapping and

S(Fa(7,§)7FA(T,§))(t):/O a(T,f)dT—i—/O A(r, &)dw(T).

Like its classical analog, the integral S(I'a(r,§), I'A(T,£))(t) is naturally
connected with the Itd equations.

Consider an It6 vector field («(t, m), A(t,m)) on M and the corresponding
equation in Belopolskaya-Daletskii form

dn(t) = expy ) (e(t, n(t))dt + A(t, n(t))dw(t)), n(0) = mo, (7.43)

where exp is the exponential mapping of the Levi-Civita connection. It turns
out that its solution is an It6 process that satisfies the equation
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n(t) = S(La(r,n(r)), [ A(7,n(7)))(t)- (7.44)

Indeed, construct a horizontal lift of 7(¢) in the following way. Introduce an It6
vector field (a(t,b), A(t,b)) on OM by the formulae a(t,b) = Tr'a(t, 7b) m,
and A(t,b) = Tw~*A(t, wb),p, . For every b € O, (M) let there exist a unique
strong global solution & (t) of the equation

d€(t) = egqy) (a (t, é(t)) dt + A (t, é(t)) dw(t)) . £(0)=b.

Consider the processes a(t) = b(E(t)~  a(t, w(t))) in Ty M and A( ) =
b(E(t)~ A(t, mE(t))) in L(R™, Tp, M). By construction we obtain that £(t) is
a solution of equation (7.37) for a( ) and A(t). Thus £(t) is a horizontal lift
of n(t). So, a(t) = I'a(t,n(t)), At) = I'A(t,n(t)) and for n(t) relation (7.44)
is satisfied.

Equation (7.44) is an analog of the integral form of the It6 equation in
Euclidean space (see Section 6.2.3). For (7.44) the usual notion of strong and
weak solutions are introduced as in Section 6.2.3.

Theorem 7.87 Let equation (7.44) have a weak solution n(t). Then n(t) is
a weak solution of equation (7.43).

Proof. Let £(t) be the horizontal lift of n(¢) with initial condition £(0) =
b € Op,(M). From (7.44) and from the construction of the operator S it

follows that for every ¢ € [0,1] a.s. a(t,n(t)) = TwEg(t)(b’lfa(t,n(t))) and

A(t,n(t)) = Tﬂ'Eé(t)(i)_lfA(t, n(t))). Hence by Lemma 7.65 equation (7.43)
is satisfied for n(¢) a.s. for all ¢ € [0,1]. All other conditions of Definition 7.82
are fulfilled by the hypothesis since 7)(t) is a weak solution of (7.44). O

Corollary 7.88 Ifn(t) is a strong solution of (7.44), n(t) is a strong solution
of (7.43).

Proof. As in Theorem 7.87 it is proven that n(t) satisfies (7.43). Here all
requirements of Definition 6.23 are fulfilled since 7(t) is a strong solution of
(7.44). O

As in the case of ordinary differential equations (see Section 3.2) the use of
integral operators with parallel translation allows one to reduce some ques-
tions to the investigation of stochastic differential equations in a single tan-
gent space.

Let (a(t,m), A(t,m)) be an Ité vector field on M, t € [0,!]. In T, , M
consider the stochastic differential equation

A(t) = /0 Pa(r, Ryz(7))dr + /O PA(r, Ry2(7))dw(r) (7.45)
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Theorem 7.89 An Ito process z(t) in T, M is a strong (weak) solution of
(7.45) if and only if n(t) = Rrz(t) is a strong (weak, respectively) solution of
(7.43).

Proof. Assume that a Wiener process w(t) with values in R and an It pro-
cess z(t) = f(f a(r)dr + fg A(r)dw(r) with values in T;,,M are given on a
probability space (2, F, P) and that they satisfy (7.45). Then by Lemma 7.65,
by the construction of the mapping E and by the Definition 7.82 of par-
allel translation we obtain that for all ¢ € [0,1] equality (7.43) a.s. holds
for Ryz(t). Conversely, let z(t) and w(t) be such that the development
n(t) = Ryz(t) for all ¢ a.s. satisfies (7.43). By the construction of the de-
velopment there is a horizontal lift £(£) of n(t), £(0) = b € Oy, M and along
n(-) the parallel translation is well-defined. From Lemma 7.65 and equa-
tion (7.43) it follows that for all ¢ € [0,!] a.s. TﬂEé(t)(B_la(t)) = a(t,n(t))

and TWEé(t)(lAflA(t)) = A(t,n(t)). Applying parallel translation along 7(-)
at the point mg to the latter equality, we obtain that for all ¢ € [0,[] a.s.
a(t) = Fa(t,n(t)) and A(t) = I'A(t,n(t)). From this it follows that z(t) and
w(t) satisfy (7.45). It is easy to see that z(f) and w(t) are non-anticipative
with respect to the common family of o-subalgebras: P;’ in the case of a
strong solution and B; (to which z(¢) is adapted) in the case of a weak one.
O

As an example of the application of equation (7.45) to the investigation of
equation (7.43) we present a statement on the existence of a weak solution
of (7.43).

Theorem 7.90 Let an Ité vector field (a(t,m), A(t,m)), t € [0,1], on a uni-
formly complete Riemannian manifold M (see Definition 7.85) be jointly con-
tinuous in t and m and uniformly bounded in the norm generated by the Rie-
mannian metric. Then for every initial condition my € M equation (7.43)
has a weak solution.

Proof. We use the martingale approach to the construction of solutions
[83, 84, 162]. In the case under consideration we need some preliminary con-
structions that take into account the specific features of the equations. Since
(ar, A) is uniformly bounded on [0, ] x M, one can easily construct a sequence
of smooth approximations (a;, A;) that converge uniformly on [0,1] x M to
(o, A). Note that all (a;, A;) are uniformly bounded by a common constant
since («, A) is uniformly bounded. Let ; be a strong solution of the equation

dni(t) = expy, o) (i (t, mi (8))dt + Ai(t,m:(8))dw(t)), 7:(0) = mo,

that exists by Theorem 7.36. From the above statements it follows that the
processes z;(t) = fot Lo (1, n;(7))dr + fot T'A;(1,n;(7))dw(7) are strong solu-
tions of the equations
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t t
zi(t) = / Ia;(1,Ryzi(7))dr + / T'A;(r, Ryzi(7))dw(r).
0 0

Let 2 = C°([0,1), T}, M) be the Banach space of continuous mappings
from the interval [0, 1] to Ty, M (i.e., continuous curves in T},,, M), F be the o-
algebra in 2 generated by cylinder sets and B; be the o-subalgebra generated
by cylinder sets with bases on [0,¢], t € [0,1] (cf. Sections 6.1.1 and 6.2.1).
Recall that all o-algebras are assumed to be complete (contain all sets of
measure zero). Denote by p; the probability measure on ((2 F) generated by
the process z;. Consider the probability space (Q F, ;) where the elementary
events are continuous curves x(-) € C°([0,1], T, M) and the realization of
z; as the coordinate process on (£2,F,p;) ¢ z(t,z(-)) = z(t). Note that
the coordinate process is not anticipative with respect to B;. Taking into
account Remarks 7.67 and 7.84 we obtain that for a continuous curve z(-) €
Q2 the processes Ryz(t) and Y (R;xz(t)) for Y € Trz(1yM are pi-a.s. well-
defined since Ry and I are extensions of the inverse of Cartan’s development
and parallel translation, respectively, from the set of smooth curves to pu;-
a.s. all continuous curves (sample paths of z; and R;z;). This is true for
every i, i.e., for every j and for all measures y; the processes I'a;(t, Rrz(t))
and I'A;(t, Rrx(t)) are p,-a.s. well-defined. From the uniform convergence
of (e, A;) to (e, A) and from the properties of parallel translation it follows
that o (¢, Ryx(t)) and I'A; (¢, Rrx(t)) converge as j — 00, p;-a.s. uniformly
in ¢ for all 4, to I'a(t, Ryz(t)) and I"A(t, Ryx(t)), respectively. From the fact
that the fields («;, 4;) are uniformly bounded by a common constant one can
easily deduce that the set of measures pu; is weakly compact.

Let p be a limit measure. Consider the coordinate process z(t, z(-)) = z(t)
on the probability space (£2,F, 1). By construction z(t) is not anticipative
with respect to B;. Using Prokhorov’s Theorem 6.6 one can easily show that
the processes I'a;(t, Ryz(t)) and I'A;(t, Rrxz(t)) are p-a.s. well-defined and p-
a.s. converge uniformly in ¢ to I'a(t, Rrx(t)) and I'A(t, Ryx(t)), respectively.
The concluding arguments are exactly the same as in the classical existence of
weak solution theorem for equations with continuous coefficients [83]. Using
the above-mentioned convergencies a Wiener process w(t), adapted to By, is
constructed on (£2, F, i) so that z(t) and @ (t) satisfy (7.45) for all ¢ almost
surely. By Theorem 7.89, R;z(t) is a weak solution of (7.43). O

Remark 7.91.

(i) In the constructions and applications of operators with parallel trans-
lation in this section we have not used the fact that the torsion of the Levi-
Civitd connection equals zero. Thus all constructions and applications remain
true if we use an arbitrary Riemannian connection on M under the condition
analogous for that connection to, say, the condition of unform completeness.
Note that for some special choice of connection on a Lie group the above-
mentioned constructions yield the well-known multiplicative integral.

(ii) Let (&, A) be an It equation (cross-section of an It6 bundle). Recall
that its solution is described by equation (7.13). Using different Riemannian
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metrics and connections on M, one can describe this equation in the form
(7.43) with corresponding (strictly speaking, different) It6 vector fields that
canonically correspond to (&, A) with respect to the chosen connections. Inte-
gral operators with parallel translation and the presentation of the equation
(&, A) in integral form (7.44) or (7.45) also depend on the choice of metric
and connection. We emphasize that a solution of (7.43) or of (7.44) does not
depend on the choice of metric and connection since this solution is a solution
of (7.13).

7.7.2 Stochastic differential equations in terms of
Wiener processes in tangent spaces

Let a be a vector field and A be a (1,1)-tensor field on M, i.e., A,, is a
linear operator T,, M — T,,M for every m € M. Note that the fields may
be time-dependent and in this case we shall denote them by a; ,, and Ay,
respectively. Using these fields we construct a modification of equation (7.18)
in the following way. Assume that in every tangent space T,, M a realization
wp,(t) of a Wiener process is given. Then the equation

df(t) = expé(t) (at7€(t)dt —+ At@(t)dw(t)) (746)

is well-defined where exp is the exponential mapping of the Levi-Civita con-
nection. Indeed, let b,, be a field of orthonormal frames that determines the
realizations wy,(t) = by w(t) of a Wiener process in tangent spaces. Then
(at,ms At,m bm) is an It6 vector field (unlike the pair (a, 4)).

We have changed the notation for equations of type (7.46) to avoid con-
fusion with equations of type (7.18).

For equations of type (7.46) it is necessary to modify the notion of solution.

Definition 7.92. We say that equation (7.46) has a strong solution £(t) if,
for any Wiener process w(t) in R™, there is a process £(t) in M defined on
the same probability space as w(t) and non-anticipative with respect to P;*,
and there is a realization be() w(t) of the Wiener process at {(t) such that
the processes we(4)(t) = bey w(t) and £(t) satisfy (7.46) for every t.

Definition 7.93. Equation (7.46) has a weak solution if there are:

(1) a probability space (§2,F,P) with a non-decreasing family B; of com-
plete o-subalgebras of F;

(2) a stochastic process £(t) on M, non-anticipative with respect to By;
(3) a Wiener process w(t) in R™ relative to By;
(4)  realizations we(t) = beg) w(t) of w(t) in Tepy M,

such that we ) (t) and £(t) a.s. satisfy (7.46) for every ¢, as in Definition 7.28.
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Using (7.19) and Definitions 7.92 and 7.93 it is easy to show that in a
chart equation (7.46) takes the form

d¢(t) = a(t,&(t)) dt — %tr Tey (A, A)dt + Agry (berydw(2)), (7.47)

where I',, (- +) is the local connector and tr I',, (A, A) = tr I'p, (Ambm, Ambm)
where b, € O, (M) is a cross-section of OM, i.e., a field of orthonormal
frames b,, : R® — T,, M, m € U. Observe that tr I',,(A, A) is independent
of b (consistently with the notation), because the trace is invariant under the
action of the orthogonal group. Using this fact and the results of Section 7.3,
it is not hard to show that (7.47) is covariant with respect to changes of
coordinates. Below bg(;) will usually arise as the horizontal lift of £(t).

By the definition of a Wiener process on a Riemannian manifold (see
Section 7.6.2), we have:

Theorem 7.94 A Wiener process w(t) on M is a strong solution of the
equation dw(t) = expg(dw). In local coordinates, this equation reads

dw(t) = —%tr Fﬁ)(t)([, I)dt+ bw(t)dw(t).

Assume that M is uniformly complete. To construct the integral operators
needed to study (7.46), we have to alter the construction of Section 7.7.1.

Let the probability space (£2,F, P), the family B;, the manifold M, and
the functions a(t) in Ty, M and A(t) in L(T,,,M) be as in Section 7.7.1.
Specify a realization bw of the Wiener process w in T,,,M. It is clear that
the operator S from Section 7.7.1 is applicable to the pair (a, Ab).

Let a(t,m) and A(t,m) be a vector field and a (1, 1)-tensor field on M,
respectively, and let 7(t), t € [0,{], be an Itd process on M. Counsider the
vector and tensor fields I'a(t,7(t)) and I'A(t,n(t)) obtained by the parallel
translation of a(t,7(t)) and, respectively, A(t,n(t)) along n(-) to n(0). The
operator S can be applied to the pair (Fa (t, n(t)) , A (t, n(t))), provided the
fields a(t,m) and A(t,m) are bounded and Borel measurable jointly in ¢ and
m.

Therefore, we can define the It6 integral and the line integral with par-
allel translation in terms of the field of Wiener processes. To distinguish
these integrals from those of Section 7.7.1, we denote them by S(a(r)dr +
A(r) dw(r))(t) and S(La(r,n(7)) dr + T A(7,n(7)) dw(r))(t), respectively.

Then (7.44) is to be replaced by the following equation

&) = S(Fa(T, E(T)) dr + FA(T, f(T))dw(T))(t). (7.48)

Let bow be the initial realization of the Wiener process in T;,, M. Observe
that the parallel translation of by along a solution £(-) of (7.48) gives rise to
a realization of the Wiener process at £(t). (See Definitions 7.92 and 7.93.)

The equation
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z(t) :/0 Fa(T, R]Z(T)) dr +/O FA(T, R]Z(T)) AWy, (1) (7.49)

is an analog of (7.45). Similar results to Theorems 7.36, 7.87 and 7.90 hold
for equations (7.46), (7.48) and (7.49).

7.7.3 Equations with unit diffusion coefficients

Generalizing the classical notion, it is natural to call (7.46) an equation with
a non-degenerate diffusion coefficient if the operator A p,y: Tr M — T, M
is non-degenerate for all m € M and ¢ € [0,!] (cf. Definition 6.18).

Among equations with non-degenerate diffusion coefficients we are espe-
cially interested in those with A = I, i.e., with the diffusion coefficient equal
to the identity operator. Then the equation can be written down in the form:

d€(t) = expg(y) (ase) dt + dw(t)) . (7.50)

Note that in this form the equations with a smooth field of linear operators
A(m) : RF — T, M such that A(m)A*(m) = I can also be represented.

Solutions of (7.50) will play a crucial role in Chapter 15 and in Section 14.4.
Note that for (7.50) the local expression (7.47) turns into the equality

AE(1) = a(t, £(0)) dt — b Ty (1, 1) dt + begycdu().

Theorem 7.95 Assume that the Riemannian manifold M is stochastically
complete and the vector field a(t,m) is Borel measurable jointly in (t,m) €
[0,]] x M and uniformly bounded. Then there exists a weakly unique weak
solution £(t) of (7.50) for any initial condition £(0) = mg that is well-defined
on [0,1] .

Proof. Here, we are using a method based on a change of probability measure
[83, 84, 162]. Consider the standard Wiener process w on T,,M, i.e., the
coordinate process @ (t, z(-)) = z(t) on the probability space (2, F,v), where
0= CO([0,1], Ty M), F is the o-algebra generated by cylinder sets, and v
is the Wiener measure. Recall that the elementary event in 2 is a continuous
curve z(-) € CY([0,1], T, M). Observe that w(t) is non-anticipative with
respect to the family of o-subalgebras B; generated by the cylinder sets with
bases over [0,], t € [0,1]. (See Sections 6.2.1 and 7.7.)

Since M is stochastically complete, the development R;w(t) is well-
defined. Taking into account Remarks 7.67 and 7.84, we see that Ryxz(t)
and Ia(t, Rrx(t)) exist for v-almost all € 2. Furthermore, it follows from
the properties of parallel translation, of Ry and of a(t,m) that the stochastic
process I a(t, Rﬂb(t)) is uniformly bounded and non-anticipative with re-
spect to B;. Consider the measure y on (f),]-: ) with density p with respect
to v given by
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p(a() = exp ( | (rat.Riate) i) = 5 [ Ta.mi0)? dt)

(7.51)
It is known (see [83, 162]) that under the hypotheses of the theorem

[ pdv =1, (7.52)
k9]

i.e., pu is a probability measure, and, furthermore, w(t, x()) = z(t) —
fg Fa(T, RIx(T)) dr is a Wiener process on (£2,F, u) relative to B;. It is
not hard to show that p > 0 everywhere, i.e., v is absolutely continuous with
respect to p and has density p~!. In other words, the probability measures
and v are equivalent. The coordinate process z(t,z(-)) = z(t) on (2,F, p) is
non-anticipative with respect to B; and, moreover, B; = Pf. Since the mea-
sures o and v are equivalent, Ry(z(t,z(-)) = Rrx(t) exists p-a.s. Thus, z(t)
and w(t) are related via the equation

dz(t) = [a (t, Rrz(t)) dt + dw (7.53)

on Tp,, M. In other words, z(t) is a weak solution of (7.53). It is shown in
[83, 162] that every solution of (7.53) gives rise to a probability measure on
(Q F) with density p. This means that a solution of (7.53) is weakly unique.
By definition, the process R;(t) exists on (Q,]—", ). This process is, in fact,
a weak solution of (7.50). Hence the solution is weakly unique. O

We point out that w(t), defined as in the proof of Theorem 7.95, is a Wiener
process relative to the family P7 generated by the weak solution z(t).

Theorem 7.96 Assume that M is stochastically complete, a(t,m) is Borel
measurable jointly in (t,m) € [0,1] x M, the inequality fé lla (t, m(t))]* dt <
o0 holds for any continuous curve m(-): [0,1]] — M, m(0) = mg € M, and
the density p defined by (7.51) satisfies (7.52). Then there exist a weakly
unique weak solution & of (7.50) with the initial condition £(0) = mg that is
well-defined on [0,1].

This result is a simple generalization of Theorem 7.95. The only refine-
ment needed in the proof is as follows. Even though the hypothesis of The-
orem 7.96 does not guarantee that Fa(t,RIx(t)) is uniformly bounded,
v-almost all z(-) € 2 with z(0) = 0 € Ty, M satisfy the inequality
fé |la (t, Rrz(t))||> dt < oo. Arguing in the same way as in the proof of
Theorem 7.95, we see that this inequality together with (7.52) yield the ex-
istence and weak uniqueness of a solution of (7.53) as in [83, 162]. The rest
of the proof of Theorem 7.95 remains unchanged.

Corollary 7.97 Assume that fol la (t,m(t)||* dt < oo for any continuous
curve m(-): [0,1]] — M. Then, under the hypotheses of Theorem 7.96, the
assertion of the theorem holds for any initial condition £(0) =m € M.
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From the proofs of Theorems 7.95 and 7.96 it is not hard to see that for
processes with unit diffusion coefficients their developments (as well as line
integrals with parallel translation) are well-defined on stochastically com-
plete Riemannian manifolds, i.e., on a broader class than the uniformly com-
plete Riemannian manifolds and manifolds satisfying the hypothesis of The-
orem 7.76. In addition, for such processes it is possible to weaken the require-
ment of boundedness and yet still obtain the existence of an It6 development
on every a priori given non-random time interval.

Consider a stochastic process §(t) on T),, M non-anticipative with respect
to B; and such that

P (/Ooo 18|12 dr < oo) ~1 (7.54)

Define an It6 process z(t) on T,,, M by the formula

2(t) = /0 B(r)dr + w(t). (7.55)

Theorem 7.98 Let M be stochastically complete. Then for any I > 0 the
development Ryz(t) exists on [0,1] and is weakly unique.

Proof. Let (fZ,]:', v) and B, be as in the proof of Theorem 7.95. Denote
by p. the probability measure on (fZ,]}) which corresponds to z. Then it
follows from (7.54) that p. is absolutely continuous with respect to v (see
[175, Chapter 7]). Since M is stochastically complete, the development of a
standard Wiener process exists. In other words, the development can be a.s.
extended from the space of smooth curves to £2. Since 1, < v, the same
holds true when p, is replaced by v.

One can easily see that z(t) coincides with the coordinate process z(t, z(-))

= x(t) on (2, F, ju.). The theorem follows. O

In the Euclidean space R™ consider a process (3(t) that satisfies (7.54) and
is non-anticipative with respect to B; and a Wiener process w(t) adapted
to B;. Construct the Itd process d(t) = fot B(r)dr + w(t). Let g : 2 - M
be a random element independent of B;, and let By be a Borel measurable
cross-section of OM.

Consider the development Ry(8y(zo))d(t) from Definition 7.68.

Theorem 7.99 If a Riemannian manifold M is stochastically complete, the
development Ry(Bo(x0))9(t) exists, is well-defined for t € [0,1] and is weakly
unique.

The proof of Theorem 7.99 is analogous to that of Theorem 7.98.



Chapter 8
Mean Derivatives in Linear Spaces

8.1 General Definitions and Results

In this section we briefly describe some preliminary facts about mean deriva-
tives. For details, see [7, 106, 107, 115, 188, 190]. This notion was first in-
troduced by E. Nelson [187, 188, 190] for the needs of so-called stochastic
mechanics (see Chapter 15) but it turns out to be useful in some other prob-
lems of mathematical physics, economics, and elsewhere.

Consider a stochastic process £(t), t € [0,T], given on a probability space
(2, F,P), taking values in a separable Hilbert space and such that £(¢) is an
L' random element for all ¢. For the sake of convenience in this section we
work mainly with the Euclidean space R™. The general case of Hilbert space
is quite analogous and we shall describe its features only when necessary.

In Section 6.1.1 for a stochastic process £(t) three families of o-subalgebras
of the o-algebra F were introduced: “the past” Pf of £(t), “the future” ff of
£(t) and “the present” (“now”) N of £(t). All the above families we suppose
to be complete, i.e., contain all sets of measure zero.

For the sake of convenience we denote by Ef the conditional expectation
E(-|N¥) with respect to the “present” N¢ for £(t).

Generally speaking, the sample trajectories of £(-) a.s. are not differentiable
(see, e.g., Theorem 6.10 for Wiener processes) and so we cannot determine
the derivative of £(-) in the ordinary way. Following Nelson (see e.g. [187,
188, 190]) we give the following:

Definition 8.1.

(i)  The forward mean derivative DE(t) of the process (t) at time ¢ is the
L!'-random variable of the form

. §(t + At) —&(¢)
DEt) = 1 ES (=2 S 8.1
&) Pt < At (8.1)
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where the limit is assumed to exist in L!(£2, F,P) and At — +0 means
that At — 0 and At > 0.
(ii) The backward mean derivative D,E(t) of £(t) at t is the L'-random

variable £() — E(t — Af)
t) —&(t— At
— §
D.g(0) = i 5 (SO==20) (5.2)
where (as in (i)) the limit is assumed to exist in L'(£2, F,P) and At —
+0 means that At — 0 and At > 0.

If £(t) is a Markov process (see Section 6.1.3) then EF can be replaced
by E(|Pf) in (8.1) and by E(-|F) in (8.2). In order to distinguish these
constructions for non-Markovian processes, we introduce the following defi-
nition:

Definition 8.2. The forward mean derivative relative to the past (P-mean
derivative) DT E(t) of a process £(t) at time t is the L'-random element of

the form
DPe(t) = AliinJroE (W ’Ptg) ’ (83)

where the limit is assumed to exist in L' and At — +0 means that At tends
to 0 and At > 0.

The backward mean derivative relative to the future (F-mean derivative)
DT &(t) of a process £(t) at time ¢ is the L!'-random element of the form

DFE(t) = lim E(M‘ff>7 (8.4)

At—-+0 At

where the limit is assumed to exist in L' and At — +0 means that At tends
to 0 and At > 0.

Remark 8.3. In fact Nelson considered at most the case of Markov processes,
and so he gave in different works two equivalent definitions of mean deriva-
tives: with E° and with E(-|P%) or E(-|FF), respectively. We mainly consider
Ito diffusion type processes which are, generally speaking, non-Markovian,
and so these definitions become non-equivalent. Definition 8.1 is compati-
ble with the principle of locality in physics: the derivative depends on the
present but neither on the entire past nor on the entire future. Nevertheless
the P-mean and F-mean derivatives as in Definition 8.2 also arise in many
problems.

It should be noted that in general DE(t) # D.&(t) (but if £(¢) a.s. has
smooth sample trajectories, these derivatives coincide).

From the properties of conditional expectation it follows that DE(t) and
D..&(t) are expressed as compositions of {(¢) and the Borel measurable vector
fields, namely the regressions (see Section 6.1.2)
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YO(t,x) = A%EOE <W' £(t) = :c) (8.5)
YO(t,a) = Jim B (M'g ) (8.6)

on R™, ie., DE(t) = YO(t,£(t)) and D.£(t) = Y2(t,£(¢)).

The mean derivatives of Definition 8.1 are particular cases of the follow-
ing notions. Let x(t) and y(¢) be L!-stochastic processes given on ({2, F,P).
Introduce the y-forward derivative of z(t) by the formula

DYz(t) = lim EY (M) (8.7)

At—+40 At

and the y-backward derivative of z(t) by the formula

DYz(t) = lim EY (w) (8.8)

At—+0 At

where, of course, the limits are assumed to exist in L'(§2, F,P). If by anal-
ogy with (8.3) and (8.4) we replace EY by E(- | P/) in (8.7) and by
E(- | FY) in (8.8), we obtain the y-forward P-derivative DP"x(t) of x(t)
and the y-backward F-derivative DI’ x(t) of x(t), respectively. As above, if
y(t) is Markovian, DF"2(t) coincides with D¥Yz(t) and D7 z(t) coincides
with DYz (t).

Lemma 8.4 Fors<t

E(x(t) —x(s) | PY) = E (/t (Dpyx(T)) dr

E(x(t) —z(s) | F}) = E (/t (Df”m(T)) dT\ ff) . (8.10)

Proof. Take a partition g = (s =tg < t; < --- <ty =t) of the interval [s, t]
and consider the following integral sum

P}j) , (8.9)

N-1 2(t;) =
(Hl—t Py (tiy1 — tl>) - Z E ((2(tiv1) — ()| PY)
P tit1 i=0

whose limit as diamq — 0 is f; (DP"x(7))dr. Since t; > s, by the properties
of conditional expectation E(E(- | P{) | PY) = E(- | PY). Thus
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This proves (8.9). The proof of (8.10) is similar, replacing the “past” by the
“future”.

Lemma 8.5

(i) z(t) is a martingale with respect to Py if and only if DP’z(t) = 0.
(i) x(t) is a backward martingale with respect to F/ if and only if
DIY¢(t) = 0.

Proof. Let z(t) be a martingale with respect to P}. By the martingale prop-
erty (see Section 6.1.4) E(z(t + At)|P}) = z(t) and so E(z(t + At) — z(t) |
PY) = 0. Hence DP"z(t) = 0.

Let DP’z(t) = 0. Then by Lemma 8.4 for t > s we have E(z(t) — z(s) |
PY) =0. Thus E(z(t) | PY) = E(z(s) | PY). But E(z(s) | P{) = x(s) and so
x(t) is a martingale with respect to PY.

This proves (i). The proof of (ii) is similar. O

Corollary 8.6
(i) If z(t) is a martingale with respect to Py, DYx(t) = 0.
(i)  If z(t) is a backward martingale with respect to F;, D.&(t) = 0.
In particular, if a process £(t) is a martingale, DE(t) = 0 and if it is a
backward martingale, D,£(t) = 0.

This follows from the fact that DE(t) = ES(DPE(t)) and D.E(t) =
EE(DZE()).

Of course, when we use the word “martingale” without indicating the
filtration, we mean that it is with respect to it own “past” (and in the case
of a backward martingale, with respect to its own “future”).

Consider an It6 diffusion type process £(¢) (see Definition 6.16)

() =& +/0 a(s)ds—i—/o A(s)dw(s) (8.11)
and a diffusion process (see Definition 6.17)
n(t) =no +/0 a(s,r](s))ds—l—/o A(s,n(s))dw(s). (8.12)

It should be noted that £(t) can neither be a diffusion nor a Markov pro-
cess.
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Theorem 8.7 For a process £(t) of type (8.11) DE(t) ewxists and is equal to
E$(a(t)). For a diffusion process n(t) of type (8.12) Dn(t) = a(t,n(t)).

D (st [ atias+ [ aGiuts)
(o) o).

Proof. Evidently

Since fo (s)dw(s) is a martingale with respect to Pf (see Theorem
6.11), from Corollary 8.6 it follows that D$( fo (s)dw(s)) = 0. Then
Df(fO ds) = Ef(a(t)) and Dn(t) = a(t,n(t)) since a(t,n(t)) is measur-
able With respect to N{'. O

Theorem 8.8 For diffusion type process (8.11) the derivative DP£(t) exists
and takes the form DPE(t) = a(t).

Proof. Note that {(t+At)—&(t) = A s)ds +ft+m (s)dw(s). Since the

t

Itd integral is a martingale with respect to Pf, E( tH_At A(s)dw(s) | PS) =0
and so we get
t+At t+At
B(E(t+ At) — £(t) | PS) = E / a(t)a [P | = / £ (aft)|PE ) a
t ¢

Applying formula (8.3) we obtain that DP&(t) = E(a(t) | P%). Since, by
definition of a diffusion type process, a(t) is measurable with respect to Pf ,

E(a(t) | PF) = a(t). O

Theorem 8.9 For a backward Ité process

§t) =6 + /Ot a(s)ds + /Ot A(s)d.w(s)

given on an interval [0,T] and such that A(t) is measurable with respect to
NE for all t, the derivative D.£(t) at t € (0,T) exists and equals E*(a(t)) +
A(t)DSw(t).

Proof. Indeed, as in Theorem 8.7, D5( fo s)ds) = Ef(a(t)). Approximate

the backward increment of f A(s)d,w(s) by a summand of the backward
integral sum (6.4) of the form A(t)(w(t) — w(t — At)). Since A(t) is measur-

able with respect to MY, hm Ef(A( )W) = A(t)DSw(t). The

Theorem follows. O
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By Theorem 8.7 the forward mean derivative gives information about the
drift of an It6 process. Following [6, 7] we introduce a new mean derivative
Do, called the quadratic mean derivative, that is responsible for the diffusion
term of a process. This is a slight modification of an idea of Nelson from
[188, 190].

Definition 8.10. For an L!-stochastic process £(t), t € [0,T], its quadratic
mean derivative Do£(t) is defined by the formula

Dat) = i 5 (SLEED S S LO G0 g

where ® denotes the tensor product and the limit is assumed to exist in
LY(2,F,P).

Note that here the tensor product of two vectors in R™ is the n x n matrix
formed by the products of every component of the first vector with every
component of the second one. Note also that for column vectors X, Y € R"”
their tensor product X ® Y equals the matrix product XY™ of the column
vector X and the row vector Y* (the transpose of column Y).

As in the case of forward mean derivatives, if £(¢) is not Markovian, the
quadratic mean derivative with respect to the past differs from that in Defi-
nition 8.10. To distinguish these constructions we introduce:

Definition 8.11. The quadratic mean derivative relative to the past (for
short, quadratic P-mean derivative) DY ¢(t) of &(t) at t is the L-random
element of the form

At——+0 At

where the limit is assumed to exist in L', At — +0 means that At tends to
0 and At > 0 and ® denotes the tensor product in R™.

Denote by S (n) the set of symmetric positive definite n x n matrices and
by Sy (n) the set of symmetric positive semi-definite matrices (the closure of
S+ (n) in the space of all symmetric matrices S(n)).

We emphasize that the tensor product in (8.13) is a symmetric positive
semi-definite matrix so that Do£(t) is a function with values in S, (n).

From the properties of conditional expectation (see, e.g., [194]) it follows
that there exists a Borel mapping a(t, ) from [0, T] x R™ to S, (n) such that
Dy&(t) = af(t, &(t)). As above, following [194], we call a(t, x) the regression.

Theorem 8.12 Let £(t) be a diffusion type process of the form (8.11). Then
Dy&(t) = Ef[a(t)] where aft) = A(t)A*(t), A*(t) is the transposed ma-
triz A(t) and A(t)A*(t) is the matriz product. If £(t) is a diffusion pro-
cess, Do&(t) = a(t,&(t)) where « is the diffusion coefficient. In particular,
Do£(t) = 0 if and only if £(t) a.s. has Cl-smooth sample paths.
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Proof. By direct calculation it follows that the components of (£(t + At) —
§(t)) ® (&(t+ At) — £(t)) are elements of the matrix (£(t + At) — £(¢))(&(t +
At) — £(t))* where we use the matrix multiplication of the column-vector
(&(t 4+ At) — £(t)) and the row-vector (£(t + At) — £(¢))* (i.e., the transpose
of (£(t + At) — &(t))). The product is a symmetric positive semi-definite
matrix. Since £(t + At) —£(t) = :+At s)ds+ ft+m (s)dw(s), taking into
account the properties of the Lebesgue and It6 integrals one can see that
(E(t + At) — E()(E(t + At) — &(t))* is approximated by a(t)a(t)*(At)?
(a(t) At) (A(t) Aw(t))* + (A(#)Aw(t))(a(t)At)* + A(t)A(t)* At. Thus we see
that only A(t)A(t)* At is infinitesimal of the same order as At while the
other summands are infinitesimals of order higher than At. Applying formula
(8.13), we obtain the assertion of Theorem since AA* = « (see above). If £(t)
a.s. has C''-sample paths, A = 0 a.s. and so D2&(t) = 0. On the other hand,
if D&(t) = 0, this means that in the expression for (&(t+ At) —&(t)) @ (&(t +
At) —£(t)) there is no term with the same infinitesimal order as At. Hence,
a.s. A=0. O

Theorem 8.13 For the above-mentioned Ité diffusion type process £(t) the
derivative DY &(t) exists and takes the form DY &(t) = A(t)A* (t) where A*(t)
is the transpose of the matriz A(t).

The proof of Theorem 8.13 is a simple modification of that for Theo-
rem 8.12 based on the fact that A() is measurable with respect to Pf.

Below we will often deal with the particular case of the process (8.11) for
F =R" with A = oI, where o > 0 is a real constant and I is the identity
operator; i.e., with diffusion type processes in R™ of the form

Et)=¢& + /0 a(s)ds + ow(t). (8.15)

Note that Theorem 8.7 is valid for processes of the form (8.15).
For a process of type (8.15) we can obtain from the Ité formulae (6.10)
and (6.13) and from formulae (8.9) and (8.10) two important relations.

Lemma 8.14 Let f(t,x) be a smooth mapping. For a process of type (8.15)
for every t > s the relations

B (f(t,£(1) — f(5,€(5)))

(t, &( (8.16)
= ES (/t g—£d7+/: FYO(r,&(7)))dr + ";/t VQf(T,f(T))dT>

and

E; (f(t,£(1) — f(5.€(s))) (8.17)

— Bf ( / g / R / t V2f(7,£(7))d7>

hold.
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Proof. Note that by Theorem 8.7 and by formula (8.5) defining the regression
Y0, the equality E*(a(t)) = YO(t,£(t)) holds. Also, trf”(-,-) = V2f for a
smooth mapping f(t,z) where V? is the Laplacian. Then for ¢ > s and for a
smooth mapping f(¢,x) one can easily derive from (6.10) and (8.9) that

ES(f(£,€(1) — f(5,£(9)))
5t ([ pstrstonr)

ES (/t g—£d7+/: f’(YO(T,g(T)))dT+%2/: VQf(T,ﬁ(T))dT>

since Eg(f: f(dw(r)) =0.

For the process (8.15) the regression Y introduced by formula (8.6)
takes the form Y2 = Y0 + Y1 where V! is the regression for DSw(t), i.e.,
Y1(t,£(t)) = DSw(t). Obviously, the backward Ito formula (6.13) is applica-
ble to £(t) as well as (6.10). Then for ¢ > s and for a smooth mapping f (¢, x)
one can easily derive from (6.13), (8.10) and Theorem 8.9 that

EE(S(4,€0)) - £(5.€(9))
— 5§ ([ D streonar)

S

=5 ([ Sars [ roomemnar -5 [ Vs
+ [ st
=5 ([ Lars [ poemeomar -2 [ Primeman
+ [ 10 mear)
=g ([ Hars [ roveemmer -5 [ Ve,
:

Definition 8.15. The derivative Dg = (D + D,.) is called the symmetric

= +
mean derivative. The derivative Dy = 1(D — D,.) is called the antisymmetric
mean derivative.

Consider the vectors vS(t,z) = 2(YO(t,z) + Y (t,2)) and uf(t,z) =
L(¥(t,2) — YO(t, ).
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Definition 8.16. v¢(t) = vg(t §(t)) Dg&(t) is called the current velocity
of the process £(t) and u(t) = us(t,£(t)) = DAE(t) is called the osmotic
velocity of the process &(t).

In Nelson’s works it is shown that in many natural problems the current
velocity plays the same role as the ordinary velocity of a deterministic process.
The osmotic velocity measures the variation of randomness of a process. The
precise meaning of osmotic and current velocities is clarified by the following.

Denote by p®(t,r) the density of the process (8.15) with respect to
Lebesgue measure A on [0,!] x R™. This means that for any continuous inte-
grable function f(¢,z) on [0,{] x R™ the following equality holds

/ f(t,x)pc(t, x)d\ = / f(t,&(t))dPdt.
[0,l]] xR™ £2x10,1]

Lemma 8.17 For the process (8.15) in R™ the vector field u(t,z) is pre-
sented in the form

1
ut(t,z) = 502grad log p*(t,2) = ograd log 1/ pS(t, ). (8.18)

Proof. We shall prove (8.18) using an idea developed in [65] for more compli-
cated processes. For an alternative proof see, e.g., [187, 188, 190] where only
Markovian diffusion processes are considered.

Let f be a smooth function on R™ with compact support. Since f(£(t)) is
N¢-measurable,

E[f(£() Ef (w(t) — w(t — Ab)] = E[f(£(6)) (w(t) — w(t — At))]
(see the properties of conditional expectations in Section 6.1.2). Since f(&(t—
At)) and w(t) —w(t — At) are independent and E(w(t) —w(t — At)) =0
Theorem 6.8), we obtain the equality E[f(£(t — At))(w(t) —w(t — At))]

(
Thus E[f(£(8))Ef (w(t) — w(t — At)] = E[(f(£(t) — f(£(t — At)))(w(t )
w(t— At))]. Using the It6 formula (6.10) and taking into account that f'(a) =
gradf - a, we obtain the presentation

F(Ew) — F(€(t - A1)
! o [ "
= [ (s aeas+ G [ e

+ / | ommad(E(s) - dus),

Hence,
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B [ FE(t) Ef (w(t) — w(t - Ab)]
=E Ut (grad f(£(s)) - a(s))ds dw(s) + %/t 7 (€(5))ds du

— At — At

N /tt ggradf(ﬁ(s))ds} =F [/tt Ugradf(f(s))ds} )

— At —At

and so

BIF(E®)uS (4, 6(t)] = —2E [Uf(f(t)) lim B (w(t) - wit - At)}

9 At—+0 At
_ —%E[azgrad FEW)]
1

= / o2grad f(z)p®(t, z)d\
2 Ji0,yxre

/ o? f(x)grad p (¢, 2)d\
[0,l]] xR™

grad pé(t, x)
Jogme 10 (555057 ) .0

Elo®f(£(t))grad log p®(t,£(1)))-

= N= N

Since this is valid for every smooth function f with compact support, (8.18)
holds. O

From (8.18) it follows that the osmotic velocity does indeed characterize
the ‘variation of randomness’ of the process.

Lemma 8.18 For the process (8.15) in R™, the vector field v&(t,z) and the
density pS(t, ) satisfy the continuity equation
dps(t
%ﬂj) = —div(pSv®). (8.19)

Proof. Let f(t, ) be a smooth real-valued function on [0, /] x R™ with compact
support. Note that for such f and a vector Y the equality f'(Y) = (gradf-Y)
holds where the dot denotes the inner product in R”. Recall that E(ES(-)) =
E(-). Then by formula (8.16) for ¢ > s the equality

E[f(t,£(t)) — f(s,8(s))] t
=’ [/t Z—Jtch/St(gradf-Yo(t,g(t)))d7'+/s %QVQde]

holds. On the other hand, by formula (8.17) we get the equality
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Elf(t,£@) — f(s,€(s))]
t t t 2
=F U g—{dr +/ (gradf - Y2(t, &(t)))dr —/ %VQde} )

Thus
Blste.6(0) — 15,660 = B | [ Har [ (araar oS.eonar].
where v¢(t, ) = $(YO(t,z) + Y2(t,z)) (see above). But
E [/ g—{dT —|—/ (gradf - Ug(t,f(t)))dT]

B /[S7t]an [af(a: D o (r.) + (gradf - v (r, ), x))] d

[ Sl o 212
_/[s7t]an o7 Lf (70)p (7,)] dA /[S’t]w {f( @) S A

I it
[s,t] xR™

$(r,x
= B E0) - Fso) - [ g2 ay

[s,t] XxR™

—/ [f(T,x)div (1}5(7,.13),06(7'733))] d).
[s,t] XxR™
Hence
TJ“"M = - 7. 2)div (v (7, 2) 0% (T, x
Jr P02 == [ Ui @i

Since the last equality is valid for any f, the Lemma follows. An alternative
proof for a Markovian diffusion &(t) can be found, e.g., in [187, 188, 190]. O

Lemmas 8.17 and 8.18 can be generalized for processes with more compli-
cated diffusion terms in the following way.

Consider an autonomous smooth field of non-degenerate linear operators
A(z) : R" — R", z € R™. Suppose that £(¢) is a diffusion type process
whose diffusion integrand is A(£(t)). Then its diffusion coefficient A(z)A*(x)
is a smooth field of symmetric positive definite matrices a(z) = (a¥(z)).
Since all such matrices are invertible, the field of inverse matrices (c;;) exists
and is smooth and at any x the matrix (a;;)(z) is symmetric and positive
definite. Thus it defines a new Riemannian metric a(-,-) = a;;jdz’ @ dz?
on R™. Consider the Riemannian volume form of this Riemannian metric

Ao = /det(a;)dzt Adz? A+ Ada™ (see (1.31)).
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Denote by p(t, x) the probability density of £(¢) with respect to the volume
form dt A A, = /det(a;;)dt Adz! Adz? A--- Adz™ on [0,T] x R™, i.e., for
any continuous bounded function f : [0,7] x R™ — R the relation

T

T
[Evconiu= [ | [recome|a= [ seostain,
0 2

0 [0,T]xR™

holds. We have the following generalization of formula (8.18):

ut(t,z) = %Grad log p*(t, z) = Gradlog \/ p¢(t, z), (8.20)

where Grad denotes the gradient with respect to the Riemannian metric
a(+,-). Analogously for v¢(¢, z) and p¢(t, ) we have the following generaliza-
tion of formula (8.19) (equation of continuity)

Ipt(t,x)

e —Div(vé(t, x)ps(t, x)) (8.21)

where Div denotes divergence with respect to the Riemannian metric af(-, -).
The arguments for the derivation of (8.20) and (8.21) are analogous to those
in the proofs of Lemmas 8.17 and 8.18 with a natural modification for using
Grad and Div. For an alternative proof for Markovian diffusion processes, see
[190].

Let Z(t,z) be a C%-smooth vector field, and £(t) be a stochastic process.

Definition 8.19. The forward and backward mean derivatives of Z along &(+)
at t (denoted by DZ(t,£(t)) and D, Z(t,£(t)), respectively) are the L!-limits
of the form

D) = i B (Z(t AL E( +AAtt)) _ 2, g(t))) 52

As in Definition 8.1, if £(¢) is a Markov process, Ef can be replaced by
E(|Pf) in (8.22) and by E(-|F5) in (8.23), see Remark 8.3.

Of course DZ(t,&(t)) and D, Z(t,&(t)) can be presented as compositions
of £(t) with certain Borel vector fields on R™. These vector fields (regressions)
will also be denoted by DZ and D, Z, respectively.

Lemma 8.20 For the process (8.15) in R™ the following formulae hold

2
DZ = %Z +(YO-V)Z + %VQZ, (8.24)
0 0 o’ _,
D.Z =57+ (Y V)2 -5 VZ, (8.25)
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where V. = (8%1,..., 62”), V2 is the Laplacian, the dot denotes the inner
product in R™ and Y°(t,x) and Y2 (t,x) are as introduced in formulae (8.5)

and (8.6).

Proof. The vector field Z(t, ) can be considered as amap Z : [0, ] xR" — R"
and so one may apply formulae (8.16) and (8.17). Note that Z'(Y) = (Y-V)Z
for a vector Y. Formula (8.24) follows immediately from (8.16) and (8.22)
while (8.25) follows from (8.17) and (8.23). O

In fact the forward mean derivative and the quadratic mean derivative
together make it possible in principle to recover a stochastic process from
its mean derivatives: the forward mean derivative gives information about
the drift while the quadratic mean derivative gives information about the
diffusion term. It turns out that such recovery is also possible for more com-
plicated relations with mean derivatives that we call equations with mean
derivatives (EMDs).

Specify a homogeneous polynomial f(z,y) of order k of two variables,
analogous polynomials g;(x,y), i =1, ...,k — 1 of order ¢ and two mappings:
F:RxR"Xx..xR*" - R"and g: R xR" - R".

Definition 8.21. A k-th-order stochastic equation with mean derivatives
(EMD) is a system

f(D,D*)ﬁ(t) = F(t7£(t)7gl(D’D*)£(t)7 "'7gk—1(DaD*)§(t))7 (826)
Dag(t) = g(t,&(t)).

The definition of a differential inclusion with mean derivatives is anal-
ogous. In Section 8.4 below we prove some existence theorems for several
types of first order equations and inclusion with mean derivatives. Various
second order equations and inclusions with mean derivatives are considered
in Chapters 14 and 15 and in Section 16.4. For the construction of their so-
lutions we need to have formulae of mean derivatives for processes from a
sufficiently broad class. The next two sections are devoted to the derivation
of such formulae.

8.2 Calculation of Mean Derivatives for a Wiener
Process and for Diffusion Processes

For a Wiener process w(t) in R™ Dw(t) =0, ¢t € [0,1), by Lemma 8.5(i) since
w(t) is a martingale.

Lemma 8.22 Fort € (0,1] the equality D,w(t) = @ holds.
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Proof. In this case, from the definition of the osmotic velocity u® (¢, w(t)) it
follows that D,w(t) = —2u® (¢, w(t)). Recall that the density p* (¢, ) is given
in formula (6.1). Thus according to formula (8.18) we have

w(t)

N | —
+ |8

O
w(t)

Obviously the process =~ does not exist at ¢ = 0. Nevertheless the fol-

lowing statement holds:
Lemma 8.23 The integral fot @ds exists a.s. for allt € [0,1].

Proof. By standard calculations, using the density p™(¢,x) one can easily
obtain the estimate E fot [ w:) |ds < C-+/t, where E denotes the expectation
and the constant C' > 0 depends only on the dimension n. Then the result
follows from the classical Tchebyshev inequality. O

Remark 8.24. To emphasize that mean derivatives essentially depend on
the o-algebras with respect to which they are calculated, we consider the
following example. By Lemma 8.23 the process n(t) = — Ot %S)ds + w(t) is
well-defined. From Lemma 8.22 one can easily derive that D¥n(t) = 0 and
D¥n(t) = —D,w(t). But it is shown in [153] that 7(¢) is a Wiener process
with respect to its own ‘past’ family of o-algebras and so Dn(t) = 0.

Lemma 8.25

i) Dl — D ot (0,1).
D

t
(i) DY =0 fort e (0,1).

w(t) w(t)

Proof. Tt is easy to see that DV =2 = (%%)w(t) + %Dw(t) = ——z> and
Dy = (8§ Dw() + § Daw(t) = 0. -

Lemma 8.26 Let a Markovian diffusion process £(t) be a solution of the Ito
equation (6.16). Then:

(i) D&(t) = a(t,&(t)) for t € (0,1];
(i) D.&(t) = alt,£(t) — trA/ (A1, £(1))) + A(t,£() Diw(t) for t € (0,1],

where DSw(t) is the backward mean derivative introduced in (8.8).

Proof. Assertion (i) is a corollary of Theorem 8.7. To prove (ii), represent
&(t) by formula (6.26). Then using the fact that the first two summands on
the right hand side of (6.26) are processes with a.s. smooth trajectories, as
well as the properties of the conditional expectation and formula (8.8), we
obtain
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D@@Dﬂll@amMA%AM@aw>m

+AA(<» w(s)
— alt,€(1)) — trA'(A(t, (1)

)
)

+ lim Eé( (t (t))< wlt) - Agm)»
= a(t, &(t ))—UA'( (t,£(1)))

+ALE®D) lim E5 ( t_ At))

= a(t, &(t)) — trA’(A(t, 5 )+ A(t f( )) w(t).0

Theorem 8.27 Let £(t) be a solution of the Ité equation

ew=@+4a@aWM+AuAmmawm3
- [ Al genDiues + [ Alsgondu). 520
0 0

Then for t € (0,1] we have D£(t) = a(t, &(t)).

In fact Theorem 8.27 is a corollary of Lemma 8.26 and the proof is abso-
lutely analogous to the proof of the latter.

Lemma 8.28 For a diffusion type process &(t) the relation EDEw(t) =0
holds.

Proof. By the definition of DS and the properties of conditional expectation

EDSw(t) = B tim psi) = wlt=4Y
At—+0 At
— tm E w(t) —w(t — At)
At—+0 At
=0. O

Let £(t) be a Markovian diffusion process given on a finite interval ¢ €
[0,T7.

Definition 8.29. The process wé (¢ ft Diw(s)ds + w(t) — w(T) is called
the backward Wiener process with respect to £(t).

Lemma 8.30 The process wf(t) is a backward martingale with zero mean

relative to ]—'f.
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Proof. Since &(t) is Markovian, D$w%i, (t) = DF* wS(t). Note that DSw(t) =
—DSw(t) + DSw(t) = 0. Hence, DT wi(t) = 0 and the assertion of the
Theorem follows from Lemma 8.5(ii) and Lemma 8.28. O

We should emphasize that w$(t) depends on the given process &(); from
Lemmas 8.22 and 8.23 it follows that w¥(t) = g w(s) ds + w(t) — w(T) and

it is well-defined. Below in formula (8.37) we ﬁnd D€ (s) for an It6 diffusion
type process £(t) with unit diffusion coefficient and so it is possible to find
w$(t) in this case. The same can also be done for more general processes ().
As mentioned above (after Theorem 8.7), it is convenient to use w$(t) for
representing £(t) via this backward martingale and hence for calculating the
backward derivatives (see below).

Let £(t) be a diffusion process, i.e., a solution of the Itd equation

£(t) = &o +/a(T,g(r))dr+/A(T,g(T))dw(T) (8.28)
0 0

for t € [0,T]. Specify a time ¢. From the above formulae it follows that the
process 7(t) satisfying for s < t the relation

t

n(t) — n(s) = / au(r,n(r))dr + / Alr,n(r))dew? () (8.29)

S

with a.(t,z) = a(t,z) — trA'(A(t,z)) + A(t,z) DJw(t) and such that n(t) =
&(t), has the same backward mean derivative at ¢ as £(t).

Lemma 8.31 fst A(r,n(7))dswi (1) is a backward martingale with respect to
F.

Proof. By Lemma 8.30 and Lemma 8.5(ii), D7 " w(t) = 0. Approximate the
backward increment of [; b A(r, 17( ))d. w*( ) by a summand of the backward
integral sum (6.4), A(t, 77( ) (wi(t) — wi(t — At)). Since A(t,n(t)) is measur-
able with respect to M and hence with respect to F}',

D" / t A(r,n(7))d.w](T)
o E((A(t’n(t)) (wﬂ(t)—zll(t—m)))‘f;?)

At——+0
= A(t,n(t)) DI "w(t)
=0.
Thus the assertion of the Theorem follows from Lemma 8.5(ii). O

Lemma 8.31 is ‘symmetric’ to Theorem 6.11(2).
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Definition 8.32. The equality (8.29) is called an equation in backward dif-
ferentials and is denoted as follows

d&(t) = a(t, £(1)dut + A(t, €(t))dawi (t). (8.30)

Here d.t means the increment in the negative time direction. We use this
notation only for convenience. From the above arguments it follows that for
s < t close enough to ¢, a solution of (8.30) approximates a solution of (8.29).

Lemma 8.33 Let f(t,z) be a function that is C* int € R and C? inx € R".
Then for the process £(t) satisfying (8.30), the backward Ité formula

A7) = Lt o)

+ 30 (AL E0), A E0) .t
+ /(A E)dut()
1s valid.

The proof of Lemma 8.33 is analogous to that of formula (10.11). Here we
have to use the Taylor expansion at the right point and so the summands with
even numbers change sign. Taking into account the properties of integrals of
higher order, we obtain the assertion of the Lemma.

Remark 8.34. We refer the reader to Nelson’s books [188, 190] where an-
other approach to backward processes and equations is developed.

8.3 Calculation of Mean Derivatives for Ito Processes

This section is devoted to the calculation of mean derivatives for processes of
diffusion type of the form (8.15). To do this, we first describe a method for
calculating conditional expectations under a change of probability measure.

On a probability space ({2, F,P) consider a new probability measure
. Let p be absolutely continuous with respect to P with a certain den-
sity 6, let B be a o-subalgebra of F and v be a measurable map from
(2, F) into R™ equipped with the Borel o-algebra. Denote by E°(1|B)
the conditional expectation of @ with respect to B on the probability
space (£2,F,P) and by FE’(1|B) the same expectation on the probability
space (£2,F,u). Using E°(1|B) we can calculate E'(|B) as follows (cf.,
e.g., [175]). For any function A, measurable with respect to B, we have
E'(M) = E'(AE'(Y|B)) = E°(AE'(Y|B)0) = E°(AE'(y|B)E°(0]B)), and
on the other hand E'(\)) = E°(\p0) = EY(AE°(0|B)). Thus
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E'(¢|B) = E°(0)|B)"'E°(v0|B). (8.31)

Consider a process of diffusion-type (8.15) and for the sake of simplicity
suppose that o = 1. For the space of continuous curves 2 = C°([0,1],R")
and for the o-algebra F of cylinder sets on §2, consider two probability spaces
(2,F,v) and (2, F, i) where v is the Wiener measure and the measure p
corresponds to the process {(t). Denote the coordinate process on (2,F)
by ¢(t). Recall that ¢(t), considered as a process on (£2, F,v), is a Wiener
process. Let us denote this process by W (t). The process ((t), considered on
(‘Q?}—’ M)? is f(t)

It is well-known that if £(¢) satisfies the condition

b _
P </0 a(s)ds < oo) =1, (8.32)

then p is absolutely continuous with respect to v. Under some additional
assumptions (see, e.g., [175]) one can show that the density of u with respect
to v has the form

l l
0(1) = exp (-% /O a(s)2ds + /O (a(s)-dW(s))) (8.33)

(the above assumptions mean that 0() is a probability density) and so p and
v are equivalent. For the remainder of this Section we suppose that (8.32)
and the assumptions are satisfied. Clearly

l l
0(1)~" = exp (%/0 a’ds —/0 (a(s) - dW(s))) .

Determine 0(t) by analogy with formula (8.33) where [ is replaced by ¢. Then
using the It6 formula one can easily show that

o) =1 +/0 0(s)(a(s) - dW(s)) (8.34)

(for details see, e.g., [175]).

Denote by E° the (conditional) expectation on (2, F,v) and by E’ the
(conditional) expectation on (£2, F, u). Then using formulae (8.31) and (8.34)
we can calculate
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C(t+ At) - ¢(t )>

At
= i -1 C(t+ At) —((¢)
o A}ﬂo E?C(G(l)) Ez?c (Tﬂ(l)>
= B (00) " lim B¢ (W)

POt B ((C( *At > (/ ot ())).

Let f: M — R be a smooth function with compact support. Then since

A
here ((t) = W (t) and so f(C())(C(t + At) — (1) = [T (W (2)dW (s),
we can apply the usual properties of the multiplication of It6 integrals (see
Theorem 6.12) to obtain

| (it + A1) — (0
E(7(¢(e) lim, 526 (=)

- AELHLOEO (f(C(t)) <W))

= lim E0< tt+Atf(W(t))9(S)a(s)ds>

T AtSH0 At

= E°(f(C(£)0(t)a(t)).

Thus, since f is an arbitrary function of the above-mentioned type,

lim ELS <%’W / 9(8)(a(8)'dW(S)> — BX(0(t)a(t))

At—+0
On the other hand, by Theorem 8.7 D&(t) = Ef (a(t)), thus
E(6(1) 7 E (0(t)a(t) = E (a(t)) (8.35)

(note that formula (8.35) can also easily be obtained by direct calculation).
Then

At—+0 At

= B%(0(1))"! lim E° (MQ([)) .

At-10 At

D.£(t) = lim ES (M)

Using the same arguments as above we easily obtain
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EO(F(C(t)) Jim B (W (0)

At—+0 At

= i £ (07 - gw e - an) O =g
+ Jim B (f(W(t _ V= VAVt(t - At)e(z)) .

As above, the second summand on the right hand side is equal to
E°(f(¢(1)0(t)a(t)). Let us calculate the first summand. Here we apply The-
orem 6.12, the It6 formula, and integration by parts. Denoting by the same
symbol the conditional expectation and the corresponding regression (see
Section 6.1.2), we have:

lim E° <(f(W(t) — f(W(t — At)))

At—+0

= lim EO([f7(W (= Ab) At

W(t) — W(t — Ab)
v 0(1))

T (grad f(W (1 — AN (W () — W(t — Ay VD= WE= 4D
= E(grad f(W(1))8(1))

- /[ o ATV 0

[ e (-5 ) o] o ax

0(l)
_ EO (f(W(t)) (— gracvlfw) 9(l)>

P
B (W (1) [0(0) " grad EY (6(1))] 01)
W)

= 52 (e (T o) - £ () [o0) srad 2 000 600)

where —g”;Lu’,’W = WT(t) by Lemma 8.22.

Lemma 8.35 The following formulae hold:
£(t)

D.&(0) = BGa) + 4 B (s, (5.36)
piu() = 4 5w, (8.37)

where k(t) = 0(1) " ‘grad B}V (6(1)).

Proof. From the above formulae it follows that
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D.&(0) = B 0(0)~ { £ 0oato) + £ | (1) o)

£ B (00 a8 0(1)J0(0) |
and having applied (8.31), (8.34) and (8.35) we obtain (8.36). (8.37) is a
consequence of (8.35) and (8.36). |

Lemma 8.36 Let g(t) and h(t) be L!-stochastic processes with continuous
sample paths in R™ defined for t € [0,1) on the same probability space. Con-
sider the process El'g(t). Suppose Dh(t) and D.h(t) exist. Then:

i Dlg(t) exists if and only if D"Elg(t) exists and D"Elg(t) = Dlg(t);
t t
(ii)  Dhg(t) emists if and only if DMElg(t) exists and D Elg(t) = Dhg(t).

Proof. Fix an arbitrary smooth function f: R"” — R with compact support.
Using the equality

(Ery arg(t + A) f(h(t + At)) — (Ey'g(1) f(h(t)
= {(B, acg(t + At) — Efg()} f((2))
+ By a9 (t + A){f(h(t + A1) — f(h(1))}

we obtain

ED"{(E{9(t))f (h())}
_ im B (Eh (E&Atg(twt))f(h(twt»—<Efg<t>>f<h<t>>>>

At—+0 At
= E((D"E}g(t)) f(h(t)) + E((E{'g(t)) D f (h(t))),

if the limit exists (cf. [188, 190]). Note that the existence of the second sum-
mand on the right-hand side follows from the conditions of the Lemma. Thus
the limit exists if and only if D" El'g(t) exists. On the other hand

E(EM{(Ey ap9(t + A0) f(h(t + At) — (Epg(t)) f(h(t))})
= E(g(t + At) f(h(t + A1) — g(£) f(h(1)))

and by analogous arguments we obtain

ED"{(E{'g(t))f(h(t))} = E(D"g(t))f(h(t))) + E(g(t)DL f(h(t)))

if and only if D"g(t) exists. Clearly,

E((E{g(t)) Dy f(h(t)) = E(g(t) D f(h(t))),

hence
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E((D"Efg(t) f(h(t))) = E(D"g(t))f(h(1))).
This proves (i). The proof of (ii) is analogous and is based on the equality
(Efy arg(t+ A)) F(h(t + At)) — (Efg(t) f (h(1))
= {(Bly a9t + At)) = B g(t)} f(h(t + At))

+ B g (h(t + At)) — F(h(1)}.

Lemma 8.37
0 () < ()50
(i) Df(S42) = Bf (42 - “).

Lemma 8.37 is a corollary of Theorem 8.7 and Lemma 8.35. In particu-
lar, (ii) follows immediately from Theorem 8.7 and the construction of the
derivative.

Lemma 8.38 The following equalities hold:

DD,£(t) = Dfa(t) + E* (@) — % (8.38)
D, DE(t) = DSa(t), (8.39)
DEES(K(t)) = 0. (8.40)

Proof. To prove (8.40) we apply Lemma 8.36 and formula (8.31) as follows:
DE; ((t))
— DEES [0(1)~ grad Y (6(0)]
= D* [0(1) 'grad B} (0(1))]
b B {0<Z>1grad (B 4 00) = EY (6() }
= t

At—+0 At

_ BV W) Tim BY ( {9(1)1grad<EfKAt<o<Z>)—E,me»} 9@>

At—140 At

(grad (B A 60)) — EY (9(1))))
At

=B (0(1)) 'eradD"™ (E}V (1))

= EY(6(1)) " tgradD"V (1)

=0.
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Formulae (8.38) and (8.39) follow from Lemmas 8.35-8.37, Theorem 8.7 and
formula (8.40). O

8.4 First Order Differential Equations and Inclusions
with Mean Derivatives

Let a(t, z) and a(t, r) be Borel mappings from [0, 7] x R” to R™ and to S (n),
respectively. According to Definition 8.21 we call the system of the form

DE(t) = alt, &(1)),
{ Dyt(t) = aft,&(t)), (8.41)

a first order differential equation with forward mean derivatives.
It is clear that the first equation of (8.41) determines the drift and the
second one determines the diffusion coefficient of the process.

Definition 8.39. We say that (8.41) has a weak solution on [0, T] with initial
condition £(0) = xq if there exists a probability space (2, F, P) and a process
&(t) given on (£2,F,P) and taking values in R™ such that for almost all
t € [0,T] equation (8.41) is satisfied P-a.s. by £(t)

Later we shall need the following technical statement.

Lemma 8.40 Let «(t,x) be a jointly continuous (measurable, smooth) map-
ping from [0,T] x R™ to Sy(n). Then there exists a jointly continuous (mea-
surable, smooth, respectively) mapping A(t,z) from [0,T] x R™ to L(R™,R")
such that for allt € R, x € R™ the equality A(t,z)A*(t,xz) = a(t,z) holds.

Proof. Since the symmetric matrices «(t, ) from S, (n) are positive definite,
all diagonal minors of «(t,x) are positive (in particular, they are not equal
to zero). Then the Gauss decomposition is valid for a(t,z) (see [239, The-
orem I1.9.3]): o = {0z, where ¢ is a lower-triangular matrix with units on
the diagonal, z is an upper-triangular matrix with units on the diagonal and
0 is a diagonal matrix. In addition, the elements of matrices ¢, § and z are
rationally expressed via the elements of «, hence if the matrices a(t,z) are
continuous (measurable, smooth) jointly in ¢, z, the matrices ¢, § and z are
also continuous (measurable, smooth, respectively) jointly in variables ¢, .
From the fact that the elements of o are symmetric matrices one can easily
derive that z = ¢* (i.e., z equals the transpose of ¢). One can also easily see
that the elements of the diagonal matrix § are positive. Thus the diagonal
matrix /8 is well-defined: its diagonal contains the square roots of the cor-
responding diagonal elements of . Consider the matrix A(t,z) = (V6. By
construction A(t,x) is jointly continuous (measurable, smooth, respectively)
in t,x and A(t,x)A*(t,x) = ((t,x)(t, x)2(¢t, ) = a(t, ). O
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If a(t, 7) takes values in S, (n) it is possible to construct continuous A(t, x)
under some stronger assumptions.

Lemma 8.41 If a(t,z) is a C%-smooth mapping from [0,T] x R™ to S (n),
there exists a mapping A(t, z) from [0, T] xR™ to the space L(R™,R™) of nxn
matrices, jointly continuous in t,xz, such that for allt € R and x € R™ the
equality A(t,z)A*(t,z) = a(t,z) holds.

Lemma 8.41 is derived from [75, Theorem 1].
We can now prove several simple existence of solution theorems for (8.41).

Theorem 8.42 Let a(t,x) in the system (8.41) be jointly continuous in t,x
and positive definite (i.e., for all t € [0,T] and x € R", a(t,z) belongs to
St (n)). In addition, let the estimate

[tra(t, 2)|| < K (1 + |z])? (8.42)
hold for some K > 0. Let a(t,x) be Borel measurable and satisfy the estimate
la(t, z)|| < K(1+ [lz]) (8.43)

for some K > 0. Then for every initial condition £(0) = xg € R™ equation
(8.41) has a weak solution that is well-defined on the entire interval [0,T].

Proof. Since «f(t, z) is continuous and positive-definite, by Lemma 8.40 there
exists a continuous A(t,x) such that A(t,x)A*(t,x) = a(t, z). Directly from
the definition of trace we obtain in this case that tr a(¢, ) equals the sum of
the squares of the elements of the matrix A(t, ), i.e., it is the square of the
Euclidean norm in the space of n X n matrices. Since in a finite-dimensional
space S(n) of symmetric matrices all norms are equivalent, from condition
(8.42) it immediately follows that ||A(¢,z)|| < K(1 + ||z||) for some K > 0.
Since «(t,x) is positive-definite, the matrix A(¢,x) is invertible for all ¢, .
Since a(t,z) is Borel measurable and satisfies (8.43), the pair a(t,z) and
A(t, z) satisfies [83, Theorem II1.3.3] and so there exists a weak solution of
the stochastic differential equation

€)= & + / a(s,€(s))ds + / As,€(s))du(s), (8.44)

that is well-defined on the entire interval [0, T]. From Theorems 8.7 and 8.12
it follows that the solution £(t) of (8.44) P-a.s. satisfies (8.41). o

Theorem 8.43 Let a(t,z) be C2—smootlz, positive semi-definite (i.e., for all
t €10,7] and x € R™, a(t, x) belongs to Si(n)) and satisfy (8.42). Let a(t,x)
be continuous and satisfy (8.43). Then for every initial condition £(0) = xg €

R™ equation (8.41) has a weak solution well-defined on the entire interval
[0, 71.
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Proof. By Lemma 8.41 there exists a continuous mapping A(¢, z) to L(R™, R™)
such that «(t,z) = A(t,2)A* (¢, ). As in the proof of Theorem 8.42, one can
obtain the estimate ||A(t, z)|| < K(1+|z||) for some K > 0. Since a(t, z) and
A(t,z) are continuous and (8.43) holds, equation (8.44) satisfies the condi-
tions of [83, Theorem I11.2.4], i.e., it has a weak solution well-defined on the
entire interval [0, T]. It is obvious that P-a.s. the solution satisfies (8.41). O

Now we turn to differential inclusions with mean derivatives. We refer the
reader to Section 4.1 for the definitions and main results in the theory of
set-valued mappings that we use here.

Let a(t,x) and a(t, z) be set-valued mappings from [0, 7] x R™ to R™ and
to S; (n), respectively. The system

DE(t) € a(t, &(t)),
{ Do£(t) € a(t,&£(t)). (8.45)

is called the first order differential inclusion with forward mean derivatives.

Definition 8.44. We say that (8.45) has a weak solution on [0, T] with initial
condition £(0) = x¢ if there exist a probability space (£2, F,P) and a process
&(t) given on (£2, F, P) and taking values in R™ such that P-a.s. and for almost
all t (8.45) is satisfied.

Analogous definitions are also valid for inclusions with backward deriva-
tives and with current velocities.

In this section we will mainly look for weak solutions in the class of diffu-
sion type processes.

In the simplest cases the problem of the existence of weak solutions for
(8.45) can be reduced to that for (8.41). We present some examples of such
statements.

Everywhere below for the set B in R™ or in L(R™,R™) we use the norm
defined by the formula ||B|| = sup ||yl

yeB

Theorem 8.45 Assume that a(t, x) takes values in positive definite matrices
St (n), has closed convez values, is lower semicontinuous and for every a €
aft, ) the estimate

[tra(t, 2)|| < K (1 + ||z])?

holds for a certain K > 0. Let a(t,x) be a Borel measurable set-valued map-
ping that satisfies the estimate

lat, z)|| < K(1+[l=]) (8.46)

for some K > 0. Then for every initial condition £(0) = &y there exists a
weak solution of (8.45) that is well-defined on the entire interval [0, T).

Proof. Under the hypothesis, by Michael’s Theorem (Theorem 4.7) the set-
valued mapping a(t,x) has a continuous single-valued selector a(t,z). The
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Borel measurable set-valued mapping a(¢,x) has a Borel measurable single-
valued selector a(t,z). Then the system

{ DE(t) = alt, (1)),
Dag(t) = alt, £(1))

satisfies the conditions of Theorem 8.42 and so it has a weak solution that is
evidently a solution of (8.45). O

Assume that a(t, z) and a(t, z) are lower semicontinuous, have closed con-
vex values in S, and satisfy the estimates from the hypothesis of Theo-
rem 8.45. Suppose in addition that it is known that a continuous selector
a(t,z) of a(t,z) (that exists by Michael’s Theorem) is represented in the
form «(t,z) = A(t,z)A*(t,z) with continuous A(¢,z). Then one can easily
prove the existence of a weak solution of (8.45) by reducing the problem to
Theorem 8.43.

Theorem 8.46 Let a(t,x) be an upper semicontinuous set-valued mapping
with closed convex values from [0, T] xR™ to R™ and let it satisfy the estimate

la(t, z)[| < K (1 + [|2[) (8.47)

for some K > 0.

Let a(t,x) be an upper semicontinuous set-valued mapping with closed
convez values from [0, T] x R™ to Sy (n) such that for each a(t,z) € a(t,z)
the estimate

[bra(t, )| < K1+ |[|=])> (8.48)

holds for some K > 0.

Then for any initial condition £(0) = & € R™ inclusion (8.45) has a weak
solution &(t), well-defined on the entire interval t € [0,T], that is a semi-
martingale.

Proof. For the norm in S(n) we take the restriction to S(n) of the Euclidean
norm (i.e., the square root of the sum of the squares of the elements of
a matrix) in the space L(R™,R™) isomorphic to R"’. Since all norms in the
finite-dimensional space S(n) are equivalent to each other, for this norm (8.48)
is also valid, perhaps with another constant, for which we keep the notation
K.

Since a(t, ) is an upper semicontinuous set-valued mapping with closed
convex values, for any € > 0 it has an e-approximation (see Section 4.1, in
particular Definition 4.10). We shall use the e-approximations from Theo-
rem 4.11, i.e., for e; — 0 the ¢;-approximations point-wise converge to a
Borel measurable selector of the set-valued mapping.

Choose a positive sequence €; — 0. Denote by a;(t,x) the continuous &;-
approximations of a(t,x) in R™ from Theorem 4.11 and by a(t,z) the Borel
measurable selector of a(t, z) to which a;(t, z) converge point-wise. It is clear
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that all a;(t,z) and a(t,z) satisfy (8.47) for some constant that is bigger
than the constnant K from the condition of the Theorem. Nevertheless, for
simplicity, we shall retain the notation K for this constant.

Like a(t,z), a(t,x) has in S(n) an e-approximation from Theorem 4.11
for any € > 0 since a(t,z) is an upper semicontinuous set-valued mapping
with closed convex values. Note that Si(n) is a convex set in S(n) and so
by Theorem 4.11 those approximations also take values in S (n). For the se-
quence (&;) (see above) denote by a;(t, ) an 5 -approximation of a(t, ). Let
a;(t, ) = a;(t,z)+ 51 where I is the unit matrix. Immediately from the con-
struction it follows that «;(t, z), for any 4, is a continuous €;-approximation
of a(t, z) and that at any (¢, z) it belongs to S (n), i.e., it is strictly positive
definite. In addition, «;(t,z) satisfies (8.48) where the constant K > 0 is
bigger than the constant from the hypothesis of the Theorem. Also, by con-
struction, the sequence «;(t,z) point-wise converges to a Borel measurable
selector a(t, z) of a(t,x).

By Lemma 8.40 for any ¢ there exists a continuous A;(¢,x) such that
A;(t,x)Af(t,x) = ay(t,z). Directly from the definition of trace we obtain
that tr a; (¢, x) is equal to the sum of the squares of the elements of A;(¢,x),
i.e., it is the square of the Euclidean norm in L(R™,R™). Hence from (8.48)
it follows that || A;(t,x)|| < K(1 + ||z||) for some K > 0.

Thus the stochastic differential equation

t

€)= & + / ai(s, £(s))ds + / A, €()dw(s)  (3.49)

satisfies the hypothesis of Theorem 6.26 and so it has a weak solution that is
well-defined on the entire interval [0, T]. Denote this solution by &;(¢).

Below in this section we use the measure space (£2,F) and the family
P, of o-subalgebras of F introduced in Section 6.1.1. On the measure space
([0,T7], B), where B is the Borel o-algebra, we denote the Lebesgue measure
by )\1.

The process & (t) determines a measure p; on (£2, F). On the probability
space (2, F, ;) the process &;(t) is the coordinate process, i.e., & (t,z(-)) =
x(t), z(-) € 2. In addition it is clear that Lemma 6.28 is valid for measures
w; and so the set of measures {u;} is weakly compact, i.e., it is possible to
select a subsequence weakly convergent to some measure p. Denote by &(t)
the coordinate process on the probability space (f), F, ).

Define the measures v; on (£2,F) by the relations dv; = (1 + ||z(-)||)dgs.
By Lemma 6.29 these measures weakly converge to the measure v given by
the relation dv = (1 4+ [|z(-)||)dp.

Since the sequence a;(t, z(+)) converges to a(t, z(-)) point-wise, it converges

ai(tz()
+z()l

almost surely with respect to all A X i and so the functions
a(t,z(-)
T+l
Let § > 0. By Egorov’s theorem (see, e.g., [235]) for every k there exists

a subset K¥ C [0;T] x 2 such that (A x v)(K¥) > 1 — ¢ and the sequence

converge

to almost surely with respect to all A x vy.
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ai(t,z(-))
I+l

a(t,z(-))
+lz()l

on K¥ uniformly. Let K; = |J K¥. Then the
k=0

sequence 'ﬁ(ﬁ (()H converges on K to fﬁliggf‘ uniformly and (A x 1)(Ks) >
(A x v)([0; T) x Q) — ¢ forall k=0,...,00 where vy, = v. }

Note that a(t, z(-)) is continuous on a set of full measure Axv on [0; 7] x £2.
Indeed, consider a sequence 6 — 0 and the corresponding sequence Ks,
from Egorov’s theorem. From the above arguments we see that a(t,z(-)) is
a uniform limit of continuous functions on every Kj,. Thus this mapping is

converges to

continuous on every Ky, and so on each finite unit |J Kjs,. We have lim (Ax
k=1 n—oo

(U Ks,) = (Axv)([0;T] x £2). Thus “&20D is continuous on a set of full
k=1

I+{l=()l

measure A X v on [0;7] x £2. ) }
Let g;(z(-)) be an arbitrary continuous bounded function on {2 that is P;

measurable. In particular let |g,(z(-))| < = for all z(-) from £2.
ai(t,z()) to a(t,z(-))
I+{l=()l 4z

K for all k and from the boundedness of g; we obtain that for  large enough

t+At
| /K (/ <ai<7,x<~>>a(mx(-)))dT)gt(x(-»duk

From the above-mentioned uniform convergence of on

t+ At
CLZ‘(T,J?(')) - a(T,JZ('))
= dr | ge(x(-))dw|| < 8
‘/K </ T+ 0] ()
uniformly for all k. Since (A x )(Ks) > 1 =6 for all k, |55 < K

by (8.47) for all i = 0,1,...,00 (where i = oo corresponds to a) and since
lg:(z(+))] < &, we obtain

t+ At
| | ( / (amx(-»—a(rw(-)))dT) sz ()
N\Ks \Jt

— A (1 2() — alT, x(+) . _
- ‘ -/f?\f(s </t T+ lz()]l dr | ge(x(-))dvk|| < 2QZ0.
From the last two formulae it follows that for & large enough
t+ AL
‘ /Q (/t (ag(r,z(")) — a(T,x(.)))dT> gi(x())du|| < 5(2Q= + 1)

From the fact that ¢ is an arbitrary number it follows that
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t+At t+At
lim </t ag(t,z(-))dr —/f a(T,a?(-))dT) ge(2(+))dug = 0.

k—oo J&
(8.50)
The function % is continuous A x v-a.s. (see above) and bounded on

[0; 7] x 2. Hence by a lemma from [82, Section VI.4] we derive from the weak
convergence of the measures v; to v that

t4+ At
Jim ( /t a(r,x(-))d7’> u(2()) A

k—oo [5
e t+AtM .
= Q</ 1+||m<->d7> alet)dm

_ t+AtM |
), </ T+ ||:c<.>||d7> g:(())dv

t+ At
= /(} (/t a(T,x(.))dT> ge(2())dp. (8.51)

Using the same arguments as above, we obtain

Jim [ (a(t+ A1) — 2(0)g:(2()dp

Q
lim x(t + At) — z(t)
imoe ) 1+ |z()]
Q2
B / x(t + At) — z(t)
L+ lz()]

g+(2(-))dvi

gt(x())dv

(@(t + At) — x(t))ge((-))dp. (8.52)

Il
b:\ el

Recall that

t+At
[(m(t—&—At)—x(t)—/ ai(T,x(.))dT> (@) dus
0 t

t+At
(&(t + At) = &(1) —/t ag (T, &(T))dT) m(&())]

_0 (8.53)

=F

since &;(t) is a solution of (8.49) and g:(&;(+)) is independent from &; (t+ At) —
t+At

&i(t) — ! ar(1,&(1))dr.
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From (8.50), (8.51), (8.52) and (8.53) we obtain that

k—o0 0

t+ At
0= lim (:z:(t + At) — z(t) f/t ak(T»I('))dT> gt (2 (-))dpk

k—o0 0

-,
J,

Since (8.54) is valid for every g, we have proved the following:

t+ At
= lim (x(t—i—At) —z(t) —/t a(T,x(~))dT> ge((+))dpk

t+ At
(z(t + At) — (1)) —/t a(m(-))dT] ge(x(-))dp.

Thus

t+At
(z(t + At) — z(t)) — /t a(s,x(~))ds] ge(x(+))dp = 0. (8.54)

Lemma 8.47 The process &£(t) — fot a(s,&(s))ds is a martingale with respect
to 'ﬁt.

Define the measures p; on (£2, F) by the relations dp; = (1 + [|z(-)||?)d ;.
By Lemma 6.29 these measures weakly converge to the measure p defined by
the relation dp = (1 + ||=(-)||*)du.

Using an elementary modification of the above arguments (in particular,
replacing the measures vy by pk, a; by a;, 1+ ||z| and 1 + ||z||?, etc.) one
can easily show that for every bounded continuous function g; : {2 — R that
is measurable with respect to 75t, the relation

(x(t + At) — z(t))(z(t + At) — z(t))"

lim

t+At
- / ai<s,x<~>>ds] 0e(2())dp

(x(t+ At) — z(t))(x(t + At) — z(t))*

-/,

t+At
_/t a(s,a:(-))dS] ge(z(-))dp

holds. Besides, for every 4
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[ate+ 20~ sO)(ate + a6) - o)

2
t+ At
_/t ai(S, x())ds} gt(x('))d,ui -0
and so

[Gate+ 20~ st)(ate + a6) ~ at)”
2

t+ At
- / (s 2())ds] 1 (@) )y = 0.

From this we obtain:

Lemma 8.48 For the coordz'nate process &(t) on the probability space
(Q ]—' w) the process &(t) fo ))ds is a martingale with respect
to Pt

From Lemmas 8.5 and 8.47 it immediately follows that

D¢ (5@) - /Ota(T,g(T))dT> =0

and so DE(t) = a(t,€(1)) € a(t, £(t)).
Note that from the Definition 8.10 of the quadratic derivative it follows
that DS (£(t)€*(t)) = Da&(t). Then from Lemma 8.48 we obtain that Do&(t) =

aft, £(1)) € aft, £(1)).
Thus &(t) satisfies (8.45). From Lemma 8.47 it follows that £(¢) is a semi-
martingale. O

Theorem 8.49 Suppose that «(t,x) takes values in the space S, (n) of
positive semi-definite symmetric matrices, has closed convex values, is lower
semicontinuous and for each o € a(t, x) the following estimate

[tra(t,z)| < K(1+ ||z])? (8.55)

holds for some K > 0. Let also a(t,x) be a Borel measurable set-valued
mapping and satisfy the estimate

lat, 2)| < K(1 4+ [l]) (8.56)

for some K > 0. Then for any initial condition £(0) = &y there exists a weak
solution of (8.45) that is well-defined on the entire interval t € [0,T].

Proof. From Michael’s theorem it follows that under the conditions of Theo-
rem 8.49 the set-valued mapping a(t, z) has a single-valued continuous selec-
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tor a(t,z). Obviously a(t, ) belongs to S (n) for all ¢, z. The Borel measur-
able set-valued mapping a(t, z) has a Borel measurable single-valued selector
a(t, ).

Let €; — 0 be a positive sequence. Define «;(t,z) = «(t, z) + ;I where
I is the unit n x n matrix. Clearly the «; are strictly positive definite and
continuous. Then by Lemma 8.40 there exists a continuous A; (¢, ) such that
A;(t,x)Af(t,x) = ai(t,z). Recall that tro; (¢, z) is equal to the sum of the
squares of the elements of A;(¢,x), i.e., it is the square of the Euclidean norm
in L(R™, R™). Since in the finite-dimensional linear space S(n) all norms are
equivalent, from (8.55) it immediately follows that ||A(¢, z)|| < K(1+| =) for
some K > 0. As «;(t,x) is positive definite, the matrix A;(¢,z) is invertible
for all ¢, z. Since a(t, ) is measurable and satisfies (8.55), under the above-
mentioned properties of A;(¢,x) by [83, Theorem III.3.3] there exists a weak
solution of the stochastic differential equation

Eilt) = &+ / afs,€(s))ds + / Ai(s,&(s)dw(s),  (8.57)

well-defined on the entire interval ¢ € [0,7]. Denote this solution by &;(t).
&:(t) determines a measure u; on (£2, F) where (£2, F) was introduced in the
proof of Theorem 8.46.

The rest of the proof is analogous to that of Theorem 7.51. All equa-
tions (8.57) satisfy the hypothesis of Lemma 6.27. The set of measures
{p:} is weakly compact so that there exists a subsequence that weakly con-
verges to some measure u. Denote by £(t) the coordinate process on the
probability space (£2,F, u). Construct A(t,z(-)) by analogy with Theorem
7.51, i.e., as a weak limit in the corresponding L? space of the bounded
(and so weakly compact) set A;. The process &(t) satisfies the equality
£(t) = &o + fg a(s,&(s))ds + fot A(s,&(+))dw where w(t) is some Wiener pro-
cess. Since by construction «; converges to o uniformly, one can easily show
that Ef(AA*) = a. By Theorem 8.7 and Theorem 8.12, this means that &(t)
is the weak solution of (8.45) that we are looking for. o

Equations and inclusions with backward mean derivatives arise in the de-
scription of some special stochastic processes of mathematical physics. For
example (see, e.g., [113, 106, 115]) a second order equation in backward mean
derivatives of the group of Sobolev diffeomorphisms may be derived that de-
scribes a process whose expectation is a flow of a viscous incompressible fluid.
It should be pointed out that the study of such equations and inclusions is
generally much more complicated than that of equations and inclusions with
forward mean derivatives. Nevertheless there exists a simple method which
uses the inverse time direction to solve equations and inclusions with forward
mean derivatives, allowing one to obtain results for the case of backward
mean derivatives. We refer the reader to [7] for some statements of this sort.

As mentioned in Section 8.1, the notion of current velocity is analogous to
that of ordinary velocity for a non-random process. Thus, from the physical
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point of view, it is most natural to study equations and inclusions with current
velocities.
The system
Ds¢(t) = v(t,€(t))
8.58
okt~ &) (55

is called the first order differential equation with current velocities.

Theorem 8.50 Let v : [0,7] x R™ — R™ be smooth and o : R™ — Si(n) be

smooth and autonomous (so it determines the Riemannian metric a(-,-) on

R™, introduced in Section 8.1). Suppose in addition that v and « satisfy the
estimates

[ot, 2)|| < K (1 + [l), (8.59)

tr a(z) < K(1+ |z|?) (8.60)

for some K > 0. Let & be a random element with values in R™ whose prob-
ability density po with respect to the volume form A, of a(-,-) on R™ (see
Section 8.1) is smooth and nowhere equal to zero. Then for the initial condi-
tion £(0) = & equation (8.58) has a weak solution that is well-defined on the
entire interval t € [0,T).

Proof. Since v(t,x) is smooth and the estimate (8.59) is fulfilled, its flow g;
is well-defined on the entire interval ¢ € [0,T]. By g¢:(x) we denote the orbit
of the flow (i.e., the solution of the equation a'(t) = v(t,x)) with the initial
condition go(x) = x. Since v(¢, z) is smooth, its flow is also smooth.

The continuity equation (8.21) can clearly be transformed into the form

dp

i —a(v, Grad p) — p Div v. (8.61)

Suppose that p(t, z) is nowhere zero in [0, T] x R™. Then we can divide (8.61)
by p so that it is transformed into the equation

9p _

9% = —a(v,Grad p) — Div v (8.62)

where p = log p. Let py = log pg.

We show that the solution of (8.62) with initial condition p(0) = pg is
described by the formula p(¢,z) = po(g—t(z)) — fOt(Div v) (s, gs(g—+(x))ds.
Consider the function pg as given on the level surface (0,R™) of the product
[0,T] x R™. Consider the vector field (1,v(t,z)) on [0,7] x R™. The orbits of
its flow gy, starting at the points of (0, R™), have the form (0, z) = (¢, g:(x))
and, like g;, the flow g; is smooth. Introduce on [0, 7] x R™ the Riemannian
metric &(-, -) by the formula &((X1, Y1), (X2,Y2)) = X1 Xo+a(Y1,Y2). Notice
that for any (¢, ) the point §_;(¢,z) belongs to (0,R™) where the function
po is given. Thus on the one hand (1,v)p(t, z), the derivative of p(t, z) in the
direction of (1, v), by construction equals —Div v(¢, z), and on the other hand
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one can easily calculate that (1,v)p(t, z) = 2p(t, z)+a(v(t, z), Grad p(t, z)).

Thus (8.62) is satisfied. t

Note that p = eP is indeed nowhere zero, i.e., our arguments are well-
defined.

Since p(t,z) is well-defined for all ¢ € [0,T], it determines a process £(t)
with this probability density and so with initial density py. By construction
Ds¢(t) = v(t, &(1)).

Let u = 1Grad p = Gradlog \/p and a(t,z) = v(t,z) + u(t, z).

From Lemma 8.40 and from the hypothesis of the Theorem it follows that
there exists a smooth A(z) such that A(z)A*(z) = a(x) and the relation
[A(x)|| < K(1 + ||z|]) holds. Then &(t) satisfies the stochastic differential
equation

E(t) = o+ / a(s, £(s))ds + / A(E(s))du(s) (3.63)

and so by Theorem 8.12 D2&(t) = a(£(t)). O

Lemma 8.51 Let a(x), p(t,z) and A, be as in Theorem 8.50 and let the
vector field v from Theorem 8.50 be autonomous. Then the flow §: of the
vector field (1,v(x)) on [0,T] x R™ preserves the volume form p(t,xz)dt A A,
(i.e., g7 (p(t,x)dt A An) = po(x)dt A Ay where §f is the pull-back) and so for
any measurable set Q@ C R™ and for any t € [0, T the relation fQ po(x) A =

Sy @) Pt %) Ao holds.

Proof. Tt is enough to show that L ,(p(t, z)dt A Ay) = 0 where L ,) is the
Lie derivative along (1,v). Clearly L ,y(p(t,z)dt A An) = (L1,0)p(t, x))dt A
Ao + p(t,x)(L(1m)dt A Ay). For a function the Lie derivative coincides with
the derivative in the direction of the vector field, hence L ,)p(t, z) = % +
(v, Grad p) (see the proof of Theorem 8.50) and so (L1,,)p(t,z))dt A Ay =
(% + a(v, Grad p))dt A A,. Since neither the form A, nor the vector field
v(z) depend on t, Ly ,ydt A Ay = dt A (LyAy) = Divoe (dt A Ay) as the Lie
derivative along v of the volume form A, equals (Divv)A, (see Section 1.7).
Taking into account (8.61), we obtain L ,)(p(t, z)dt A Ay) = 0. O

We refer the reader to [7] where differential inclusions with current veloc-
ities are considered and a certain existence of solution result is obtained.

8.5 The Case of P-mean Derivatives

In what follows, for the sake of simplicity of presentation, we deal with pro-
cesses given on a finite time interval ¢ € [0,T] C R.

As in the previous section, we use the measure space (07 F ) and the family
P, introduced in Section 6.1.1.

Let a:[0,7] x 2 — R and a : [0,T] x 2 — S, (n) be measurable.
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Definition 8.52. An equation with P-mean derivatives is a system of the

form
DPE(t) = a(t, (),
{Dé’f(t) a(t,&()). (8.64)

Definition 8.53. We say that the equation (8.64) has a weak solution &(t) if
there exists a probability space (§2, F, P) and a stochastic process {(t), given
on (2, F,P) and taking values in R™, such that equation (8.64) is fulfilled
P-a.s.

For simplicity we deal with deterministic initial conditions only.

Lemma 8.54 For a continuous (measurable, C*-smooth, k > 1) mapping
a:[0,T] x 2 — S, (n) satisfying Condition 4.12, there exists a continuous
(measurable, C*-smooth, respectively) mapping A : [0,T] x 2 — L(R™ R"™)
that satisfies Condition 4.12 and such that a(t,z(-)) = A(t,z(-))A*(t, z(-))
for each (t,z(-)) € R x £2.

The proof of Lemma 8.54 is a simple modification of that for Lemma 8.40.
The fact that C(t,z(-)), V(t,x()), and hence A(t,z(-)), satisfies Condition
4.12 follows from the construction.

Theorem 8.55 Let a : [0,T] x 2 — R™ and a : [0,T] x 2 — Sy (n) be
jointly continuous in t,x(-) and satisfy Condition 4.12. Let also the following
estimates hold:

tra(t,z(-)) < Ki(1+[lz()])?, (8.65)
la(t, z()] < K2(1+ [[=()]])- (8.66)

Then for every initial condition & € R™ equation (8.64) has a weak solution
that is well-defined on the entire interval [0,T].

Proof. Note that a(t, z(-)) satisfies the hypothesis of Lemma 8.54 and so there
exists a continuous A(t,z(-)) such that A(t,z(-))A*(t,z(-)) = a(t, z(-)) and
A(t, z()) satisfies Condition 4.12. Immediately from the definition of trace in
this case it follows that tr a(t, x(+)) equals the sum of the squares of all the
elements of the matrix A(t, z(-)), i.e., it is the square of the Euclidean norm
in L(R™,R™). Since in the finite dimensional vector space all norms are equiv-
alent, from estimate (8.65) it follows that ||A(t,z(-))|| < K3(1 + ||=(-)||) for
some K3 > 0. Recall that a(t,z(-)) is continuous and satisfies Condition 4.12
and the estimate (8.66). Under all these conditions, by [83, Theorem III.2.4]
there exists a weak solution £(t) of the diffusion type stochastic differential
equation

Et) =&+ / als, €())ds + / A(s,£()du(s),

that is a diffusion type process, well-defined on the entire interval [0, T|. From
Theorems 8.8 and 8.13 it follows that £(t) a.s. satisfies (8.64). O
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A more general existence result where a(t, z(-)) may take values in S, (n)
is obtained in Theorem 8.59 below.

Consider set-valued mappings a(t,z) and a(t,z) sending [0,T] x 2 to
R™ and S (n), respectively, and satisfying Condition 4.12. The differential
inclusion with forward P-mean derivatives is a system of the form

DPE(t) € a(t,&()),
{Dé’ﬁ(t) € a(t,&(+). (8.67)

Definition 8.56. We say that the inclusion (8.67) has a weak solution with
initial condition £, € R™ if there exists a probability space and a stochastic
process £(t) given on it, taking values in R™, such that £(0) = &y and a.s. £(t)
satisfies inclusion (8.67).

As in the case of equations with P-mean derivatives, we deal with deter-
ministic initial conditions only.

If, say, a(t, x) and a(t, x) are lower semi-continuous and have closed convex
values, then by Michael’s theorem they have continuous selectors a(t, z(+))
and a(t, z(+)), respectively. If those selectors satisfy the conditions of Theorem
8.55, the weak solution of (8.64) with coefficients a(t, z()) and «(t, z(-)), that
exists by Theorem 8.55, is obviously a weak solution of (8.67).

Theorem 8.57 Leia(t, x) be an upper semi-continuous set-valued mapping
from [0, T] x £2 to S (n) with closed convexr values that satisfies Condition
4.12 and let for every a(t,z()) € a(t,z(-)) the estimate

tra(t,z() < Ki(1+[lz()])? (8.68)

hold for some Ky > 0.
_ Leta(t,z(-)) be an upper semi-continuous set-valued mapping from [0, T] x
2 to R™ with closed convexr values that satisfies Condition 4.12 and let the
estimate

latt, 2()]| < Ka(1+ ()] (8.69)

hold for some Ko > 0.
Then for any initial condition £(0) = & € R™ inclusion (8.67) has a weak
solution.

Proof. Choose a sequence of positive numbers € — 0. The set-valued map-
ping a(t,x(-)) satisfies the conditions of Lemma 4.14 and so there exists a
sequence of continuous single-valued mappings ay, : [0,7] X 2 — R™ that
point-wise converges to a measurable selector a(t, z(-)) of a(t, z(-)) and every
ar(t,z(+)) satisfies both Condition 4.12 and the estimate

llak (t, z()I] < K2 (1 +[lz()]]). (8.70)

The mapping a(t,z(+)) that takes values in the closed convex set S, (n)
in the space of all symmetric n X n matrices also satisfies the conditions
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of Lemma 4.14 and so there exists a sequence of continuous single-valued
mappings dy, : [0,T] x 2 — S, (n) that point-wise converges to a measurable
selector a(t, z(+)) of a(t,z(-)) and every ay(t,z(-)) satisfies both Condition
4.12 and the estimate

trag(t,z(-) < Ki(14 [|z()|)> (8.71)

Define another sequence ay(t,z(-)) = ax(t,x(-)) + exI where I is the unit
matrix, which evidently also point-wise converges to a(t, z(+)). All mappings
ai(t,x(+)) are continuous, satisfy Condition 4.12 and estimate (8.71) — at
least for k large enough — and in addition they all take values in the convex
open set S;(n) of positive definite symmetric matrices. Thus by Lemma 8.54
for every ay,(t, z(+)) there exist continuous Ay, : [0, 7] x 2 :— L(R™ R™) such
that ag(t, z(-)) = A(t,z(-)) A5 (¢, 2(-)) and all Ag(t,x(-)) satisfy Condition
4.12.

As in Theorem 8.42, immediately from the definition of trace in this case it
follows that tr ay (¢, z(-)) equals the sum of the squares of all elements of the
matrix Ag(t,z(-)), i.e., it is the square of the Euclidean norm of Ag (¢, z(+))
in L(R™,R™). Hence, (8.71) means that ||Ax(¢t,z(-))]| < Ki(1+ ||z(-)|) and
so from the latter estimate and (8.70) it follows that for each k the pair
(ar(t,z(:)), Ar(t,x(-))) satisfies the It6 condition (6.22) with K > 0 the
same for all .

Consider the sequence of diffusion type It6 stochastic differential equations

t

E(t) = &0 + / ax (5, €5()ds + / Au(s, & () du(s). (8.72)

Since their coefficients are continuous and satisfy Condition 4.12 and esti-
mate (6.22) with the same K, by Theorem 6.26 they all have weak solutions
&,(t), well-defined on the entire interval [0, 7], and by Lemma 6.28 the set
of measures py, generated by £ (t) on (07_7:' ) is weakly compact. Hence we
can choose a subsequence (we retain the notation puy for this subsequence)
that weakly converges to a probability measure p. Denote by £(t) the coor-
dinate process on the probability space (2, F, i1). Note that P, is the “past”
o-algebra of £(t).

The fact that £(¢) —fot a(s, &(-))ds is a martingale on (£2, F, y1) with respect
to P, and hence

t+ At B
E <[§(t + Al — £(1)] ~ /t als,€()ds |[P) =0 (8.73)

is proved by analogy with Lemma 8.47. From (8.73) it follows that

DP&(t) = a(t,€()) € a(t,&()). (8.74)

Now turn to Ag(t,z(-)). Recall that ap(t,z(-)) = Ar(t,z(-)A5E z(-))
point-wise converges to a(t, z(-)), a measurable selector of a(t, z(-)).
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The fact that the process [£(t) @ £(t) ] — fot a(s,&(+))ds is a martingale on
(07.7:', 1) with respect to P; and hence

t+ At _
E<[(§(t+At)—E(t))®(§(t+At)—£(t))]— / a(s@(-)))ds\n) ~0,

from which it follows that

DJE(t) = a(t,€(-) C a(t,&()), (8.75)

is proved by analogy with Lemma 8.48.
Relations (8.74) and (8.75) imply that £(¢) is the solution of (8.67) that
we are looking for. a

Remark 8.58. From (8.73) it follows that the solution {(t) of (8.67) ob-
tained in Theorem 8.57 is a semi-martingale with respect to P; since £(t) —

fot a(s,&(-))ds is a martingale with respect to P;.

Theorem 8.59 Let a(t,z(-)) and a(t,z(-)) be as in Theorem 8.55 with the
exception that a sends [0,T] x 2 to Sy (n) instead of Sy (n). Then for every
initial condition & € R™ equation (8.64) has a weak solution that is well-
defined on the entire interval [0, T).

Indeed, we can construct a sequence of continuous single-valued mappings
ap = a+ el 1 [0,T] x 2 — S, (n) satisfying Condition 4.12 that converge
to a. The proof of Theorem 8.59 then follows the same argument as that of
Theorem 8.57.



Chapter 9
Mean Derivatives on Manifolds

9.1 Forward and Backward Mean Derivatives

Let a connection H be given on a manifold M. Let £(¢) be a stochastic process
on M. According to formulae (8.1) and (8.2) we can introduce mean forward
and mean backward derivatives of £(t), if they exist, in any chart. However,
from formula (7.19) it follows that for solutions of (7.18) we would obtain
the mean derivatives depending on the local connector of the connection H in
the chart and even on A, while for physical reasons the derivatives should be
vectors. This is why we modify the definition of mean derivatives as follows.

Consider the Borel fields Y°(t,-), and Y(t,-), on a chart U, such that
the forward (backward, respectively) mean derivative of £(¢) at ¢, calculated
in Uy, is presented in the form YO(t,£(¢))a (YO2(t,£(t))a, respectively); see
Section 8.1. Of course YO(t,-), and Y?(¢,-), do not transform as vectors
under changes of coordinates. Now construct the vector field Y°(t,-) (and
Y2(t,-)) on M whose vector at any m € M coincides with Y°(t,m),, (with
Y2(t, m),, respectively), where Y°(t,m), (Y.2(t,m)n, respectively) is calcu-
lated in the normal chart U,,(m) of H at m. Clearly the fields Y? and Y0 are
Borel measurable cross-sections of the tangent bundle T'M.

Definition 9.1. DH¢(t) = YO(t,£(t)) and DHE(t) = YO(t,£(t)) are called
the forward and backward, respectively, mean derivatives of £(-) at t on M
with respect to H; Dg&(t) = vé(t,£(t)) and Da&(t) = us(t,&(t)) are called
the current and osmotic velocities, respectively, of &(-) where v&(t,m) =
L(YOt,m) + Y2(t,m)) and uf(t,m) = L(YO(t,m) — Y2(t,m)).

The current and osmotic velocities do not depend on the connection (see
Theorem 9.12 below) and so we do not indicate the connection in the notation.
If H is specified, we shall not indicate it in the notation of mean forward and
backward derivatives either.

In the same manner as in Definition 9.1 we modify the definitions of DYz (t)
and DYx(t) (see (8.7) and (8.8)).
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Remark 9.2. Let f : M — M; be a smooth mapping of manifolds. Since
the value of a mean derivative depends on the “now” o-algebra of the pro-
cess, the tangent mapping T'f sends mean derivatives of a process 7)(t)
to mean derivatives of the process £(t) = f(n(t)) only in the following
form: T'f(Dn(t)) = D"(&(t)) or Tf(Dén(t)) = DE(t) but generally speaking
Tf(Dn(t)) # DE(t). An analogous fact in true for backward mean deriva-
tives: Tf(D,n(t)) = DI(E(t)) or TF(D5n(t)) = D.£(t) but generally speaking
THD.(1) # Du£(t).

Lemma 9.3 Let £(t) be a solution of equation (7.18). Then Y°(t,m) =
a(t,m) and so DE(t) = a(t,&(t)).

Proof. Let m € M and consider a normal chart U, (m) of H at m. In this
chart the local connector of H at m is equal to zero, i.e., £(t) is described by
equation (7.19) with I',, (A, A) = 0. Applying Lemma 8.26(i) and Definition
9.1 we then obtain DE(t),, = a(t,m). Since here both sides of the equation
are vectors, the equality remains true in all charts. Using these arguments
for all m we obtain the formula DE(t) = a(t,£(t)). O

Recall that an invariant equation, independent of a choice of connection on
M, is an It6 equation (G, A), a cross-section of an It6 bundle (see Section 7.2).
If a connection is specified on M, we can pass to the canonically corresponding
It6 vector field (a, A) and obtain the Ité equation in Belopolskaya-Daletskii
form (7.18) whose solutions are solutions of (4, A) and vice versa. We also
use a connection for determining the forward mean derivatives on M.

Lemma 9.4 For a solution &(t) of the Ité equation (a, A) its forward mean
derivative DE(t) with respect to a connection H satisfies the equality

DRg(t) = alt,£(¢)) + %tﬂ“g(t)(A(taf(t)% A(t, (1) = H(A)

where A is the generator of the flow of equation (a,A), H : 7M — TM is
the mapping generated by the connection H by formula (2.45) and I is the
local connector of H.

Proof. By formula (7.17), a(t,m) = a(t,m) — StrIgq)(A(t,£(1)), A(t, £(1)).
(

Thus the equality DHE(t) = a(t, £(t)) + 2trle (At £()), A(t, £(t)) follows
from Lemma 9.3. The fact that

a(t,m) = a(t, §(t)) + %trfs(o (A(t,£(1)), A(t, £(t)) = H(A)

follows from Lemma 7.26. O

From Lemmas 9.3 and 9.4 it follows that if we apply the same connection
both for the transition from (a, A) to (a, A) (and hence to equation (7.18))
and for determining the mean derivative, we obtain for a solution £(t) that
DE(t) = a(t,&(t)). Moreover, if we change the connection, the It6 vector field
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(a, A) canonically corresponding to (@, A) and the forward mean derivative
DE(t) will be changed but the equality DE(t) = a(t, £(t)) for those new values
will remain true.

For the sake of simplicity, if £(¢) is a solution of (7.18) we rename the
vector YO(t,m) as a.(t,m), thus D.£(t) = a.(t,£(1)).

Let H be a connection on M. Let (a,A) be an Itd vector field on M.
Denote by V A the covariant derivative of the field A(¢, m) with respect to the
connection H. VA is a field of bilinear operators VA(t, m)(-,) : Ty M xR™ —
T, M. Consider the field VA(t,m)(A-,-) : R* x R" — T,, M and the related
vector field

tr VA(A)(t,m) = tr VA(t, m)(A(t,m)(-),") (9.1)

(see the description of the trace in formula (7.9)). Determine on M the fol-
lowing equation

d€(t) = expe(y)(a(t, &(t))dt + tr VA(A)(¢,£(2))d
— AL E0) D ()d + AL ED)dw(),  (9.2)

where (a(t, m)dt + tr VA(A)(t, m)dt — A(t,m)D5w(t)dt + A(t,m)dw(t)) de-
notes the class of stochastic processes in T, M consisting of the solutions of
all the equations of the form

t+r t+r B B
X(t—&—r)z/t &(s,X(s))ds—i—/f oo A (A(s, X (5))ds

t+r t+r
—/t A(s,X(s))Df(s)ds+/t A(s, X (s))dw(s), (9.3)

here r > 0, a(s, X) and A(s, X)) are analogous to those in Definition 7.27 with
the additional assumption that A(s, X) is smooth, and A" : T,, M x R" —
T,, M is the ordinary derivative of A in the vector space T,, M.

Let us represent (9.2) in local coordinates in the same manner as (7.18) was
represented in the form (7.19). Note the formula (exp !, A)" = exp “ (-, A(-))+
exp ! A'(-,-), (where the primes denote derivatives) and the equalities
exp 1.(0) =TI and exp 7 (0)(-,) = =y, (+, ) that follow from formula (7.20).
Thus exp,, sends the vector tr fl’(;l(t,O)), tangent to T,,M, to the vector
exp ! tr A(A(t,0)(-),-) = tr A’ (t,m)(A(-), ) +tr Ty (A, A) = tr VA(A)(t, m),

tangent to M (this clarifies the notation in (9.2)) and A(t,0)DXw(t) turns

into A(t,m)DSw(t). Summarizing the above formulae we obtain the presen-
tation for (9.2) in the local coordinates of a chart U, as follows:

dE(t) = alt, €(t))dt + tr VA(A) (¢, £(t))dt (9.4)
—A(t, &) DSw(t)dt — %tr Tey (A, A)dt + A(t, £(t))dw(t).

Direct verification shows that (9.4) transforms correctly (covariantly) under
changes of coordinates. This means that equation (9.2) is well-defined.
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Theorem 9.5 Let &£(t), £(0) = myg, be a strong solution of (9.4). Then
D.&(t) = a(t, (1)) for t € (0,1].

Proof. For the sake of simplicity consider £(¢) in the normal chart of the
initial point mg. Let £(t) = exp,, X (t) where

X(t)z/o &(s,X(s))ds—i—/O tr A(A(s, X (s)))ds

- [ A X)X ueds + [ Al X (o))
0 0

is a process in T,,, M which exists by construction. Since D,{(t) is a vector,
it suffices to show that D.X(t) = a(¢t,X(t)). The latter is a consequence
of (8.29). O

Definition 9.6. The backward stochastic differential
a(t,m).d.t + A(t,m)d,ws(t)

of a process £(t) determined by the It6 vector field (a., A) is a class of stochas-
tic processes in the tangent space T,, M consisting of solutions of the (back-
ward) stochastic equations

X(t—r) :/t_ a(s,X(s))ds—i—/f_ A(s, X(s)dew® (s), (9.5

L—T

where 7 > 0, a(t,m) and A(t,m) are analogous to the corresponding terms
in Definition 7.27, with the additional assumption that A(t,m) is smooth.

Definition 9.7. An [t6 equation in backward differentials on M is an expres-
sion of the form

(1) = expe(y) (as (8, E(8))dut + A(t, (1)) diwi (1)) (9.6)

This means that for each ¢ in the domain of £(¢) the process £(t — ),
7 > 0, a.s. coincides with a process from the class expg(ax(t,§(t))dst +

A(t, £(t))d,ws (t)) until £(t — 7) leaves some neighborhood of £(t).

From formula (8.29) it follows that (9.5) is equivalent to the following
equation in T, M of type (9.3)

¢ t
X(t—r)= / a(s, X(s))ds —|—/ tr A'(A(s, X (s))ds (9.7)
t—r t—r
o t
7/ A(s,X(s))Ofow(s)ds—i—/ A(s, X (s))dw(s).
t—r t—r
Let us describe (9.6) in the local coordinates of a chart U,. To do
this consider (9.7) and then make a transition to the corresponding ex-
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pression of type (9.4) in local coordinates. Then replace tr VA(A)(t, m) by
tr A’ (t,m)(A(-),) + tr I';, (A, A) (see the derivation of equation (9.4)) and

/ttr tr A'(s,m)(A(-),)ds — /ttr A(s,m) o DXw(s)ds + /tt A(s,m)dw(s)

r

t

by [ A(s,m)d,w(s) (cf. formula (8.29)). So we obtain the formula

t—r

dE(t) = an(t, €())dut + %tr Ty (A, Aot + At €(1)dwb () (9.8)

which is the description of (9.6) in local coordinates that we have been search-
ing for.

It should be pointed out that equation (9.6) plays an auxiliary role (as
equation (8.30) does in linear spaces). However, it can be considered as an
invariant form of formula (9.8) that is convenient for applications.

Let a process £(t) be a solution of equation (7.18), ¢t € [0,T]. Fix ¢t € [0, T].
From the above arguments we obtain the following:

Theorem 9.8 The process 1(t) satisfying the Ité equation in backward dif-
ferentials (9.6) with a.(t,m) = a(t,m) — tr VA(A-,-) + A(t,m)Dsw(t), such
that n(t) = £(t), has the same backward mean derivative at t as &(-).

Thus for small enough s < t such 7(s) approximates &(s).

Remark 9.9. Note the description of mean derivatives for diffusion processes
on Riemannian manifolds given in [190]. There, the expressions in local coor-
dinates include Christoffel symbols (i.e., the local connectors) and lead to for-
mulas similar to (7.19) and (9.8). However that presentation is not connected
with stochastic differential equations. We have shown that Ito equations in
Belopolskaya-Daletskii form are naturally compatible with the machinery of
mean derivatives.

We introduce the notation . (t,m) = a.(t,£(t)) + 3tr I'e(;)(A, A). Taking
into account formula (2.19), as in the proof of Lemma 7.25 we obtain that
I, (X,Y)=—¢2 (X,Y) where ¢q, is the change of coordinates from the
normal chart to another chart U,. Thus analogously to the proof of Lemma
7.25 one can easily see that under the change of coordinates g, between the
charts U, and Ug the triple (m, (4., A)) transforms according formula (7.16)
in the form

~ Q0 (0% (03 ~ QL 1 « «@ «
(02, 4%0) = (o, (a0 = 510 4% 4,6 (4%) ) ) 09

Note that (9.9) can be obtained from Lemma 8.33 by replacing f by ¢gsa.
Thus (G4, A) is a backward It equation according to Definition 7.23.
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Recall that the process £(t) is described by the It6 equation (a, A) corre-
sponding to (7.18).

Definition 9.10. The 1td equation (G, A) and the backward It6 equation
(G, A) introduced above are said to be coupled to each other.

Denote by A, the backward generator of (., A) coupled with (a, A) that
describes the process £(t). In local coordinates it is clearly expressed in the
form

- 0 1 02

= a2 Laamy 9
A= gt U 5

(9.10)

Lemma 9.11 DH¢(t) = —H(A*) where H is the mapping generated as in
formula (2.45) by the connection H, with respect to which the mean derivatives
are calculated.

Proof. Note that DH¢(t) = a.(t,£(t)) and a. (¢, £(t)) = as+ 3tr Ty (A, A) =

A’jo‘zk + F’“ (AA,)Y 2 a . From formulae (2.45) and (9.10) we obtain that

. 0 0
_ _~k *
H(A,) = —ag —aqk (AA )i o
0 0 .0 0
_ k _ 1k ij k ij - _ 0O
a, 7aqk FZJ(AA*) —aqk +F](AA ) —aqk a*iaqk.

Lemma 9.11 is “symmetric” to Lemma 9.4.

9.2 Current and Osmotic Velocities

Now consider the current velocity Dgé(t) = i(a(t,£(t)) + a.(t,&(t)) =
v8(t, £(t)) where v8(t,m) = % (a(t,m) + a.(t,m)) is the regression.

Theorem 9.12 v¢(t,m) is a vector tangent to M, independent of the choice
of connection, with respect to which the forward and backward mean deriva-
tives are calculated.

Proof. Indeed,
v&(t,m) = =(a(t,m) + a.(t,m))
(a(t,m) - %tr Tey(AA) + 1tr Iey (A A) +an(t, m)>

(a(t,m) + au(t,m)).

N = N = N =

Under the change of coordinates @g, between charts U, and (U)g the trans-
formation rule for a(t,m) is described in formula (7.12) while a. (¢, m) trans-
forms according to formula (7.16). Thus
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v8(t,m)P =

1
- §tr<pga(A°‘,A°‘)>

1 . .
- §¢%a(a(tv m)a + ax (tv m)a) = @%avg(t m)a'
Hence under coordinate changes v (¢, m) transforms by formula (1.1) and so
it is a tangent vector, independent of the choice of connection. O

For current velocity (and osmotic velocity below) there is a simple gener-
alization of the presentation that we used in Section 8.1 for R” in the case of
a smooth non-degenerate diffusion term of a diffusion process.

Let A(m) : R¥ — T,,M be smooth, autonomous and have rank equal
to dim M at every m € M. Then a(m) = A(m)A*(m) is smooth, sym-
metric and non-degenerate. Denote the matrix of a by (a¥). Its inverse
(ci;) is smooth, symmetric and non-degenerate, hence it determines on M
a Riemannian metric, which we denote by a(-,-). Denote by p%(t,z) the
probability density of £(t) with respect to the volume form dt A A, =
Vdet(agj) dt Adat Ada? A--- Ada™ (see Section 8.1).

Theorem 9.13 For v¢(t,m) and p*(t,m) the following generalization of for-
mula (8.19) (equation of continuity) holds

dps(t, )

—— = —Div(vt(t, z)p* (¢, z)), (9.11)

where Div denotes divergence with respect to the Riemannian metric a(-,-).

Theorem 9.13 generalizes formulae (8.19) and (8.21). The proof of Theo-
rem 9.13 is a modification of that for Lemma 8.18 (cf. the proof in [190]).

Consider also the osmotic velocity Da&(t) = uf(t) = i(a(t,&(t)) —
a.(t,&(t)) whose regression u(t,m) takes the form u®(t,m) = i(a(t,m) —
ax(t,m)). In the case under consideration the following generalization of for-
mulae (8.18) and (8.20) holds:

Theorem 9.14 For u(t,m) the equality

ut(t,z) = %Grad log p*(t, z) = Gradlog \/p&(t, ) (9.12)

is valid where Grad denotes the gradient with respect to the Riemannian
metric af-,-).

The proof of Theorem 9.14 is a modification of that for Lemma 8.17 (cf.
the proof in [190]).
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9.3 Mean Derivatives of Vector Fields Along Stochastic
Processes

The construction of mean derivatives for vector fields along a stochastic pro-
cess needs a modification that is typical in the transition from vector spaces
to manifolds.

Let Y (¢, m) be a vector field on M. Consider the invariant mean derivatives

Vit = im s (TSR S0 S YED)),
Y(t&(1) = lim Ef £ (Y(t,&(t)) - Y(tA; At, €(t — At))> (013

taking values in TT M. Specify a connection H and denote by K : TTM —
T M its connector (see Definition 2.13). Introduce the covariant mean deriva-
tives of Y (t, m) along &(¢) by analogy with the ordinary covariant derivatives
via the formulae

Y(LED) = Ko lim Eﬁ( (t+ A, €<t+At>>Y<t,f<t>>>

At
=Ko DY(t f )’
Y(tEW) =Ko lim B it Y(tA; At &(t - At)))
“hep Y(t &) (9.14)

For an It6 process {(t) on M (see Definition 7.82) denote by I, the
operator of parallel translation along £(-) from £(¢) to £(s) (see the definition
and notation in Section 7.7.1). Let Y (¢t,m) be a C?-smooth vector field on
M. Tt is easy to see that the covariant mean derivatives DY (¢,£(¢)) and
D.Y (t,£&(t)) defined by formulae (9.14) can be equivalently described in this
case by the formulae

Y(t.£(t) = lim Ef

<Ft,t+AtY(t + Ata S(t + At)) B Y(t7 5(0))

—40 At ’
Y(t,&(t) = Typ—adY (t — At E(t — At))
Y(t.E(1) = lim OE5 < 2 in )(9.15)

Recall that the vector field Y can be considered as a mapping Y : M —
T M with the additional condition 7Y = id where 7 : TM — M is the natural
projection and id is the identity mapping (see Definition 1.4). In particular
the tangent mapping TY = (Y,dY) sends TM to TTM. Let m € M. The
restriction of the differential dY at T, M is the derivative (a linear operator)
Y': TouM — T(m,y (m))TM. Denote by Y the second derivative (a bilinear
mapping) that sends Ty, M X Ty M t0 T,y (m))TM.
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Let &(t) be a process on M that is given by an It equation (a, A) where
A(m) is autonomous, smooth and has maximal rank at every m as a mapping
A(m) : RF — R” for some k > n. Then, as above, a(m) = A(m)A*(m) has in
local coordinates a symmetric, smooth and non-degenerate matrix (o) and
its inverse (ay;) defines on M the Riemannian metric «(-,-). Below in this
construction we deal with the Levi-Civita connection H of this Riemannian
metric. In particular, in formulae (9.14) K is the connector of this connection,
and all covariant derivatives, the Laplace-Beltrami operator and all forward
and backward mean derivatives of £(¢) are calculated with respect to this
connection.

Let £(t) have mean derivatives DE(t) = a(t,£(t)) and D.&(t) = a.(t,£(t)),
i.e., the vector fields a(t,m) and a.(t,m) are the regressions of DE(t) and
D.&(t), respectively. Then taking into account the forward and backward 1t6
formulae (6.10) and (6.13) as well as the construction of mean derivatives one
can easily see that DY (£,£(t)) is a vector in Ti¢(y),y (t,e4))T'M of the form

)4

/ 1 "
o T Y'(a(t, &(t)) + §trY (I,I)

and D,Y (t,£(t)) is a vector in the same space of the form

88_}15/ Y (a8, E(1)) — %trY”(I, n.

By the Definition 2.22 of the covariant derivative K (Y"(a(t,m)) = Vam)Y
and  K(Y'(a«(t,m))) = Va, (t,mY. One can also easily derive that
K(3trY"(I,I) = $V?Y where V? is the Laplace-Beltrami operator. Thus
from the above formulae we obtain the following description of the regressions
DY and D.Y of the covariant derivatives (9.14):

Y 1

DY = — Y + V%Y, 1
5 +V +2v (9.16)
Y 1

D.Y = — LY — VY.
5 + V. 2v

Formulae (9.16) and (9.17) are natural analogs of (8.24) and (8.25), respec-
tively.

We now turn to the case where we have to use a Riemannian metric spec-
ified a priori on M (i.e., not the metric generated by the diffusion coefficient
of an equation). In this case we find formulae for covariant mean derivatives
along an It6 process, using a modification of the construction of covariant
derivatives based on parallel translation. We use It6 processes and parallel
translation with respect to the Levi-Civita connection of the above metric.

Let £(t) be an Itd development of the Itd process ((t) given in a certain
tangent space by the formula ((t) = fg a(s)ds + ow(t) where a(t) satisfies
(7.54). Let DE(t) = a(t,&(t)) and D,.E(t) = ax(t,&(t)). Applying the Ito
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formulae together with formulae (9.15), we obtain the following modifications
of formulae (9.16) and (9.17):

oY o2

DY = — JY + —V?Y, 1
5 + V.Y + 2v s (9.17)
oY o2

D.Y = — LY — —V2Y.
8t+v* 2v

9.4 The Quadratic Mean Derivative

For a stochastic process £(¢) on a probability space (§2,F, P) with values
in a manifold M we introduce its quadratic derivative as follows (cf. Defini-
tion 8.10 for the case of linear spaces). Take any chart U and consider in it
the L' random variable determined by the rule

R e (G-t ELDIEICIES IR By

At——+0

where the limit is assumed to exist in L(£2, F, P).

Definition 9.15. D»£(t) is called the quadratic mean derivative of the pro-
cess £(t) on M at time t.

Notice that for Do&(¢) there exists a regression in any chart, i.e., a mea-
surable field a®(¢,m) such that Do£(t) = a®(t, £(t)).

An important geometric feature of the quadratic mean derivative is that
(like current velocity) it is independent of the choice of connection; its re-
gression is a (2, 0)-tensor field.

Let £(t) be given by an It6 equation (a, A) (see Section 7.3), i.e., in par-
ticular, it is Markovian. Recall that here A(¢,m) is a field of linear operators
A(t,m) : R¥ — T,, M with k sufficiently large.

Lemma 9.16 Suppose that £(t) is given by an Ité equation (a, A). Then

Dog(t) = A(t, §(0)A™(1,£(1)) = 2(QA) (¢, £(1)) (9-19)

where A* is the conjugate operator, A is the corresponding generator and Q
is defined by formula (2.44). A(t,m)A*(t,m) is a (2,0)-tensor field on M. In
particular, Do£(t) = 0 if and only if £(t) has Ct-smooth sample paths.

Proof. Let H be a connection and represent (G, A) as an Itd equation in
Belopolskaya-Daletskii form in terms of the It6 vector field (a, A) canonically
corresponding to (a, A) with respect to H (see Section 7.3). Then in a local
chart £(t) is expressed in Baxendale form
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t+At
E(t+ A1) — £(t) = / a(s,£(s))ds

1

t+ At
7§/t trl—'g(t)(A(t,ﬁ(t)),A(tvf(t)))ds

t+At
+ / As,€(s))du(s)

where I'y,(+,-) is the local connector of H in that chart. As in the proof
of Theorem 8.12, by direct calculation it follows that the components of
Et+ At) — (b)) @ (E(t + At) — £(t)) are elements of the matrix (£(¢ +
At) — E(1))(E(t + At) — £(t))* where we use the matrix multiplication of the
column-vector (£(t + At) — &(t)) and the row-vector (£(t + At) —&(2)* (ie.,
the transpose of (£(t + At) — £(¢))). In particular, this matrix product is a
symmetric positive semi-definite matrix.

Taking into account the properties of the Lebesgue and It6 integrals one
can see that (£(t+ At) —£(¢))(E(t+ At) —&(t))* is approximated by the sum

( ()(alt,&(t)))" (At)?

- —a(t,f(t)) (trI"(A(t,&(1)), A(t,€(1))))" (At)?
+ a(t §()) At)(A(t,£(2)) Aw(t))”

- %trF(A( E(1)), At £(1))(alt, £(1))" (At)?

+ itrF(A(t,f(t)),A(t,€(t)))(trF(A(t7E(t)),A(t,ﬁ(t))))*(At)Q
+ (At (1) Aw(t)) (alt, £(1)) AD)”
+ At (1) (A(t,£(1)))" At

In this expression only the last summand is an infinitesimal of the same
order as At while the others are infinitesimals of higher order. Then applying
formula (9.18) we obtain that Dy£(t) = ES(A(t, £(t))A* (¢, £(t))). Thus (9.19)
follows and it is obvious that this expression is independent of H. Recall (see
Lemma 7.2) that AA* is a (2, 0)-tensor field.

The fact that D2€(t) = 2Q.4 now follows from the definitions.

From (9.19) it evidently follows that the equality D2£(t) = 0 means that
A(t,m) = 0 and so the sample paths of £(t) are C'-smooth. If they are C'1-
smooth, from the definition of quadratic mean derivative (see Theorem 8.12)
we have Dy¢(t) = 0 (as always for C-curves). O

Recall that A(t,m)A*(t,m) is the diffusion coefficient of £(¢). Note also
that if AA* is non-degenerate, smooth and autonomous, it can be considered
as a metric (2, 0)-tensor so that its inverse is a Riemannian metric on M. In
particular, this metric can be used to determine forward and backward mean
derivatives of £(t). These derivatives turn out to have many uses.
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So, we can consider differential equations and inclusions in terms of forward
(or backward) mean derivatives or current velocities on the one hand and
quadratic mean derivatives on the other hand by analogy with Section 8.4.
In doing this we have to be able to represent a given (2, 0)-tensor field a(t, m)
in the form «a(t,m) = A(t,m)A*(¢t,m). Unlike the case of linear spaces (see
Section 8.4), on non-parallelizable manifolds there is a topological obstruc-
tion for obtaining such a presentation for smooth or continuous «(t, m) with
smooth or at least continuous A(t,m) : R™ — T,, M where n is the dimension
of M (see, e.g., [150]). Nevertheless such a presentation is possible in larger
dimensions under some additional assumptions.

Theorem 9.17 Consider a symmetric (2,0)-tensor field a(t,m) on an n-
dimensional manifold M. There exists a k > n such that, if a(t,m) is positive
definite and continuous (smooth), there exists a continuous (smooth, respec-
tively) field of linear operators A(t,m) : R¥ — T,,M such that the relation
a(t,m) = A(t,m)A*(t,m) holds.

Proof. Denote by (/) the matrix of a(t,m) in the local coordinates of some
chart U, . Introduce an arbitrary Riemannian metric g(-, -) on M with matrix
(gi5) and denote by g the corresponding metric (2,0)-tensor with matrix
(g%) (see Notation 1.51 and Remark 1.52). Then the (2,0)-tensor field « is
represented in the form «f(-,-) = g(b(-),-) where b(t,m)(-) is a (1,1)-tensor
field of self-adjoint linear operators acting in the cotangent spaces to M. The
existence and uniqueness of b is derived as follows. In the local coordinates
of U, the expression a(-,-) = g(b(-),") takes the form o = ¢**b] where b
are the coefficients of (b)*. Since (g;;) is not degenerate, b’ are presented in
the form b; = gjkaik. Since the metric tensor is C*°-smooth, the field b is
continuous (smooth, or Borel measurable) if « is continuous (smooth, Borel
measurable, respectively).

Let al,...,a" be a field of orthonormal frames with respect to the metric
g(-,-) in cotangent spaces at the points of U,. With respect to these frames b
is represented by a matrix (b) that is symmetric, positive definite and satisfies
the conditions for applying the Gauss decomposition as in the proof of Lemma
8.40. Hence b(t,m) is presented in the form b(¢t,m) = f(t,m)f*(t, m).

Embed by Nash’s Theorem (Theorem 1.46) the manifold M with metric
g(+,-) isometrically into a Euclidean space R* (see [186]). k can be chosen
so that it depends only on M (by Nash’s theorem it is determined by the
dimension M), i.e., it is the same for all Riemannian metrics on M.

Denote by P, the orthogonal projector of R* onto its subspace T},, M (the
tangent space to M at m € M). Let A(t,m) = f(t,m)o P,, : R¥ — T,,, M.
Then one can easily see that a(t,m) = A(t,m)A*(t,m) and by construction
A(t, m) is continuous (smooth, respectively). ]
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9.5 Mean Derivatives of It0 Processes on Manifolds

Let a Riemannian manifold M satisfy the hypothesis of Theorem 7.76 or be
uniformly complete (see Definition 7.85). Under these assumptions the inte-
gral approach to stochastic differential equations on manifolds of Section 7.7
is well-posed.

Lemma 9.18 Let £(t) = Ryz(t) where z(t) = fot a(s)ds + fot A(s)dw(s) is
an Ité process in Tp,M. Then &(t) satisfies the following It equation in
Belopolskaya-Daletskii form:

d&(t) = expeqy (Thoa(t)dt + Ty o A(t)dw(t)). (9.20)

From the Definition 7.83 of parallel translation it easily follows that
Lemma 9.18 is a reformulation of Lemma 7.65. Clearly the equation in local
coordinates (i.e., the Baxendale form) for (9.20) is as follows:

d¢(t) = Iy pa(t)dt — %trfg(t)(FwA(t),Ft,oA(t))dt + I oA(t)dw(t) (9.21)

(recall that I7 o is the operator of parallel translation while I',,(-,-) is the
local connector).

Taking into account formulae (9.20) and (9.21), we can apply the results
of the preceding sections to the calculation of the mean derivatives of It6
processes in manifolds. In particular, from Lemma 9.3 we have:

Lemma 9.19 For £(t) as in Lemma 9.18, DE(t) = ES(Iy pa(t)).
Also, from Lemma 9.16 we have:
Lemma 9.20 For £(t) as in Lemma 9.18, Dyf(t) = ES(Io(A(t)A*(t))).

For the applications below we have to calculate mean derivatives for an
It6 process &(t) = Ryz(t) where z(t) is an Itd process in T,,,M for ¢t € [0,]
of the form z(t) = f(f a(s)ds + ow(t) where o > 0 is a real constant and a(t)
satisfies (8.32). Recall (see Section 7.7.3) that in this case we can deal with
a stochastically complete M (a less restrictive assumption than above).

So, let M be stochastically complete. For the above £(t), formula (9.20)
takes the form

dg(t) = eng(t) (.Z_‘t7() a(t)dt + Ft’(] d’LU(t)) (922)
so that (9.21) takes the form
1
dé(t) = Lo a(t)dt — itrfg(t) (I, I)dt + I dw(t). (9.23)

Thus by Lemma 9.20
Do£(t) = o1 (9.24)
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and by Lemma 9.19
Dg(t) = B (Io a(t)) (9-25)

(this also follows from Lemma 9.19) and
D.&(t) = Bf (I alt) + DE(Lho w(t)). (9.26)

in any chart in M. Consequently

Dst(t) = (1, (1) = BS (T alt) + 3 DS (Tow(t) (921

and
DAg(t) = w (1,6(1)) = 5 DTy w(t) (9.25)

also in any chart.

Lemma 9.21 Formulae (9.11) and (9.12) hold for the above mentioned pro-
cess &(t) = Ryrz(t).

Indeed, the fact that the coefficient at w(t) is oI means that the Rieman-
nian metric is generated by the diffusion coefficient as in Section 9.2.

Let a(t) satisfy (8.32) so that the measure p* corresponding to z(t) =
fo 5)ds + w(t) on the space (C°([0,1], Ty M), F) is absolutely continuous
with respect to the Wiener measure v with density (8.33). Then formula
(9.26) and consequently formulae (9.27) and (9.28) can be expressed in the
more precise form:

Lemma 9.22
DLE(1) = B (T 0at) + Bf [n (oro)] o)
Ds&(t) = ES (T pa(t) + [ 0 (Z(t) )] (9.30)
Dag(t) = —%EE |:Ft 0 ( ﬂ (9.31)

where k(t) is as defined in Lemma 8.35.

Proof. In order to derive (9.29) note that the probability of the event £(t) €
A, where A C M is a Borel set, is equal to u?(£(t) "t A), where £(t) 1A is the
set of curves from C°([0, ], T,, M) such that the values of their developments
at t belong to A. Denote by =(t) the set in T,,,, M consisting of the values
at t of all curves from £(t)~'A. Generally speaking, N and J\/’f do not
coincide, in particular Z(¢) may not belong to N (but it certainly belongs
to P7 by construction). But we can calculate p?(£(t)"1A) by integrating
the probability density of z(¢) over Z(t). This means that the value £(t) is
distributed as a map from 2 into T, M which is measurable with respect
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to ]\/f and has the same probability distribution as z(t). Taking into account
the relation between the probability distributions and mean derivatives (see
Lemma 8.17) as well as the construction of the Itd development, we obtain
(9.29). Formulae (9.30) and (9.31) follow immediately from (9.29) and from
(9.27) and (9.28), respectively. a

Formulae (9.25) and (9.26), and consequently (9.29) and (9.30), can also
be derived from the following general statement. Let M be a Riemannian
manifold and z(¢) be an It6 process in a certain T,,,, M such that £(t) = Ryz(t)
exists. Let y(t) be another process given on the same probability space.

Theorem 9.23

(i)  DYE(t) emists if and only if DYz(t) exists and DYE(t) is parallel to
DYz(t) along &(+).

(ii) Dyf(t) exists if and only if DYz(t) exists and DYE(t) is parallel to
Ua(1) along €().

This statement for £(t) = Ryz(t) is an analog of the characteristic prop-
erty of the curve Sv(t) from Theorem 3.43. It follows directly from the con-
struction of Rrz(t) (see Section 7.6.1). The principal point here is that the
conditional expectation with respect to the same o-algebra AY is used in the
mean derivatives before and after the parallel translation. Note that DE(t)
and Dz(t) (as well as D,£(t) and D,z(t), respectively) are not, generally
speaking, parallel to each other along £(-) since /\/tE and N7 may not coin-
cide.

9.6 Equations and Inclusions with Mean Derivatives

In this section we introduce differential equations and inclusions with mean
derivatives on manifolds and prove some simple existence of solution theo-
rems.

Let M be a Riemannian manifold. In this section we use the Levi-Civita
connection H of the Riemannian metric.

Take ¢t € [0,T]. Consider a vector field a(¢t,m) and a symmetric positive
semi-definite (2, 0)-tensor field a(¢,m) on M.

By a first order differential equation with mean derivatives we mean a

system of the form
DE(t) = a(t,£()),
{ Doé(t) = alt,&(t)). (9.32)

Definition 9.24. We say that (9.32) has a weak solution on [0, T] with initial
condition £(0) = my if there exists a probability space ({2, F, P) and a process
&(t) given on (£2,F,P), taking values in M, such that P-a.s. and for almost
all t in [0, 7] system (9.32) is satisfied.
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We shall mainly look for weak solutions of (9.32) among solutions of some
equations of type (7.18). Taking into account Theorem 9.5 and Lemma 9.16
it is clear that the first equation of (9.32) determines the drift of a solution
of some equation of type (13.5) while the second equation determines the
diffusion coefficient. However, we do not assume a priori that a solution of
(9.32) is also a solution of an equation of the form (7.18). This is why we do
not consider the notion of strong solutions.

For each (t,m) denote by A, (t,m) the generator determined by the
formulae HA, o(t,m) = a(t,m) and QA, o(t,m) = a(t,m) (see formulae
(2.45) and (2.44)).

Theorem 9.25 Assume that in (9.32) a(t,m) and a(t,m) are C'-smooth,

a(t,m) is positive definite and Aq o (t,m) satisfies the conditions of Theorem
7.43. Then for any initial condition 5( ) = mgo € M equation (9.32) has a
weak solution that exists for all t € [0,T].

Proof. By Theorem 9.17 we can construct a field of linear operators A(t, m)
that is C'-smooth and such that a(t,m) = A(t,m)A*(t,m). Consider equa-
tion (7.18) with these a(t, m) and A(t, m). Since its coefficients are C-smooth
(i.e., locally Lipschitz continuous), for any initial condition £(0) = mg € M,
by Theorem 7.36 the equation has a strongly unique local strong solution
that exists, by Theorem 7.43, on the entire interval ¢ € [0, T]. From Theorem
9.5 and Lemma 9.16 it follows that this solution satisfies (9.32). O

Now consider inclusions in mean derivatives on M. Let a(t,m) be a set-
valued vector field on M, i.e., for every point m € M a set a(t,m) C T,, M
is specified. Let also a(t,m) be a set-valued symmetric positive semi-definite
(2,0)-tensor field on M (this means that for all ¢ and m any tensor from the
set a(t,m) is symmetric and positive semi-definite). Consider the problem

Dg(t) € a(t, £(1)),
{ Dy¢(t) € a(t,&(t)). (9.33)

Definition 9.26. We say that (9.33) has a weak solution on [0, T] with initial
condition £(0) = my if there exists a probability space ({2, F, P) and a process
&(t) given on (2, F,P), taking values in M, such that P-a.s. and for almost
all ¢ in [0, 7] the inclusions (9.33) are satisfied.

Denote by Aa «(t, m) the set-valued second order vector field with images
Aaa(t,m) ={Asa(t,m)|a € a(t,m),a € a(t,m)} determined by formulae
HAyo(t,m) = a(t,m) and QA, o(t,m) = a(t,m) as above (see formulae
(2.45) and (2.44)).

Theorem 9.27 Let a(t,m) and a(t,m) be an upper semicontinuous set-
valued symmetric positive semi-definite (2,0)-tensor field and a vector field
on M, respectively, with closed convex images. Let in addition for every com-
pact K C M the sets a([0,T],K) and a([0,T],K) be compact and assume
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that at every (t,m) the generator A, o from a neighborhood V of the graph
of Aa,a(t,m) satisfies the conditions of Theorem 7.43 with the same proper
function . Then for any initial condition £(0) = mg there exists a weak
solution of (9.33), well-defined on the entire interval [0,T).

Proof. Introduce a sequence of positive numbers ¢, — 0. By Theorem 4.11
for every g, there exists a single-valued continuous & -approximation a,(t, m)
of a(t,m) and a single valued continuous e,-approximation &, (t,m)(:,-) of
a(t, m) such that the sequences of those approximations point-wise converge
to a Borel measurable selection a(t,m) of a(t,m) and «(t,m) of a(t,m),
respectively, as ¢ — oo.

Note that the tensor fields &, (¢, m)(:,-) are symmetric and positive semi-
definite. Introduce another sequence

ag(t,m)(-,-) = aq(t,m)(-;-) + q9(m)(:,-)

where g(m)(-,-) is the (2, 0)-metric tensor (Riemannian metric). It is evident
that the tensors ay(t, m)(-,-) are continuous, positive definite and symmetric
and that the sequence aq(t,m)(-,-) point-wise converges to a(t,m)(,-) as
q — 00. Since continuous fields can be approximated by smooth ones, without
loss of generality we may suppose that all fields a4(¢,m) and o, (t, m)(-, ) are
smooth. For simplicity denote by A,(t,m) the generator A, q,(t,m).

From Theorem 9.17 it follows that there exist a sufficiently large integer
K and a sequence of smooth fields of linear operators A,(t,m) : RX —
T,nM such that aq(t,m) = Ay(t,m)A;(t,m) for all ¢, t and m. Note that
K depends only on the dimension of M since R¥ is a space in which M
with arbitrary Riemannian metric can be isometrically embedded by Nash’s
Theorem (Theorem 1.46).

Now introduce é4(t,m) which, in a chart on M, has coordinates d’; =
ak — 3T, i’j—afzj where I Z’; are the Christoffel symbols of H and (/) is the ma-
trix of a. Note that A, (t,m) is the field of generators for the It6 equation
(Gq, Aq). By construction, for ¢ large enough (m, A4 (¢, m)) belongs to V. Then
one can easily derive from the hypothesis that the It6 equations (dq, Aq) sat-
isfy the conditions of Lemma 7.57 and so the equations (a4, A,) have strong
and strongly unique solutions &,, well-defined on the entire interval [0, T], and
the set of corresponding measures {y,} on (f), F ) is weakly compact. Hence
we can choose a subsequence that weakly converges to some measure . For
convenience we suppose that the sequence p, itself weakly converges to p. De-
note by £(t) the coordinate process on the probability space (2, F, ). Recall
that this means that for every x(-) € C°([0,T], M) we have £(t,z(-)) = z(t).

We show that £(t) is the solution that we are looking for.

Notice that the “present” o-algebra N of £(t) is a o-subalgebra of P* and
so for conditional expectations the equality

E(E(-| ) | i) = E(- | \) (0.34)
holds.
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Consider the chart U, the global chart in RX and the symbols fl’; in-
troduced in the proof of Lemma 7.57. Define a,(t,m,z), A,(t,m,z) and
aq(t,m,x)(-,-) by formula (7.33) where a, A and (&%) are replaced by a(t,m),
A(t,m) and (o), respectively. Define a(t,m) and &(t,m)(-,-) by the same
formulae via the replacements a(t, m) and «(t,m), respectively.

As in the proof of Lemma 7.57, one can easily show that the equation

dgq(t) =4y (t, gq(t)) de
—%tr (Fe (Aq (6.6,(0) Ay (1&®)) ) dt (935)
+A4, (t,€(1)) dw(t)

(analogous to (7.34)) is well-defined on R¥ and that in ¢/ it transforms into
the system

déq(t) = aq(t, & (t))dt — 3tr(Le, (Aq, Ag))dt + Ag(t, & (t))dw(t),
{dgqgtgz()( ®) (Fe, (A4, Ay)) (1 &)W (), (g 36,

where trI"(A,, Ay) = Ifio/, and so with probability 1 the solution of (9.35)

with initial condition &,(0) = mg € M lies in M and coincides with the
corresponding solution of (a4, A,) for all ¢. Thus the measures on the path
space in RX corresponding to the solutions are located on C°([0,T], M) and
coincide there with p, for all g.

By construction the sequence a,(¢, z(-)) = a4(t, z(t)) point-wise converges
to a(t,z(-)) = a(t, z(t)). Hence it converges almost surely with respect to all
A X fig where A is the normalized Lebesgue measure on [0, 7.

The fact that

E (E ((t + At) A 0;;’“) —x (t A af,('))
(t+At)A0)
_ / {a (5.6()) — %tr (7 (a))} ds

tnoz0)

n) -0

is proved by a simple modification of the proof of Lemma 8.47. Introduce com-
pact W, as in Lemma 7.57. Taking into account (9.34) the fact that a(t,m)
and «(t,m) are Borel measurable and that the above arguments are valid
for every p and U,W, = M, and so every m belongs to W), for large enough
p, by transition to (9.36) one can easily derive from the last expression that
the regression (8.5) takes the form Y°(t,m) = a(t,m) — $tr(I'y,(a(t, m)).
Since in the normal chart of every m € M with respect to H all Christof-
fel symbols Fl’;(m) are equal to zero, we obtain from Definition 8.2 that

DRE(t) = a(t, (1))
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The fact that

t+AL)AGE)

/ o (s,€()) ds| pt> —0

tAoz0)

is proved by a slight modification of the proof of Lemma 8.48. From the last
relation one easily deduces that Dy&(t) = af(t, £(2)). O

9.7 Stochastic Differential Inclusions in Terms of
Infinitesimal Generators

In this Section we deal with a slight generalization of the notion of an in-
finitesimal generator which is well-defined for non-Markovian stochastic pro-
cesses. For a process £(t) with values in a manifold M (in particular, in R™)
we introduce the generator as a field of second order semi-elliptic differential
operators acting on the (sufficiently smooth) function f according to the rule

A(t,m)f
. FEt+ A) Atin) — FIEXATM)
- AP—IE&-OE ( At ‘5 m) (9-37)

where 7, is the Markov time that £ first hits the boundary of a given chart
containing m. The difference between (9.37) and Definition 6.34 is that here
we use the regression (see Section 6.1.2) instead of the unconditional expec-
tation. Note that if £(¢) is Markovian, both (9.37) and Definition 6.34 define
the same object.

Clearly the generator defined by (9.37) is a second order tangent vector. As
in Lemma 9.4 and Lemma 9.16 one can easily prove that if A is the generator
of £(t) for a given connection H, the formulae

DR(t) = (FLA)(¢, (1)) (9-38)

and

Dy&(t) = 2(QA)(t,£(1)) (9.39)

hold where Q and H are defined by formulae (2.44) and (2.45), respectively.
Suppose that the field of second order tangent vectors 2((¢, m) is set-valued,
i.e., in every second order tangent space 7, M to the manifold M a set (¢, m)
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depending on t € [0,00) is given. We want to find a stochastic process &(+)
such that for every t its generator A(¢,m) a.s. satisfies the inclusion

Al (1)) € 2A(t,£(1))- (9-40)

Problems of this sort naturally arise if the process is described in terms of its
generator.

If the set-valued field 2((¢,m) has a continuous selector with some regular-
ity properties, one can find the process having that selector as generator. This
process is a solution of (9.40). For example, if (¢, m) is lower semi-continuous
and has convex closed values, by Michael’s theorem it has a continuous selec-
tor. If the selector has a positive definite (2, 0)-tensor component, the above
argument applies, proving the existence of solutions of (9.40).

If the selectors do not exist, the proof of solvability for (9.40) becomes much
more complicated. We consider a rather general case of this sort, important
for applications, where (¢, m) is upper semi-continuous and not necessarily
positive definite.

Theorem 9.28 Let A(t,m), t € [0,T], be an upper semi-continuous set-
valued second order vector field on a manifold M with closed convex values
such that:

(i)  foreveryt € [0,T], m € M, and for each A € 2(t,m), the (2,0)-tensor
O A is symmetric and positive semi-definite;

(ii)  for every compact K € M the set ([0,T],K) is compact in 7M;

(iil)  there exist a proper function ¥ : M — R, a constant C > 0 and a
neighborhood V of the graph of A in [0,T] x 7(M) such that for every
(t,m,A) €V the inequality |Ayp| < C holds.

Then for every mg € M there exists a probability space and a stochastic
process &(t) with initial condition £(0) = mg, well-defined for all t € [0,T],
given on the probability space and taking values in M, such that, for its in-
finitesimal generator, inclusion (9.40) is a.s. satisfied.

Proof. In this proof we are working in the Banach manifold C°([0,7T], M)
equipped with the o-algebra F generated by cylinder sets. By P; we denote
the o-subalgebra of F generated by cylinder sets with bases over [0,¢] C [0, T.

Specify an arbitrary complete Riemannian metric g(-,-) on M with chart
components g;;. This metric turns M into a metric space with respect to the
corresponding Riemannian distance. Denote by H the Levi-Civita connection
of g(+,-). Recall that g,,(+,-) is an inner product in T}, M, m € M. This inner
product determines the inner products g, (-, -) in the space of (2, 0)-tensors at
m € M by the rule g,,((a'), (8'%)) = girgjia B*. Define the inner products
in 7, M by the formula

g(A1, As) = g(F(AL, HA) + g(QA;L, QA,).
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Thus in all T,,, M, 7,,M and the space of (2,0)-tensors over M the corre-
sponding Euclidean norms smoothly depending on m are given.

Let ¢4 — 0 be a positive sequence. By Theorem 4.11 for every ¢, there
exists a single-valued e-approximation A, (t,m) of 2A(t,m) such that the se-
quence A, (t,m) point-wise converges to a Borel measurable selector A(t, m)
of A(t,m) as ¢ — oo.

Consider the sequences of vector fields a,(t,m) = HA,(t,m) and of
(2, 0)-tensor fields &y, (t, m)(-, ) = 2Q.A4,4(t,m), respectively. It is evident that
aq(t, m) point-wise converges to a(t,m) = HA(t,m), &,(t, m) point-wise con-
verges to a(t,m) = 20Q.A(t,m) as ¢ — oo and that both a(¢,m) and «(t,m)
are Borel measurable.

Note that the tensor fields @4(t, m)(:,-) are symmetric and positive semi-
definite. Introduce another sequence

aq(tvm)('v ) = dq(tam)('7 ) + qu(m)(', )

It is clear that the tensors ag(¢,m)(-,-) are continuous, positive definite
and symmetric and that the sequence oy (¢, m)(:,-) point-wise converges to
a(t,m)(-,-) as ¢ — oo. Since continuous fields can be approximated by smooth
fields, without loss of generality we may suppose that all fields a4(t,m) and
ag(t,m)(-,-) are smooth. Denote by A,(t,m) the smooth second order tan-
gent vector field corresponding to the pair (aq(t, m), aq(t,m)). By construc-
tion Ay(t,m) is a 2e-approximation of (¢, m) and the sequence A,(t,m)
point-wise converges to A(t,m) as ¢ — oo.

Note that the properties of aq(t,m) and aq(t,m) are the same as in the
proof of Theorem 9.27. Hence by imitating that proof we can show that
there exists a stochastic process £(t), defined for all ¢ € [0,T], such that
DHE(t) = alt,£(1)) € (HA)(E, (1)) and Da(t) = alt, (1) € AQU)(LE(R)).

By construction this is the solution of (9.40) that we are looking for. ad

The inclusion (9.40) most often arises in applications in a linear space.
For the case in hand, we prove an existence theorem of another sort, whose
hypothesis is formulated in terms of estimates of It6 type.

Let 2A(¢,m) be a set-valued second order vector field in R™. Then we can
consider the set-valued vector field a(t,m), the vector part of A(¢,m), and its
tensor part, the set-valued symmetric (2, 0)-tensor field a(¢,m) taking values
in positive semi-definite tensors.

Theorem 9.29 Let the set-valued vector field a(t,x) be upper semi-continu-
ous, have closed convex values and satisfy the estimate

la(t, )| < K(1+ [l=]) (9-41)

for some K > 0.

Let the set-valued (2,0)-tensor field a(t, x) be upper semi-continuous, take
closed convex values in symmetric positive semi-definite tensors and be such
that for each a(t, ) € a(t,z) the estimate
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[tra(t, )| < K(1+ [|z])? (9.42)

holds for some K > 0.

Then for every xg € R™ there exists a probability space and a stochastic
process £(t) on the probability space with initial condition £(0) = xg, well-
defined for all t € [0,T), taking values in R™, such that for its infinitesimal
generator the inclusion (9.40) is a.s. satisfied.

Proof. Consider a sequence of positive numbers ¢, — 0. As in the proof of
Theorem 9.28 we can construct a sequence A, (¢, ) of smooth e4-approxi-
mations of (¢, z) that point-wise converges to a Borel measurable selector
A(t,x) of A(t,z) as ¢ — oo. As in the proof of Theorem 9.28, introduce
a sequence of smooth vector fields ay(t,x) point-wise converging to a Borel
measurable selector a(t, z) of a(t, ), and the sequence &, (¢, z)(+,-) of smooth
(2, 0)-tensor fields point-wise converging to a Borel measurable selector a(t, z)
of a(t, z). Construct the sequence a4 (t, z)(,-) = &q(t, x)(-,-) +e41(-, ) where
I(-,-) is the (2,0)-tensor field with unit matrix at every x € R™. Each
ay(t,x)(-,-) is smooth, symmetric and positive definite, then by Lemma 8.40
for every ¢ there exists a smooth field of linear operators A,(¢, z) : R — R”
such that aq(t,r) = Ay(t,r)A;(t, x) where A*(¢,z) is transposed to A(t, z).
Note that trag(t, ) equals the sum of the squares of the elements of A, (¢, x),
i.e. it is the square of the Euclidean norm on A4(t,2) in the corresponding
space of matrices. Thus from (9.42) it follows that

[Aq(t, )| < K(1+[|) (9-43)

for all gq. Note that by construction all a,(t,z) satisfy the estimate of type
(9.41) for all q.
Consider the It6 equations

déq(t) = aq(t, &4 ()t + Ay (£, §,(t))dw(?). (9.44)

Applying Theorem 6.26 and the fact that the coefficients are smooth, one can
derive from the hypothesis and the above argument that every equation (9.44)
has a unique solution &,(t) with initial condition &,(0) = z, well-defined on
the entire interval [0,7]. Denote by s, the measure on (C°([0,T],R™), F)
corresponding to &,(-) where F is the o-algebra generated by cylinder sets.
Taking into account (9.41) and (9.43) one derives from Lemma 6.28 that the
set {pq} is weakly compact. Thus we can select a subsequence that weakly
converges to some measure u. Denote by £(t) the coordinate process on the
probability space (C9([0, 7], R™), F, ). The fact that £(t) satisfies (8.41) with
the above a(t, m) and «(t, m), where D denotes the forward mean derivative
with respect to the Levi-Civita connection of the Euclidean metric in R™,
is proved by analogy with the proof of Theorem 8.46. Hence A(t,x) is the
generator of £(-). Since, by construction, A(t, £(t)) € A(t, (1)) a.s., this means
that £(t) is the solution we are looking for. O



Chapter 10

Stochastic Analysis on Groups of
Diffeomorphisms

Everywhere in this chapter we use the notions and notation introduced in
Chapter 5. We describe a stochastic differential equation of a special sort
on those groups of diffeomorphisms that arise in the applications to viscous
hydrodynamics described in Section 16.4 below (see, e.g., [100, 104, 113]).
This class of equations is characterized by the fact that they involve finite-
dimensional Wiener processes. It should be pointed out that a theory of
stochastic differential equations on infinite-dimensional manifolds involving
infinite-dimensional Wiener processes exists (see, e.g., [23, 35, 66]) and is
used in viscous hydrodynamics (see, e.g., [39]). However, the description of
this theory requires a complicated functional-analytic machinery that is not
included in our exposition. For simplicity of presentation, we restrict our-
selves to the finite-dimensional version of the theory since, in applications,
the theories yield very similar results.

10.1 The General Case

Consider an n-dimensional compact Riemannian manifold M without bound-
ary. Let s > § + 1, then the group D*(M) of Sobolev H?*-diffeomorphisms
of M is well-defined as are all the geometric objects on it as described in
Chapter 5, in particular, the weak Riemannian metric (5.1), its Levi-Civitd
connection with connector (5.2) and the corresponding exponential mapping
exp from Remark 5.8.

Using Nash’s Theorem (Theorem 1.46) embed M isometrically into a Eu-
clidean space RY for some sufficiently large N. Construct the field of linear
operators A(t,m) : RN — T,,, M introduced in Example 7.4 (see also Exam-
ple 7.40). For simplicity we shall suppose that the (1, 1)-tensor field B(t,m)
(see Example 7.4) is C°*°-smooth.

Let X € RV. Applying to this vector all operators of the field A(t,m), we
obtain the C'*°-vector field A (¢,m)X on M, i.e., a vector in the tangent space

Y.E. Gliklikh, Global and Stochastic Analysis with Applications 247
to Mathematical Physics, Theoretical and Mathematical Physics,
DOI 10.1007/978-0-85729-163-9_10, (©) Springer-Verlag London Limited 2011


http://dx.doi.org/10.1007/978-0-85729-163-9_10

248 10 Stochastic Analysis on Groups of Diffeomorphisms

T.D%(M). Thus the field A(t,m) generates the linear mapping A(t) : RY —
T,D*(M) that acts according to the rule A(t)X = A(t,m)X. Applying this
mapping by right translation to all points of the group, we obtain the right-
invariant field of linear operators A(t,n) : RNV — T,D*(M) given by the
formula A(t,n)X = TR,A(t)X. In particular, this mapping can be applied
to a Wiener process w(t) in RY and so it sends the Wiener process into all
tangent spaces to D*(M).

By construction the field A(t,n) is right-invariant and, since A(t,m) is
C*°-smooth, from the results of Section 5.1 (see w-lemma 5.2) it follows that
A(t,n) is also C*-smooth.

Let a(t, m) be a vector field on M of Sobolev class H**!. Regard a(t,m) as
a tangent vector in the space T.D*(M). Denote by a(t,n) the right-invariant
vector field on D*(M) generated by this vector. By Theorem 5.4 the vector
field a(t,n) is C'-smooth.

Thus on D*(M) we can consider the following It6 stochastic differential
equation in Belopolskaya-Daletskii form

d€(t) = Dy (alt, €(1))dt + At &(t))dw(t)) . (10.1)

Theorem 10.1 For every g € D*(M) equation (10.1) has a unique strong so-
lution &g, 4(t) with initial condition &y 4(0) = g that exists for all t € [0, +00).

Proof. Define on D*(M) the strong Riemannian metric (5.12). Let W be a
neighborhood of e in D?(M) that is covered by the mapping exp, according to
Theorem 5.10. Introduce in W a normal chart of the Levi-Civitd connection
of the weak Riemannian metric (5.1). The strong norm of the local connec-
tor I',(-,-) for this connection in this chart, being the norm of a quadratic
operator, is a continuous function of the point n € W and at e this function
equals zero since the connector itself equals zero. Hence, there exists an open
set U C W such that at every point of this set the above-mentioned norm
is less than any a priori given number C' > 0. Since U is open, it contains
a ball V.(r) centered at e of some radius r» > 0 with respect to the strong
Riemannian distance on D*(M) generated by the metric (5.12).

Now for every point 1 € D*(M) determine the chart in its neighborhood as
the right shift by 7 of the normal chart W. The existence of a local solution
€0,4(t) (up to the Markov time that Vi (r) first hits the boundary in the
chart at g, constructed above) follows from that fact that the coefficients of
equation (10.1) are smooth.

Since the metric (5.12) is right-invariant, the atlas, constructed by the
above-mentioned right shifts, is by construction a uniform Riemannian met-
ric for the strong metric (5.12). On the balls V,,(r) in the charts of this atlas,
the norm of the local connector I' is bounded by C since the Levi-Civita
connection of the weak metric (5.1) is right-invariant (Theorem 5.6). Clearly
the right-invariant It6 vector field (@, A) on D;(T™) is bounded with respect
to the metric (5.12). Thus equation (10.1) satisfies the hypothesis of Theo-
rem 7.41. O
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Denote &.(t) by &(t). From the fact that equation (10.1) is right-invariant
it follows that £,(t) = &(t) o g. It is not hard to see that £(t) is a general
solution of the stochastic differential equation (7.23) on M. In other words,
for every m € M the process £(t)(m) is a solution of (7.23) on M with the
initial condition m at ¢ = 0.

Note that £(t) exists by Theorem 7.36 since M is compact and the field
(a,A) is smooth. However, the infinite-dimensional equation (10.1) gives
us additional information about the solution £(¢): for w € {2 the mapping
&(t,w) : M — M is a.s. an H*-diffeomorphism.

An analogous construction can also be realized for equations in Stratono-
vich form. On D*(M) consider the equation

di(t) = a(t, n(t))dt + At (1)) o dw(t) (10.2)

with the same a(t,n), A(t,n) and w(t) as in equation (10.1).

Theorem 10.2 For every g € D*(M), equation (10.2) has a unique strong
solution g 4(t) with initial condition 7o 4(0) = g that exists for all t €
[0, +00).

The proof of Theorem 10.2 follows the same argument as that in The-
orem 10.1 with the following modification. In the normal chart W at e of
the Levi-Civitd connection of the weak metric (5.1) the strong norm of the
operator 3trA’(t,n)(A(t,n)(-),-) is a continuous function of n € W. Let
[2trA’(t,e)(A(t,e)(-),")|| < C. As W C W we take an open set such that
at each of its points ||$trA’(t,n)(A(t,n)(-),)| is less than the constant C.
The rest of the argument follows without modification.

The solution of (10.2), starting at time 0 from e, is the general solution of
the finite-dimensional equation (7.3).

The construction of the Itd vector field (@, A) and of equation (10.2) on
D?(M), generated by the It6 field (a, A) and equation (7.3) on the finite-
dimensional manifold M, is a version of a general construction due to K.D.
Elworthy (see [66]).

10.2 The Case of a Flat Torus

In the case where the Riemannian manifold M is a flat n-dimensional torus
T™ (see Section 5.2) we can consider stochastic differential equations with a
special diffusion term. Equations with such a term will be used below in some
models of mathematical physics. It is also possible to introduce this type of
equation on the group D;,(7") of diffeomorphisms preserving the volume.

In this section we deal only with It6 equations in Belopolskaya-Daletskii
form. The transition to equations in Stratonovich form can be achieved by
analogy with that in the previous section.
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Let 7™ be an n-dimesional flat torus, i.e., the Riemannian metric (-, -)
on 7™ is inherited from R™ under factorization with respect to the integral
lattice.

Consider the group D*(7") of H*-diffeomorphisms of the torus. Using the
flat metric (-, -) on 7", introduce on D*(7"™) the weak Riemannian metric (-, )
by formula (5.1), the corresponding Levi-Civitd connection (5.2), its covariant
derivative V, the exponential mapping exp and the other geometric objects
as they were described in Sections 5.1 and 5.2.

Consider the mapping A from Definition 5.16(ii). It is clear that A is jointly
C*-smooth in all variables and that for any given X € R" the vector field
A(X) on T™ is constant (its coordinates with respect to the basis a%l’ el %7
mentioned in Remark 1.40, are constant). In particular this means that this
vector field is C*°-smooth and divergence-free (see Section 5.2).

Thus A generates the mapping A : D*(7") x R* — TD*(T") where A, :
R" — T.D5(T") C T,D*(T™) is given by the expression A,(X) = A(X) and
for g € D*(T") the mapping A, : R — T, D*(T") is constructed from A by
the right shift: Ay(X) = TRyA.(X) = (Ao g)(X). Since A is C*°-smooth,
from Theorem 5.4 it follows that A is also jointly C*°-smooth in X € R™ and
g € D*(T™), i.e., in particular, for all X € R™ the right-invariant vector field
A(X) on D$(T™) is C*-smooth.

Let ¢ > 0 be a real number and a(t,m) be an H%-vector field on 7"
where t € [0,] and « > s is an integer. Denote by a(t, g) the right invariant
vector field on D*(7™) generated by a(t, m) as a vector of T,D*(7™). For the
above-mentioned o the smoothness of the field a(t, g) is no coarser than C*.
The pair (@, A) is an Ito vector field on D*(7™).

Consider a Wiener process w(t) in R™ given on a probability space
(£2, F,P). According to the description of stochastic differential equations on
Hilbert manifolds given at the end of Section 7.3, the Belopolskaya-Daletskii
approach is well-posed in this setting and we can consider on D*(7™) the
stochastic differential equation of type (7.18) in the form:

dE(t) = exXpgyy (alt, E()dt + oA(t, E(t))dw(t)) . (10.3)

Theorem 10.3 For every g € D*(T") there exists a unique strong solution
&q(t) of (10.3) with initial condition £,(0) = g which is well-defined for all
t €10,1], where l > 0 is an arbitrary a priori specified real number.

Proof. Introduce the normal chart in a neghbourhood of e in D*(7™) by ap-
plying exp. Note that at every point of this chart the local connector (5.2)
equals zero since the connection is generated by the Euclidean connection on
the torus 7™. Take a strong right-invariant Riemannian metric on D*(7™)
(say, generated by (5.12)). Since the above-mentioned normal chart is an open
set, there exists a real number r > 0 such that the ball V.(r) (with radius
r with respect to the strong Riemannian distance on D*(7™)) centered at
e is contained in this neighborhood. Then in a neighborhood of each point
g € D*(T™) we determine the chart by applying the right shift R, to the
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ball V(r). In such a manner we obtain an atlas on D*(7"™) that is uniformly
Riemannian for the strong metric, and in the charts of this atlas the local con-
nectors of connection (5.2) equal zero since the connection is right-invariant
(see Theorem 5.6). By construction, the right-invariant It6 vector field (a, cA)
is uniformly bounded with respect to the strong Riemannian metric. Thus
Theorem 7.41 can be applied to (10.3). O

Denote . (t) by £(t). From the fact that (10.3) is right-invariant, it follows
that £4(t) = £(t) o g. It is not hard to see that £(¢) is the general solution of
the following stochastic differential equation on 7":

d€(t) = expe(y(al(t, §(t))dt + oAdw(?)). (10.4)

In other words, for every m € T™ the process £(t)(m) is a solution of (10.4)
on 7" with initial condition m at ¢t = 0.

Note that £(t) exists by Theorem 7.36, since 7" is compact and the field
(@, A) is smooth. However, as in the previous Section, the infinite-dimensional
equation (10.3) gives us additional information on the solution £(t): for w € 2
the mapping £(¢,w) : 7™ — 7™ is a.s. an H*-diffeomorphism of the torus 7™.

Remark 10.4. In equations (10.3) and (10.4) we used the general notation
of Ito6 equations in Belopolskaya-Daletskii form. Nevertheless it should be
pointed out that since the connection on D*(7™) is generated by the flat
connection on the torus, the corresponding exponential map is like that on a
linear space. So, without loss of generality we can employ the same notation
that is used for It6 equations in linear spaces. However, this is not the case for
equations on D;,(7") which we consider below. This is why it is sometimes
more convenient to to consider the latter equations as equations on D*(7™)
subjected to the constraint 3 obtained by right translations of TQDZ(T") at
all points of D*(7™), as introduced below in Section 16.2.

Theorem 10.5 Let 0 > 0 be a real constant.

(i)  Foreveryw € 2 and t € [0,1] the vector field A(cw(t,w)) on T™, where
w(t) is a Wiener process in R™, is divergence-free, i.e., A(ow(t)) is a
stochastic process in T.D;,(T").

(ii) Foreveryw € 2 andt € [0,1] the mapping Wi (t) = &xp Alow(t,w)) :
T" — T" is a volume-preserving H?-diffeomorphism of T", i.e.,
W(t) is a stochastic process in D;(T").

Proof. Let w € {2 and t € [0,l]. As mentioned above, the vector field
A(ow(t,w)) on 7™ is constant (has constant coordinates with respect to
the basis %, RN %) and so it is C'° and divergence-free. The mapping

ﬁa)(t) sends m € T" to exp,, A(w(t,w)) where exp,, : T, 7™ — T" is the
exponential mapping of the flat torus 7". This means that every m is sent
to m+ A(ocw(t,w)) = m + ocw(t,w) modulo factorization with respect to the
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integral lattice, i.e., all points of the torus 7™ under the mapping W (t)
carry out the same shift as that generated by the shift of the space R™ by
ow(t,w). Wi (t) is clearly volume-preserving. O

For ease of reference we highlight the formula for the action of the diffeo-
morphism WLSJ)(t) on T":

W () (m) = m + ow(t,w). (10.5)

Let a(t,m) be a divergence-free vector field on 7™. In the rest of this
section we assume a(t,m) to be H*smooth where a > s. Thus the right
invariant vector field @ on the group Dj(7") of volume-preserving H°-
diffeomorphisms of 7™ is at least C*-smooth (see Section 5.1). From Theorem
10.5(i) it follows that the mapping A can be restricted to D;(T") and so we
can consider the restriction A : D;(T") x R" — T'D;,(T"). In particular, A
sends the Wiener process w(t) on R" to the tangent spaces to Dy, (7").

Thus we can consider on D;,(7") the following stochastic differential equa-
tion

QE(t) = &bz, (alt. £(1))dt + AE(®)du(r)) (106)

where exp is the exponential mapping of the spray S on D;,(7") (see Sec-
tion 5.1) and o > 0.

Theorem 10.6 For every g € ’DZ(T”) there exists a unique strong solution
ég(t) of (10.6) with initial condition ég(()) = g which is well-defined for all
te0,1].

Proof. Introduce the strong Riemannian metric (5.11) on D; (7). Recall
that this metric is right-invariant on Dj;,(7"). Let W be a neighborhood of e
in D}, (7") which is covered by the mapping exp, according to Theorem 5.10.
Consider the normal chart at e in W. The strong norm of the local connector
I',(-,-), being a quadratic operator, is a continuous function of n € W in
this chart. Moreover, at e we have I'c(-,-) = 0. Hence there exists an open
set U C W such that at each of its points the above-mentioned norm is less
than an a priori given constant C' > 0. Since U is open, it contains the ball
Ve(r) centered at e and having some radius 7 > 0 with respect to the strong
Riemannian distance on D;,(7") generated by the metric (5.11).

Now we define a chart at a neighborhood of each point g € D;,(7") by the
right shift of the normal chart W at g. The atlas constructed in this way is
obviously uniformly Riemannian for the strong metric (5.11). Moreover, on
the balls V4 (r) in the charts of this atlas the norm of the local connector I’
of the Levi-Civitd connection of the metric (5.1) on D;,(7") is bounded by C'
since the connection is right-invariant (Theorem 5.6). The right-invariant It6
vector field (@, A) on D;(T") is bounded with respect to the right-invariant
metric (5.11). Thus, equation (10.6) satisfies the conditions of Theorem 7.41.

O
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Chapter 11
Newtonian Mechanics

11.1 A Geometric Language for Newtonian Mechanics

Let M be a finite-dimensional manifold. Recall that on the manifold T'M
there is a vertical distribution V (a sub-bundle of the second tangent bundle
TT M) whose fibers consist of vectors tangent to the fibers of T M. The vectors
belonging to V are said to be vertical (see Section 2.1).

Definition 11.1. A 1-form on T'M is said to be horizontal if it vanishes on
vertical vectors.

The horizontal 1-form a(t, (m,X)) € T(*m xyI'M gives rise to a 1-form
a(t,m,X) € T;; M depending on X € T,, M via the formula

at,m, X)(Y) = a(t, (m, X)) (Tw_lY‘T(m,X)TM) . (11.1)

We define a mechanical system to be the following collection of data:

1) a configuration space, i.e., a smooth manifold M;

2)  kinetic energy, i.e., a smooth function K on the tangent bundle T'M;

3) a force field, i.e., a horizontal 1-form (¢, m, X) on TM, which in general
is time-dependent.

The tangent space T'M is called the coordinate-velocity phase space and
the cotangent space T* M is called the coordinate-momentum phase space (see
[134]). In what follows, we consider only mechanical systems with quadratic
kinetic energy, i.e., K(X) = (X, X)/2, where X € TM and (-, -) is a Rieman-
nian metric on M.

Since a(t, (m,X)) is horizontal, the form &(t, m, X) is well-defined. For-
mula (11.1) gives a one-to-one correspondence between horizontal 1-forms
a(t,(m,X)) on TM and 1-forms &(t,m, X) on M. The latter will also be
called a force field.

Y.E. Gliklikh, Global and Stochastic Analysis with Applications 255
to Mathematical Physics, Theoretical and Mathematical Physics,
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Let a(t, m, X) be the vector field on M (depending on X € T,,, M) phys-
ically equivalent to the 1-form a(¢,m,X) with respect to the Riemannian
metric (-,-), which gives rise to the kinetic energy of the system. In other
words, (a(t,m,X),Y) = a(t,m, X)(Y) for any Y € T,,, M.

Definition 11.2. A vector field a(¢,m, X) where t € R, m € M and X €
T, M such that wa(t,m,X) = w(m, X) = m is called a vector force field.

One can easily see that a(t,m,X), as defined above, is an example of a
vector force field.

Remark 11.3. In the remainder of the book, with the exception of Chap-
ter 16, we shall consider only mechanical systems with a finite-dimensional
configuration space. The force fields are usually introduced as vector fields
and the passage to 1-forms is left to the reader as a simple exercise.

The motion of a mechanical system is governed by Newton’s second law,

i.e., the equation:
D
T m(t) = a(t,m(t),m(t)), (11.2)

where % is the covariant derivative of the Levi-Civita connection of the metric
(+,+) (see Section 2.6). Recall also that a curve m(t) is a solution of (11.2) if
and only if the curve (m(t),m(t)) in T'M is an integral curve of the vector field

Z +a(t,m,X), (11.3)

where Z is the spray of the Levi-Civita connection of (-,-) and a(t,m, X)! is
the vertical lift of a(t,m, X) to the space V(;;, xy C T(p,x)T'M.

A curve m(t) on M is called a trajectory of the mechanical system if it is
a solution of (11.2). For any initial conditions m(0) = mg and m(0) = X, €
Ty M, there exists a trajectory m(t) on a sufficiently small interval of time
provided that, for example, &(t, m, X) satisfies the Carathéodory condition
[74]. To see this, observe that, since Z is smooth, the field (11.3) on T'M sat-
isfies the Carathéodory condition and the local existence of a solution follows
from the classical existence theorem for ordinary differential equations. Below
we investigate the existence of trajectories for more general force fields (for
instance, in the case of a discontinuous force field, this question is related to
the passage from (11.2) to differential inclusions). Assume, for example, that
a(t,m,X) is locally Lipschitz. Then the trajectory is unique for any given
initial conditions.

The existence of trajectories on (—oo, 00) may be analyzed using the meth-
ods developed in Section 3.1. Let us point out that if the Riemannian metric
which gives rise to the kinetic energy is complete, then, by the Hopf-Rinow
theorem, the trajectories of the system with zero force field (i.e., geodesics)
are defined on (—o0,00). From the physical point of view, this means that
a free particle in the system does not escape to infinity in finite time. Note
that the assumptions that the Riemannian metric is complete and that a
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solution of the Cauchy problem for trajectories is unique are easy to justify
for systems arising in physics. Here, however, we usually do not require in
advance that the solution should be unique.

The cotangent vector p physically equivalent to the velocity m with respect
to the metric (-,-) (i.e., where p = (1, -)) is called the momentum of the
system. Consider the operator £L: TM — T*M sending a vector X € T,, M
to the covector (X,-) € T M. The operator L is called the inertia operator
(or the inertia tensor). In particular, p = L(7h). In terms of the inertia
operator, the kinetic energy of the system is given by the relation K(X) =
(£(X))(X)/2.

The manifold M is often equipped with a canonical Riemannian metric
(-,-) (e.g., the standard inner product in R3), which is not related to the
metric (-,-) giving rise to . In this case, we may identify vectors and cov-
ectors by means of (-,-). Then (X,Y) = (£X,Y) where £ is a (1, 1)-tensor
field of self-adjoint linear operators in tangent spaces. £ is also called the
inertia tensor; in fact this tensor is physically equivalent to £. Sometimes it
is convenient to define the kinetic energy not by the metric (-,-) but by the
self-adjoint operator £: TM — TM once the canonical metric (-, -) is given.

11.2 Mechanical Systems on Lie Groups

Consider a mechanical system which has a Lie group as the configuration
space with the kinetic energy given by a right- or left-invariant metric. We
shall call such a system a mechanical system on the group.

The best known example of a mechanical system on a group is the system
describing the motion of a rigid body which rotates about a stationary point
in R3. It is easy to see that the configuration space of this system, i.e., the
set of all possible positions of the rigid body with a stationary point, is
the special orthogonal group SO(3). Choosing an orthonormal basis in R3,
we may identify SO(3) with the group of all orthogonal matrices with unit
determinant. Recall that the Lie algebra s0(3) of SO(3) at e = id is identified
with R3 (see Section 1.2) so that after this identification, the Killing form
(A, B) = tr (AoB) and the commutator [A, B] = AocB—BoA on s0(3) become
the standard inner and vector products on R3, respectively. The Riemannian
metric obtained from the Killing form by left translations turns out to be bi-
invariant. This metric is used as the canonical metric to express the kinetic
energy via the inertia tensor.

Let g(t) be a trajectory on SO(3) corresponding to the motion of the rigid
body. The velocity vector g(t) € Ty SO(3) can be translated to the algebra
50(3) = T.S0(3) (and so to R?) in two different (and non-commuting) ways:
by left translation and by right translation (see Section 1.2). The vectors

we(t) =TL,g(t) and  w(t) = TR 3 4(t)
belong to s0(3), which we have identified with the space R3 where the body
moves (see above). The vector w, is the angular velocity with respect to the
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body coordinates (i.e., the coordinate system “attached” to the body and
moving along with it) and the vector wy is the angular velocity in the space
coordinates (i.e., with respect to a coordinate system fixed in space).

Let £: R? — R? be the inertia operator (tensor) of the rigid body. Recall

that £ depends on the shape of the body and on the distribution of its mass.
The operator £ is self-adjoint with respect to the standard inner product
on R3. Let us define a new inner product (A, B). = (£A, B) on s0(3). This
inner product gives rise to the left-invariant Riemannian metric (-, -), which
determines the kinetic energy by the general formula K(X) = (X, X)/2.
Note that the choice of the left-invariant metric is motivated by physics: the
kinetic energy depends on the angular velocity with respect to the body’s
coordinates, but not on the position of the body in space.
Remark 11.4. In Chapter 16 we consider a mechanical system on the
infinite-dimensional group of diffeomorphisms. This system describes the hy-
drodynamics of an ideal incompressible fluid and the energy is given by a
right-invariant (weak) Riemannian metric.

The classical Euler equation of motion of a rigid body (with a stationary
point) describes the time variation of the angular velocities w. and wyg, as
well as the angular momenta M, = L(w.) and M, = L(ws). Thus, the Eu-
ler equation is an equation in the algebra s0(3) or in the dual space so(3)*.
Throughout this book, we adopt the following terminology of [47]. The equa-
tions in SO(3) are said to describe the motion in the material coordinates or
in the Lagrangian representation. The equations for wg in s0(3) are said to
be with respect to the space coordinates or in the Eulerian representation,
whereas the equations for w. are in the body coordinates or in the convective
representation. Similar terminology is used for the corresponding angular
momenta equations.

Analogous terms are used to describe a mechanical system on an arbitrary
Lie group G. Thus, Newton’s equation on G is called the equation of motion in
the material coordinates (the Lagrangian representation). The corresponding
equation on the Lie algebra is called the Euler equation. If the equation
is obtained by right translations, then it is said to be with respect to the
space coordinates (the Eulerian representation), while for left translations it
is with respect to the body coordinates (the convective representation), etc.
This also applies to the so-called Eulerian and Lagrangian specifications in
hydrodynamics.

Mechanical systems on groups, especially the Euler equation on Lie alge-
bras, have been studied very intensively in the last few decades and there is a
substantial literature devoted to the subject. A detailed introduction to this
field may be found in Appendix 2 of [3].

11.3 Conservative Mechanical Systems

Definition 11.5. A mechanical system is called conservative if its force field
is independent of velocities (and is usually autonomous) and is equal to —di/,
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the negative differential of a certain real function &4 on M which we call the
potential energy.

Thus the vector force field of a conservative mechanical system is —grad U
where the gradient is calculated with respect to a Riemannian metric defining
the kinetic energy, i.e., (X, grad f) = dU(X) for any vector field X on M.

For a conservative system Newton’s law (11.2) is transformed into

D .
a"
Recall that (X, gradUf) = XU for any vector field X on M, where XU denotes

the derivative of the function U/ along the vector field X. In particular, for a
trajectory m(t) (i.e. a solution of (11.4)) this means that

(t) = —gradU. (11.4)

%U(m(t)) = (rh, grad U). (11.5)

Recall also that the gradient of & depends both on ¢/ and on the Rieman-
nian metric (-, -), i.e., on the form of the kinetic energy.

Now we can derive the principal laws of dynamics as theorems.

There is a notable difference in the definitions of kinetic and potential
energy: the kinetic energy is a function on TM (indeed, it assigns the value
3(X, X) to any vector X € TM) while the potential energy is a function
on M. This is not convenient because, for example, we cannot sum these
functions. To overcome this obstacle we extend U to TM by the formula

Uom:TM — R (11.6)
where 7 : TM — M 1is the natural projection.

Definition 11.6. The function £ = K +U ow : TM — R is called the total
energy.

Theorem 11.7 (Conservation of energy law). The total energy is con-
stant along any trajectory m(t) of a conservative mechanical system.

Proof. Since the Levi-Civita connection is Riemannian, from (2.30) it follows
that & Gi(),m(8) = (Dria(t), () + (n(t), Br(e)) = 2(Rin(t), (b)),
Taking into account formula (11.5) we get

d d . 1d,. . d
L Bm() = S0(0) +Um() = 2 ey m(0) + Sum(o)
- <%m(t>,m(t>> + (grad U, (1))

Since by (11.4) Drn(t) = —gradU, we get %E(m(t)) =0. O
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11.4 Hamilton’s Principle of Least Action

The Lagrangian of a natural mechanical system is the function L = K —Uom.
Let us recall some notions and formulae from the calculus of variations. A
function whose argument is a curve (for the sake of definiteness we assume
all curves to be parametrized by ¢ in the interval ¢ € [0,7T]), not a point, is
(in the calculus of variations) called a functional.
The functional of action of the above-mentioned Lagrangian L is

Am(®)) |§=/O L(m(t))dt:/(%(m(t),m(t))—u(m(t))) ar. (11.7)

We shall also deal with two more functionals the functional of length

= foT [ (t)||dt = fo V(i ))dt (cf. formula (1.19)) and the so-

called functional of action Ag (whlch isa partlcular case of (11.7) withf = 0)

Ao(m(t)) = / lrn(t)|%dt = / (i), (1)) . (11.8)

For a curve m(t) its variation m(t,s) is a smooth mapping from [0, 7] x
(—¢,€) into M such that m(¢,0) = m(t). The term “variation” refers to the
fact that by varying s, we vary the curve m(t), i.e. we obtain curves near to
it. As in Section 2.6 (see Lemma 2.57), we consider the vector fields % and
% on the image of a variation. In particular, the field of vectors % along the

curve m(t) = m(t,0) will be denoted by W (t) and called the field of variation.

Definition 11.8. A variation m(t, s) is called a wvariation with fixed end-
points if m(0, s) = const and m(T, s) = const for all s.

In particular, for a variation of a curve with fixed ends we have
0 0
— (T =0. 11.
55 08) =0 =-(T,s)=0 (11.9)

The variation of a functional with respect to the variation of a curve is an
analog of the derivative of a function in ordinary analysis. It is denoted by

. To find the variation of a functional one should substitute the variation of
the curve into the functional and differentiate the obtained expression with
respect to s at s = 0.

The extremal (an analog of the extremum) is a curve at which the variation
of the functional with respect to each variation of the curve equals zero. An
extremal with fixed end-points of a functional is a curve at which the variation
of the functional with respect to each variation of the curve with fixed ends
equals zero.

Lemma 11.9 The variation of the functional of action Ay at a smooth curve
m(t) with respect to the variation m(t,s) with fized ends is equal to
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2y =2 /O ' <%m<t>, W(t>> d, (11.10)

where W (t) is the field of variation m(t,s).

We refer the reader to [181] for a proof of Lemma 11.9. Note that in [181]
the variation is found in the class of piecewise smooth curves, from which
(11.10) follows as a particular case. This equation suffices for our purposes,
since the trajectories of mechanical systems are smooth.

Theorem 11.10 The geodesics of the Levi-Civitd connection, and only these
geodesics, are extremals with fized ends of the functional of action Agp.

Proof. Let m(t) be a geodesic, i.e., 2r(t) = 0. Then expression (11.10)
equals zero for any W (t). Thus the variation of Ay at m(t) equals zero with
respect to each variation of this curve with fixed ends. By definition this
means that m(t) is an extremal of Ay with fixed ends.

Let m(t) be an extremal with fixed ends, i.e., expression (11.10) equals zero
for each W(t). This can happen only if the second factor under the integral

is zero. Hence 21n(t) = 0 for all ¢, i.e., m(t) is a geodesic. O

Theorem 11.11 The geodesics of the Levi-Civitd connection, and only these
geodesics, are extremals with fized ends of the functional of length.

Proof. First we derive an analog of formula (11.10):

B / a a
ot || hs=0 = 55 ot’ at

B / a a My
), 9s at 8t |s=0
— / 85 Bt’{)t dtl —0-

at’ Bt

b T
ds

Recall that the length (unlike the action Ag) does not depend on the
parametrization. Hence we can change the parametrization t in the varia-

tion m(t, s) so that H%(t, s)|| = w(%, %> does not depend on t, i.e., is equal
626’ 8t dt\? 05
which differs from (11.10) only by the presence of the factor 20(8 before the

integral. Thus the remaining argument coincides word-for-word with that of
the proof of Theorem 11.10. O

to some constant C(s). Then 2 fOT (|21t js—o = 20 3605 f

So, unlike the straight lines of Euclidean spaces, the geodesics of the
Levi-Civita connection realize only local minimums of length. In addition
we should mention that sometimes several geodesics can connect two points
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and yet it can happen that there exists no geodesic with length equal to
the Riemannian distance between those points. Conditions under which such
geodesics exist are given by the Hopf-Rinow Theorem (Theorem 3.68).

The next statement is often regarded as the central law of mechanics (see,
e.g., [171]).

Theorem 11.12 (Hamilton’s principle of least action). The trajecto-
ries of a natural mechanical system, and only these trajectories, are the ex-
tremals of the functional of action (11.7) with fixed ends.

Proof. The variation of A with respect to the variation m(¢, s) of the curve
m(t), t € [0,T7, is calculated as follows:

g%AT(gmmu@nmu»»—uuMu@Qdmc

T T
-2/ GWMmeﬁﬂﬁwoéZALMW@O&WU

The first integral on the right-hand side here is one half of the variation of
the functional Ay and so we can substitute formula (11.9) divided by 2 for
its value. For the second integral we have:

) T
s Jo

T
Ut ))toma = [ 5t )0,

which is equal to fot(grad U, %m(t, 5))dt|s—o by the definition of gradient.
Recall (see above) that a%m(t,s)‘ s=o 1s the field of variation denoted by
W (t). Thus, the formula of variation with fixed ends of A takes the form

_ /OT <%m(t)7W(t)>dt— /Ot (erad U, W (1)) dt. (11.11)

Now let m(t) be a trajectory, i.e., Dm(t) = —grad U by (11.4). In this
case, by (11.11) the variation of A is equal to zero for any W, i.e., m(t) is
an extremal. If (11.11) equals zero for every W (t), 2m(t) = —gradf and so
the extremal is a trajectory. ]

For conservative systems we also have the principle of least action in Mau-
pertuis form. According to this principle, trajectories with total energy h are
simply the geodesics of a new metric (the so-called Jacobi metric):

(h=U)(:, ). (11.12)

Note that the Jacobi metric (11.12) is Riemannian only when h > U
everywhere on M. Hence, in this case, the analysis of trajectories reduces
to the description of geodesics on M with the metric given by (11.12). If
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there are points where the value of U is greater than or equal to h, then the
trajectories lie in the domain 2, = {m € M | U(m) < h} called the domain
of possible motion (with boundary). The geometry of this domain has been
studied by many authors in connection with certain problems of mechanics.
Particularly active research in this area was initiated by the works of Kozlov.
In [169] the reader may find a detailed review of this subject.

Remark 11.13. A more complex case is where one has the so-called gyro-
scopic force in addition to the potential one. A gyroscopic force field has the
form &1 (m, X) = w(X,-), where w is a 2-form on M. (Recall that the 1-form
a1 (m, X) takes the value w,, (X,Y) onY € T,,M.) Usually one assumes that
the form w is closed or even exact. An example of a gyroscopic force is the ac-
tion of a magnetic field on a charge. Substantial progress in the study of such
systems was achieved by Novikov [193]. Another approach was developed in
[169].

11.5 Noether’s Theorem

Recall the following:

Definition 11.14. A non-constant smooth function on a manifold, on which
a differential equation is given, is called the first integral or an integral of
motion of the equation if it is constant along every solution of the equation.
Sometimes one says that the equation has a conservation law.

Examples of first integrals (conservation laws) are the Hamiltonian for a
Hamiltonian system (see Remark 3.69) and the total energy for a conservative
mechanical system (see Theorem 11.7).

In this section, for the case of conservative mechanical systems, we
prove one of the most important theorems in contemporary natural science,
Noether’s theorem, which gives a standard method of finding conservation
laws.

Definition 11.15. A one-parameter diffeomorphism group gs is a mapping
g : Rx M — M, jointly smooth in all variables, for which the following
conditions are satisfied:

(i) for each s € R the mapping g5 : M — M is a diffeomorphism (i.e., g
is one-to-one and smooth and g; ! is also smooth);

(ii) for each m € M and all s,u € R the relation gsi,(m) = gs(gu(m))
holds (this relation is usually written as gs1, = gs © gu)-

From (ii) above it is clear that go(m) = m for each m € M and that
gs_l = g—s-

Denote by g(m) the set of points obtained from m by the action of g
for all s € R; such a set is called a trajectory or orbit of the one-parameter
diffeomorphism group gs.
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For m € M consider the vector Y, = %gs(mﬂs:o. Assigning, for each
m € M, the vector Y,, to the point m we obtain a smooth vector field Y on
M that is called the generator of the group gs. Note that the orbits of the
group, and only the orbits, are integral curves of its generator Y.

Recall that on a compact manifold M every smooth autonomous vector
field is a generator of a one-parameter diffeomorphism group that is the flow
of the vector field. In the general case of non-compact manifolds, a smooth
vector field is a generator of a one-parameter diffeomorphism group if the
flow is complete.

Definition 11.16. A group g, is said to preserve a non-constant function
f:M — Rif f is constant along the orbits of g;.

It is clear that gs preserves a smooth function f if and only if for every
m € M the relation L f(gs(m))|s=0 = Y flg=o = 0 holds where Y is the
generator of gs.

Let gs be a one-parameter diffeomorphism group on M. Then it is easy to
see that T'g, is a one-parameter diffeomorphism group on the tangent bundle
TM where Tg, is the tangent mapping to gs. Let L=K -Uon:TM — R
be the Lagrangian of a conservative mechanical system.

Definition 11.17. A one-parameter diffeomorphism group g, is said to pre-
serve the Lagrangian L if Tg, preserves L according to Definition 11.16.

Theorem 11.18 (E. Noether) Let on the configuration space M of a con-
servative mechanical system with Lagrangian L = JIC —U o w there be a one-
parameter diffeomorphism group gs that preserves the Lagrangian L. Then
this system has a conservation law.

Proof. Consider a trajectory m(t) of the mechanical system for ¢t € [0,].
Recall that m(t) satisfies Newton’s second law (11.4). Applying the diffeo-
morphisms in g, for s € (—¢,¢), to m(t), we obtain the set N = gym(¢) in
M as the image of the mapping m : [0,{] X (—e,&) — M, m(t,s) = gsm(t).
Consider the vector fields % = %m(t, s) and % = %m(t, s) on N. It is clear
that % coincides with the generator Y of the group gs.

Lemma 11.19 For any given s, € (—¢,¢) the curve m(t, s.) is a trajectory
of the mechanical system.

Proof. [of Lemma 11.19] By Hamilton’s principle of least action (Theo-
rem 11.12) the trajectory m(t) is an extremal with fixed ends of the ac-
tion functional with Lagrangian L. Since gs preserves L, the values of the
action functional on the curves under the action of gs; are preserved. Thus
m(t, sx) = gs,v(t) is also an extremal, i.e., it is a trajectory of the mechanical
system. 0
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By the hypothesis, g, preserves the Lagrangian L, i.e., for all ¢ the value
L(m(t,s)) = IC(%) —U(m(t,s)) is constant in s, i.e.,

0 0 0 0
&L(m(t,s)) = %K (E) - gu(m(t,s)) = 0.

Taking into account the definition of K, formula (2.29) defining the notion of a
Riemannian connection and Lemma 2.57 on the second covariant derivative
(recall that they are both valid for the Levi-Civitd connection), we obtain
that 5K(57) = 5e2 (50 95) = (V290 51) = (Vo gur 1)

Applying consequently formula (11 5), Newton’s second law (11.4) and
Remark 2.27 we obtain

guttntoon = (52) = (goamau) == (3. 5.5)

0 0
-~ (& Va5i)

Thus

By formula (2.29) this expression equals
ie., <%7 %) is constant in ¢.

We have shown that along every trajectory m(t) of the mechanical system
the product (Y, 7h) is constant where 7 is the velocity vector of the trajectory

and Y is the generator of the one-parameter diffeomorphism group g,. O

As the first application of Noether’s theorem we prove the momentum
conservation law for some special systems.This law is not as universal as the
conservation of energy law since it is not valid for all conservative systems.

Consider the motion of two material particles in R?. Let = be the vector
in R3 corresponding to the first particle and y the vector corresponding to
the second particle. It is clear that the system’s state at a given time is
described by the pair x,y of vectors in R3, i.e., the configuration space is
RS = R3 x R3. We allow the particles to be located at the same point R3
(otherwise the configuration space would have the form (R? x R3)\A where
A\ is the diagonal set {(z,y) € R? x R®|z = y}).

The kinetic energy here is the sum of the kinetic energies of both particles.
It depends only on the velocities and does not depend on the positions of the
particles. This situation is natural for Euclidean spaces, where it is possible
to translate the vectors along the space.

Suppose that the force depends only on the distance between the par-
ticles and does not depend on the positions of the particles (this situation
occurs, for example, in Newton’s law of gravitation and in Coulomb’s law in
electrostatics). Denote the force by a(t,x! — yt, 2% — y? 23 — y3). It is clear
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that the Euclidean distance in R? is a function of the differences of the same
coordinates.

Suppose in addition that the force field a(t,z' — y', 22 — 3%, 2% — ¢?) =
—grad U(x! — yt, 2% — y?, 23 — 3®) where U is a smooth real-valued function
on R3.

Consider on the configuration space R® of this system the one-parameter
diffeomorphism group of the form

gs(x, 2%, 2%yt P y?) = (2! + 5,27 2%yt + 5,97, 00).

Diffeomorphisms of this group do not change the differences z! — y!, 22 —y?,
2% — y3. For this reason, and since & and K do not depend on the location
of a point in configuration space, this group preserves the Lagrangian. The
generator takes the form % + a%lv and by Noether’s theorem the system has
a conservation law of the form (% + %,m) = myi! 4+ moyt. Notice that
my &' +mog! is the first coordinate of the complete momentum of the system
that by definition (see [3]) equals m14+moy where m; and mpo are the masses
of the particles. By analogy, introducing the one-parameter diffeomorphism
groups by adding t to the other coordinates of particles, we obtain that the
other coordinates of the complete momentum are also integrals of motion.
This means that the complete momentum of the system is preserved.

There is another example where a one-parameter diffeomorphism group
preserves the Lagrangian. This is a mechanical system on a group such that
the Riemannian metric defining the kinetic energy is left-invariant and the
force equals zero. For the system of a rigid body with stationary point (see
Section 11.2) the conservation law that arises here, by Noether’s theorem, is
known as the conservation law of angular momentum. In Section 16.3 below
we present the proof of an analogous fact on an infinite-dimensional group
of diffeomorphisms that has a hydrodynamical interpretation, as well as a
certain infinite-dimensional version of Noether’s theorem.

Remark 11.20. Taking into account Noether’s theorem, it is possible to
derive the energy conservation law from the fact that both the potential and
kinetic energies of a conservative mechanical system do not depend on time,
i.e., they are preserved under shifts in ¢ of the form t + s.

11.6 Geometric Mechanics with Linear Constraints

This section is an introduction to the modern geometric approach to me-
chanics with constraints, which goes back to the paper [71] by Faddeev and
Vershik. (See also [224, 225, 226] and the bibliography therein.) Here we focus
on systems with quadratic kinetic energy, as in previous sections, and linear
constraints only. Note that the papers mentioned above are devoted to La-
grangian mechanics with more general Lagrangians and possibly non-linear
constraints.
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11.6.1 The notion of a linear mechanical constraint

Consider a mechanical system, in the sense of Section 11.1, on a configuration
space M.

Definition 11.21. A linear constraint in the system is a smooth distribution
(i.e., a sub-bundle of the tangent bundle) B on M in the sense of Defini-
tion 1.41.

In what follows we call a linear constraint simply a constraint.

Definition 11.22. A tangent vector is called admissible if it lies in the distri-
bution 8. A curve in M is admissible if all its tangent vectors are admissible.

A constraint 8 imposes a restriction on the motion of the system: all its
trajectories must be admissible.

Let P: TM — 3 be the operator of orthogonal projection (with respect to
the Riemannian metric on M that determines the kinetic energy) of tangent
spaces onto their subspaces 3, i.e., we have P,,: T,, M — 3,, for every m €
M. Let us define the reduced covariant derivative Va on admissible vectors by
the formula VxY = PVxY, where V is the covariant derivative of the Levi-
Civitéd connection. Denote by % =P % the reduced covariant derivative along
a curve. Let a(t,m,X) be the vector force field of the mechanical system.
The equation of motion of the mechanical system with the constraint 3 is
the following analog of Newton’s equation:

D

T m(t) = Pa(t,m,m). (11.13)
In the same way as for (11.2) and (3.17), one may show that a curve m(t)

is a solution of (11.13) if and only if its derivative 72(t), regarded as a curve

in the total space of the bundle 3, is an integral curve of the vector field

Y = TP(2) + (Pa(t,m,m))". (11.14)

It is not hard to see that T7Y (m, X) = X € 38,, and Y € T(,, x)8.

If the distribution 3 is involutory (i.e., integrable, by Frobenius’ Theo-
rem 1.44), then the constraint is said to be holonomic, and (11.13) turns into
Newton’s equation (11.2) on the integral manifolds of the distribution. Thus,
a system with a holonomic constraint reduces to one with no constraint on a
manifold of lower dimension.

When the distribution 3 fails to be involutory (i.e., it is not integrable), the
constraint is called non-holonomic. In this case, some extra effort is needed
to study the mechanical system.

Definition 11.23. A constraint 3 is totally non-holonomic if the Lie brackets
of the admissible vector fields generate the entire Lie algebra of vector fields
on M.
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Remark 11.24. One may introduce the notion of the degree of non-
holonomity [225], which we do not consider here. Note also that linear con-
straints are admissible and ideal in the sense of [224].

11.6.2 Reduced connections

Consider the orthonormal frame bundle 7: OP(M) — M of B (i.e., b € OB
is an orthonormal frame in 3,,). It is clear that O®(M) is a principal bundle
with structure group O(k), k = dim g3,,.

Theorem 11.25 The reduced covariant derivative V has all four properties
of the regular covariant derivative described in Theorem 2.24.

Proof. Since the operator P is linear on the fibers of T M, only the fourth
property deserves a proof. For admissible X, Y and a smooth function f, we
have

Vx(fY) = PVx(fY) = P(fVxY + (X[)Y) = [VxY + (X [)Y,
because PY =Y. O

Thus, V is the covariant derivative on admissible vectors and, in particular,
it gives rise to the parallel translation of admissible vectors along admissible
curves. The definition of such a parallel translation is quite similar to the
standard one. Since P is orthogonal, it is clear that the parallel translation
preserves the inner product on fibers of 3 and (2.29) holds for V. Therefore,
on the fibers of 3, the parallel translation of orthonormal frames is defined
along admissible curves. Consider now the sub-bundle H of TOP (M), which
is defined as follows. The fiber of H over a point (m,b) € OP(M) is formed
by “infinitesimal” parallel translations of the frame b. It is easy to check that
the sub-bundle is invariant with respect to the right action of O(k) and the
fibers of H have zero intersection with the vertical subspaces \_/(m’b). Thus,
H can be thought of as an analog of a connection.

Definition 11.26. The sub-bundle H is called the reduced connection.

Remark 11.27. If the constraint is holonomic, the reduced connection is the
Levi-Civita connection on the integral manifolds with respect to the induced
Riemannian metric. (Compare the construction of the reduced connection
with that of the connection on the adapted frame bundle [161].)

Theorem 11.28 Let X1, X, ..., Xy be orthonormal admissible vector fields
in a chart W (i.e., at every m € U the vector fields Xi,..., Xy form an

orthonormal basis in B,,). Then Vx,X; = ]e‘éle, where ]gij are the tetrad
Christoffel symbols (see Remarks 2.37 and 2.56) taken for an orthonormal
frame in U which contains X1,..., X as a subframe.
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The result follows from Remark 2.56.

Corollary 11.29 The reduced connection of a non-holonomic constraint de-
pends on the Riemannian metric on the entire manifold M rather than only
on the restriction of the metric to 3.

Remark 11.30. A variety of open problems concerning reduced connections,
as well as their additional properties, is discussed in, e.g., [224]. Here we only
point out that the torsion tensor of a reduced connection cannot be defined
in the standard way. The reason is that even though the Christoffel symbols
of the reduced connection are symmetric by definition, the difference

VxY —VyX —[X,Y] = P([X,Y]) — [X,Y]

is zero only if the distribution is involutory.

11.6.3 Length minimizing and least constrained
non-holonomic geodesics

Let 3 be a non-holonomic constraint on M.

Definition 11.31. An admissible curve m(t) in M is called a least con-
strained non-holonomic geodesic if it satisfies the equation

D .

It is clear that the least constrained geodesics are, in fact, trajectories of
constrained mechanical systems with a zero force field. Definition 11.31 is
analogous to the standard definition of geodesics of a connection.

Definition 11.32. An admissible curve m(t) is a length minimizing non-
holonomic geodesic if it is an extremum of the action functional

| Gt e) ae

an analog of the functional Ay, see (11.8), on the space of admissible curves
with fixed end-points (for simplicity of presentation we consider the curves
parametrized by the interval [0,T] as in (11.8)).

For a non-holonomic constraint, the notions of least constrained and length
minimizing geodesics are not equivalent. Moreover, if the constraint is non-
holonomic, the equation of the least constrained geodesics is not equivalent to
any variational principle, even if the force is conservative (cf. Theorem 11.12).
A more detailed discussion of this matter can be found, for example, in [224].
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Remark 11.33. The two notions of geodesics we discuss here are due to
Heinrich Hertz, who was apparently the first to notice that Newton’s equation
and the variational principle become non-equivalent to each other for a system
with constraint [224, 225].

Theorem 11.34 (Chow-Rashevsky, see [225, 226]). Let a constraint (3 be
totally non-holonomic. Then for any two points mg, my € M, there exists an
admissible curve which joins mo and my.

Corollary 11.35 (see [226]) Let a constraint be totally non-holonomic. Then
any two points in M can be joined by a length minimizing non-holonomic
geodesic.

Remark 11.36. The differential equation of length minimizing geodesics
(see, e.g, [225]) involves admissible vectors as well as their annihilators (i.e.,
vectors in T'M orthogonal to (3). Therefore, once the beginning mo € M
of a length minimizing geodesics is specified, the space of initial conditions
has dimension n. Thus, as mentioned above, if the constraint is totally non-
holonomic, length minimizing geodesics (beginning at mg) fill the entire man-
ifold M. This question is discussed in more detail in [225, 226].

Theorem 11.37 On a complete Riemannian manifold, the reduced con-
nection is complete in the sense that all non-holonomic least constrained
geodesics extend to (—oo,00).

Indeed, since the Riemannian norm of all “velocity vectors” of a least con-
strained geodesic is constant, the Riemannian length of the curve is bounded
on every finite interval. Thus, the arc of the geodesic taken over a finite in-
terval is relatively compact because the manifold is complete. This, in turn,
means that the geodesic extends to (—oo, 00).

Corollary 11.38 (see [224]) Let the constraint 3 on M be totally non-
holonomic. Then any two points of M can be joined by a piecewise least
constrained geodesic.

Remark 11.39. The corollary is sharp: two generic points in M cannot be
joined by a least constrained geodesic even if the constraint is totally non-
holonomic. The equation of least constrained geodesics is a second order
differential equation on the total space of the bundle 8. (The equation is
given by the vector field TP(Z) from (11.14).) Thus, the space of initial
conditions of least constrained geodesics starting at a given point mg € M
has dimension k& = dim 3,,, and the geodesics cannot fill the entire manifold
M.

In the contemporary mathematical literature the study of least-constraint
geodesics (or, more generally, of solutions of equations of type (11.13))
is called non-holonomic dynamics while the study of length minimizing
geodesics (or more generally, of variational problems with non-holonomic con-
straints) is called vakonomic dynamics.



11.7 Discontinuous forces. Differential inclusions 271

Remark 11.40. We should draw the reader’s attention to the paper [37]
where some geometric fundamentals of non-holonomic and vakonomic dy-
namics are investigated. For non-holonomic dynamics a certain invariant,
the torsion of a special extension of a reduced connection, is found such
that if it equals zero, the distribution 3 of the constraint is integrable. If
the orthogonal complements to 3,, form an integrable distribution, a (local)
Ehresmann connection is constructed whose torsion characterizes the vako-
nomic dynamics. If this characteristic equal zero, the distribution 3 is also
integrable.

Remark 11.41. We refer the reader to [107, Section 16] where stochastic
differential equations in Belopolskaya-Daletskii form with constraints are in-
troduced. The main idea is to use the exponential mapping of the reduced
connection instead of the general exponent to get a constrained analog of
the equations from Section 7.3. The constrained analogs of stochastic inte-
gral operators and the equations of Section 7.7 are also presented in [107,
Section 16]. In their construction the parallel translation with respect to the
reduced connection along the corresponding stochastic processes is applied.
Note that the constrained Belopolskaya-Daletskii and integral approaches to
SDEs with constraint have to be applied even for constraint equations in R",
assuming of course that the constraint is not trivial (i.e., does not consists of
subspaces parallel to each other).

11.7 Mechanical Systems with Discontinuous Forces and
Systems with Control. Differential Inclusions

Consider a mechanical system with a discontinuous force field. Such fields
appear, for example, in systems with dry friction, switching, or with motion
in several media having different resistance forces. When the configuration
space is linear, the following method is often used to study systems with
a discontinuous force. First, one extends the discontinuous force field to a
set-valued vector field with convex images. Then one passes from (11.2) to a
differential inclusion whose solutions are trajectories of the system (see [74]).
This approach in linear space is knows as Filippov’s method. In this section,
we develop a similar method for non-linear configuration spaces [165].

The equation of motion of a mechanical system with feedback control may
also be reduced to a differential inclusion. In this case, the set-valued force,
a subset in every tangent space, is formed by all values of the force for all
possible values of the controlling parameter at a given point.

The requisite notions and results on set-valued mappings we use here can
be found in Chapter 4.

Consider a locally bounded vector field f on a finite-dimensional manifold
M. The vector field f is not assumed to be continuous, nor even measurable.
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For each point my, let us define a subset R(mg) of T,,, M as follows. The
set R(my) is formed by the limits of all sequences f(myg) as mi — mg with
my # mg. It is easy to see that

o= fa( U s ]
e>0 meU.

where U, is the e-neighborhood of the point my and cl denotes the closure.

Definition 11.42. The set F(mgy) = ¢0R(mo) C T, M, where ¢ denotes
the convex hull, is called the essential extension of the field f at mg.

Definition 11.43. A set-valued map f : R x TM —o T M such that for any
point (m,X) € TM (meaning that X € T,,M, i.e.,, X is a tangent vector
to M at the point m € M) the relation wf(¢,m,X) = m(m,X) = m holds
is called a set-valued vector force field (cf. the Definition 11.2 of vector force
fields).

The essential extension F is a set-valued mapping which assigns a subset
of Ty M to mg € M. One can easily see that F' is a set-valued vector field.
Note that F' = f if f is continuous.

Theorem 11.44 The set-valued vector field F' is upper semicontinuous.

Proof. Let § > 0 be a real number. Fix a metric p on TM which gives
rise to a topology equivalent to that on the tangent bundle. Denote the 4-
neighborhoods of R(mg) and F(mg) by R%(mg) and F?(my), respectively. We
prove that for any ¢ and any m € M, there exists a neighborhood U(m) C M
of m such that R(m') C R?(m) for every m’ € U(m) and, therefore, F'(m') C
Fo(m).

By the definition of the set R(m), there exists a neighborhood U(m) of
m such that for all m’ € U(m) we have p(f(m'), R(m)) < 6. Then there
exists an open neighborhood V(m') C U(m) of the point m’ such that the
inequality p(f(m”), R(m')) < & is satisfied for every m” € V(m’). Pick a
sequence m”;, — m’ in V(m'). We have

lim p(f(my), R(m)) = plim(f(my), R(m)) <46 .
Hence, R(m') C R%(m) and F(m’) C F°(m). O

Now consider a mechanical system with configuration space M and kinetic
energy K(X) = (X, X)/2, where (-,-) is the Riemannian metric on M. Let
a(t,m,X) be a force field that we require only to be locally bounded in
all variables. (As above, we do not assume that @ is continuous or even
measurable.) Consider the vector field Z(m, X) + a(t,m, X)! (i.e., a second
order differential equation on M; see Section 3.3), where Z is the geodesic
spray of the Levi-Civitd connection of (-,-) and &(t,m, X)! is the vertical lift
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of a(t,m,X) to the point (m,X) € TM (see (4.3)). It is easy to see that
the essential extension (with respect to all variables) of Z(m, X)+ a(t, m, X)
may be written in the form

Z(m, X) + a(t,m, X)", (11.15)

where a(t,m, X)! is the vertical lift of the essential extension a(t,m, X) of
a(t,m, X) to the point (m, X). Note that a(t,m,X) = c0Q(t, m, X), where
Q(t,m, X) is the set of limit points of all sequences &(t, my, Xx) such that
(tk,mk.,Xk) — (t, m,X), Xy € T, M, and (tk,mk,Xk) #* (t,m,X).

From now on, we focus on the differential inclusion in T'M given by the
formula

A(t) € Z (v(t)) + a(t, (1) (11.16)

Definition 11.45. A solution of (11.16) is an absolutely continuous curve
~(t) in TM which almost everywhere satisfies (11.16).

Alternatively, making use of covariant derivatives, we consider the follow-
ing differential inclusion on M:

D
T m(t) € a(t,m(t),m(t)). (11.17)
Definition 11.46. A solution of (11.17) is a C'-curve m(t) in M such that
m(t) is absolutely continuous and (11.17) is almost everywhere satisfied.
Taking into account (11.15) and the definition of £, it is easy to check
that (11.16) and (11.17) are equivalent. More precisely, this means that m(t)
is a solution of (11.17) if and only if 7(t), regarded as a curve in TM, is a
solution of (11.16).

Definition 11.47. A solution of (11.17) is called a trajectory of the mechan-
ical system with discontinuous force field a.

It is easy to see that Definition 11.47 is justified from the physical point
of view. As mentioned above, for a flat configuration space the reasons for
supporting the definition are discussed, for example, in [74].

The right-hand side of (11.16) is an upper semicontinuous set-valued vector
field with convex images. This implies that locally there exists a solution
of the Cauchy problem for (11.16) (see Chapter 4). Thus, for any initial
conditions m € M and X € T, M, inclusion (11.17) has a solution on a
sufficiently small interval.

Note that an interesting question for applications in physics is whether or
not the local solution of (11.17) is unique. Certain uniqueness conditions are
found in [74].

Another class of mechanical systems involving inclusions like (11.17) is
the class of mechanical systems with feedback control. Let the force field
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a(t,m, X, u) depend on the parameter u € U. We define the set-valued vector
field a(t,m, X) on TM as

a(t,m, X) = | J a(t,m, X, u).
uelU

Now we have to assume that this field is upper semicontinuous and has closed
convex images. The solution of (11.17) is a trajectory of the control system for
a time-dependent control u(t). Let us point out that, since the configuration
space is non-linear, we cannot assume the control force to be independent of
time, coordinates or velocity, as is usually the case for linear spaces. Some
very particular examples where such an assumption does make sense will be
considered in Section 11.9 and in Chapter 12.

Note that in systems with control the inclusions of type (11.17) with lower
semicontinuous a can also arise. Let us consider an example of such an inclu-
sion.

Consider a set-valued bounded and Hausdorff continuous vector force field
a(t,m, X) with convex closed values.

Definition 11.48. A point a of a convex set a is called extreme if there does
not exist an open interval of a straight line in a that contains a. Denote
by Ext a(t,m, X) the set-valued vector force field whose values at all points
(t,m, X) consist of extreme points of a(t, m, X).

Lemma 11.49 For a set-valued bounded Hausdorff continuous vector force
field a(t,m,X) with convex closed values the set-valued vector force field
Ext a(t,m, X) is lower semicontinuous.

Lemma 11.49 is a well-known statement from set-valued analysis. A proof
can be found in [222, Lemma 2.1.1] and in [48, Proposition 6.2]. Note that
Exta(t,m, X) is bounded and may not have convex values.

Definition 11.50. We say that a trajectory m(t) of a mechanical system
with Hausdorff continuous vector force field a(¢t,m,X) occurs under ex-
tremal values of controlling force if almost everywhere %M(t) belongs to
Ext a(t,m(t), m(t)).

Thus for a mechanical system with control given by (11.17), with set valued
vector force field as above, the problem of the existence of solutions that
occurs under extremal values of controlling force is reduced to the differential
inclusion

D . .
&m(t) € Ext a(t,m(t),m(t)) (11.18)

with a lower semicontinuous right-hand side having non-convex values.
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11.8 Integral Equations of Geometric Mechanics. The
Velocity Hodograph

In this chapter we use the integral operators with parallel translation in-
troduced in Section 3.2 to find integral equations equivalent to Newton’s
equation of geometric mechanics (see Section 11.1). One of these equations
describes the velocity hodograph in the sense of [217]. This is an ordinary
integral equation in a specified tangent space. We also introduce analogous
integral equations for a system with constraint. Our approach is based on the
results of [88, 90, 94, 98].

Integral versions of Newton’s equation and, in particular, the equation of
the velocity hodograph turn out to be useful in the study of certain qualita-
tive problems concerning the behavior of mechanical systems, for example,
the existence of special trajectories. It is important to emphasize that the
equation of the velocity hodograph is an integral equation in a linear space,
and therefore standard methods may be applied to study it. Integral equa-
tions are used in Chapter 12 and also in Chapters 14 and 15 where we work
with versions of integral equations for random force fields.

11.8.1 General constructions

Consider a mechanical system as in Section 11.1. We assume here that the
Riemannian metric (-, -) is complete (and so a trajectory of a free particle can-
not escape to infinity in finite time) and that the vector force field a(t, m, X)
is jointly continuous in all variables. The case of discontinuous force fields
will be studied in Chapter 12.

Since the metric is complete, we can use the operator S introduced in
Section 3.2

Let I'a(t,m(t),m(t)) denote the curve in T,,,M such that the vector
Ia(t,m(t),m(t)) is parallel to a(t, m(t), m(t)) along m(-) for every t. Specify
a point mg € M and a vector C' in T;,,(g) M and consider the integral equation

mt) =S (/Ot I'a (r,m(r), (7)) dT+c> (11.19)

on I =10,1].

Theorem 11.51 The solutions of (11.2) with the initial conditions m(0) =
mo and m(0) = C coincide with the solutions of (11.19).

Proof. Tt is easy to show that for a given v € C°(I, T,,, M), the C?-curve

m(t)S(/()tv(T)dTJrC)



276 11 Newtonian Mechanics

is the only one satisfying the conditions m(0) = mg, m(0) = C and such
that for every t € I the vector 21m(t) is parallel to v(t) along m(-). To see
this, let for some ¢ € I the curve m(-) in T}, M be obtained by the parallel

translation of 1 to the point m(t). Then, by Theorem 2.32 we have

(f—Tm(t +T)jr=0 = %m(t)
It is clear that the vector fot v(T)dr+C € T, is parallel to m(t) along m(-).
In other words, the vector Drn(t) is parallel to v(t) along m(-). Let us set
v(t) = I'a(t,m(t)ri(t)). Then (11.19) means that the vector 21 (t) can be
obtained by transporting a (t,m(t),m(t)) € T M along m(-) first to the
point mg = m(0) and then back to m(t). The theorem follows. O

Let m(t), t € I, be a trajectory of the mechanical system, i.e., a solution
of (11.2).

Definition 11.52. The velocity hodograph of the trajectory m(t) is the curve
v: I — Ty 0)M such that v(t) is parallel to 1 (t) along m(-).

It is not hard to see that the velocity hodograph of a solution of (11.19)
satisfies the equation

o(t) = /Ot ra (T,su(f),%sv(r)) dr+C, (11.20)

It is clear that if v is a solution of (11.20), then Sv is a solution of (11.19),
i.e., by Theorem 11.51, a trajectory of the mechanical system.

Remark 11.53. The notion of a velocity hodograph in the sense of Defini-
tion 11.52 was introduced by Synge in [217] where analogs of the standard
properties of the hodograph were proved for some mechanical systems (see
also [218]). The hodograph equation (11.20) originally appeared in [88].

Remark 11.54. If we have a mechanical system on a group, then it is natural
to pick the initial condition m(0) = e. Thus, (11.20) becomes an equation in
the Lie algebra similar to the Euler equation in the body or space coordinates.
All three equations are equivalent to Newton’s equation on the configuration
space. However, for an arbitrary configuration space, (11.20) is the only one
among these three that makes sense.

Let us denote the operator which sends v € CY(I,T,,, M) to
t d
/ I'a (T, Su(r), d—S’U(T)) dr +C € C°(I1,T,,, M)
0 T

by [[ToaoSc.



11.8 Integral Equations of Geometric Mechanics. The Velocity Hodograph 277

Theorem 11.55 The operator
/F caoSc: COI, Tp,M) — C°(I,T,,, M)

is completely continuous.

Proof. Since §, @ and I are continuous, so is the operator. Let U be the ball

in CO(I,T,, M) of radius K centered at the origin. Because & is continuous,

Theorem 3.46 and Lemma 3.53 imply that (f I'oao SC) (Uk ) is compact.
O

11.8.2 An integral formalism of geometric mechanics
with constraints

Let the configuration space M be a complete Riemannian manifold equipped
with a constraint 3, which may be non-holonomic (Section 11.6). To develop
an adequate integral formalism, we use parallel translation of admissible vec-
tors along admissible curves. Such a parallel translation arises from the re-
duced connection H.

Let m(t), t € I, be an admissible C'-curve and X (¢,m) an admissible
vector field on M. Denote by FﬂX(t, m(t)) the curve in 3, such that the
vector X (t,m(t)) at m(0) is parallel to I'PX (t,m(t)) along m(-) under the
reduced connection. The properties of the operator I'® are similar to those
of I' studied in Section 3.2.2.

As in Section 11.6.2 consider the orthonormal frame bundle 7: OP(M) —
M of B (i.e., b € OB is an orthonormal frame in 3,),).

Consider the map E: OF x R¥ — H, k = dim 3,,, defined by the formula
Ey(X) = Tr1(bX) |g,, where b € OB (M) is regarded as an orthogonal
operator from R* to 3,, (cf. Definition 2.68 of basic vector fields in the non-
holonomic case). It is easy to see that £ is smooth and fiber-wise linear.
Let v(t) be a continuous curve in 3, . Fix by € O8,, (M) and consider the
time-dependent vector field F(by 1v(t)) on OP(M). By definition, this vector
field is smooth in b for a fixed ¢ and continuous in ¢ for a fixed b € OP(M).
Hence, for this vector field, the Cauchy problem has a solution. As above, it
is easy to show that the integral curves of E (ba 1v(t)) extend to the entire
interval I = [0,1]. Consider the integral curve by(t) beginning at by and its
projection SPu(t) = 7by(t). It is clear that SPv(-) is an admissible curve and,
in addition, for every ¢ € I the vector %SFU(LL) is parallel to v(t) along S3,(*)
with respect to the reduced connection H.

The following result can be proved in the same way as Theorem 3.56.

Theorem 11.56 Let X (t,m) be an admissible vector field which is jointly
continuous in all its variables. An admissible curve m(t) is an integral curve
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of X (t,m) if and only if it satisfies the equation
m(t) = SP o I'PX (t,m(t)). (11.21)

Theorem 11.57 A continuous curve v(t) C B, is a solution of the equation
v(t) = I'PX (¢,8Pu(t)) if and only if SPu(t) satisfies (11.21).

The operators SP, I' and their compositions have the same compactness
and continuity properties as the integral operators from Section 3.2.
Now consider the integral equation

m(t) = S (/Ot PP (r, m(r),m(r)) dr + c) , (11.22)

where C' is a vector in 3,, . Taking into account the relationship between
parallel translations and covariant derivatives, we get the following result.

Theorem 11.58 An admissible curve with the initial conditions m(0) = myg
and m(0) = C satisfies (11.13) (i.e., m(-) is a trajectory of the system with
the constraint 3) if and only if it is a solution of (11.22).

It is clear that the equation of the velocity hodograph of a solution of
(11.22) is

o(t) = /0 "%pa <T, SPu(r), %s%(r)) dr+C (11.23)

on the space of continuous curves in 3, .

Remark 11.59. We emphasize that even if M is the Euclidean space R"™,
the integral operators considered in this subsection (e.g., S®, SP o I'?, etc.)
cannot be reduced to their classical analogs (antiderivatives, the Urysohn-
Volterra operator, etc.) unless the distribution 3 is trivial, i.e., all the spaces
B,, are parallel (in the Euclidean sense) to 3, C ToR™ = R™.

11.9 Mechanical Interpretation of Parallel Translation
and Systems with Delayed Control Forces

In this section, following [91, 92, 93, 94], we study a certain type of differential
equation with delay on Riemannian manifolds. In these equations one of
the terms on the right-hand side is obtained by parallel translation to the
corresponding point along a solution. The equations are analogous to those
differential equations on Euclidean space with discrete delay or where the
right-hand side depends only on time. Our analysis of the equations in terms
of geometric mechanics is based on the mechanical interpretation of parallel
translation.
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The mechanical interpretation of Riemannian parallel translation was dis-
covered by Johann Radon and described by Blaschke in [159]. A similar idea
was independently used by Synge [217] in order to define the hodograph for
a geometric mechanical system. (See Remark 11.53.)

Radon proved that for a pendulum moving in the configuration space of a
mechanical system, the direction of oscillation is a parallel translation along
its trajectory. In other words, the coordinate system attached to a gyroscope
(e.g., the stationary system for a flat configuration space) is parallel along a
trajectory.

Consider the motion of a mechanical system with a force field & and a
“control” force @. The latter depends on time, the velocity and on the co-
ordinates of the point. Faithfully modeling the delays that occur in real life
systems, @ acts after time h. The equation of motion of such a system is as
follows:

D

I () = a(t,m(t),m(t)) + ||® (t — h,m(t — h),m(t — h)), (11.24)

where H denotes the Riemannian parallel translation along the solution.
Similarly, one may consider the evolution of a system with a velocity field

V' and delayed control “velocity” W, i.e., a system given by the equation

m(t) =V (t,m(t)) + |W (t — h,m(t — h)). (11.25)

If M is a Euclidean space, (11.24) and (11.25) are quite simple differential
equations with discrete constant delay [4]. However, if M is not flat, (11.24)
and (11.25) have much more complex properties.

First, since the parallel translation is defined along C*-curves and depends
on a curve and its derivative, (11.25) is an equation of neutral type [4].

Secondly, the first order equation corresponding to (11.24) has distributed
delay. The reason is that if M is not flat, the parallel translations of a vertical
vector in T M do not necessarily coincide with the lift of the parallel trans-
lation in M. (Here the manifold TM is equipped with the standard metric
arising from the metric on M.)

Finally, note that the first order equation, which is equivalent to (11.24)
and thus, as we have just explained, has distributed delay, is again an equation
of neutral type on T'M because the right hand side is neither continuous in
the C%-topology nor defined on arbitrary curves.

Let ¢: [~h,0] — M be a C'-curve.

Definition 11.60. A continuous curve m(-): [h,e) — M, e > 0 is a so-
lution of (11.24) (respectively, (11.25)) on the interval [—h,e) with initial
condition ¢ if m(-) is C*-smooth on (0,¢), coincides with ¢ on [—h, 0], and
satisfies (11.24) (respectively, (11.25)) on [0, ¢).

It is useful to first analyze the particular cases of (11.24) and (11.25) where
the control force depends on time only. These mechanical systems are given
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by the equations

E m(t)

(t,m(t),m(t)) + || D(t) (11.26)

V(t,m(t) +||W(t) (11.27)

i (t)

In this case @ and W take values in the tangent space to M at the initial
point my.

It is essential that (11.24) and (11.25) can be reduced to (11.26)
and (11.27), respectively. To see this, specify an initial condition ¢ €
C([~h,0], M) and consider the following Ty(0)M-valued functions of 6 €

[—h,0]: D(0) = ||B(O+h, p(0+h),d(0+h)) and W (0) = |[W (6 +h, ¢(0 +h)).
Let t = 60+ h. It is clear that the solutions of (11.26) and (11.27) with control
forces @(t) and W (t) coincide with those of (11.24) and (11.25), respectively.

Note that the equations above make sense only if their solutions are C'!-
smooth, for the parallel translation is not defined otherwise.

Theorem 11.61 Let V(¢,m) be a continuous vector field on M and W(t) a
continuous curve in Ty, M. Then:

(i)  equation (11.27) has a local C*-solution;
(ii)  the solution is unique provided that for any t € I the field V (t,m) is
locally Lipschitz continuous in m.

Proof. Let O(M) be the orthonormal frame bundle over M and H the
Levi-Civita connection on O(M). The tangent map of the natural projec-
tion 7: O(M) — M induces the isomorphism T7: H, — Tpp,M at ev-
ery point b € O(M). Hence, at every b € O(M), we obtain the vector
Tr= 1V (t,mb) € H, C T,0O(M). These vectors form a horizontal vector field
on O(M) (i.e., belonging to H).

Let O be an orthonormal frame in T3,, M. The frame O gives rise to the
isomorphism O: R® — T,, M and, therefore, we have a horizontal time-
dependent basic vector field E(O~1W (¢)) on O(M) (see Definition 2.68).

Consider the vector field V (t,b) = Ta 'V (t, wb) + E(O~ W (t)) on O(M).
By the existence theorem for ordinary differential equations, this vector field
has an integral curve v*, v*(0) = O, defined on the interval [0,¢). Since
the vector field V is horizontal, the frame ~v*(t) is parallel to O along v =
7y* for every t € [0,¢). By definition, we have 4*(t) = Tn [V (¢,v(t)) +
v*(t)(O~1W (t))], where the last term is the vector with coordinates O~ W (t)
in the basis v*(t). Hence, () = V(t,7(t)) +v*(t) O~ (W (t)). Furthermore,
by the definition of parallel translation, the last term is parallel to W (¢) along
~(+). This means that () is a solution of (11.27).

Note that the field E(O~'W(t)) is smooth in b for a fixed ¢. If V(t,m) is

locally Lipschitz in m (for every fixed t), then Vis locally Lipschitz in b and
the resulting solution is unique. O



11.9 Mechanical interpretation of parallel translation 281

Corollary 11.62 Assume that the fields V(t,m) and W (t,m) are jointly
continuous in all variables. Then for any C*-initial condition ¢: [—h,0] —
M, there exists a solution of (11.25). The solution is unique if V is locally
Lipschitz in m for any fized t.

Theorem 11.63 Assume that the field & satisfies the Carathéodory condi-
tion (see, e.g., [74]) and &(t) is an integrable function with values in Ty, M.
Then for any initial condition C € T M :

(i)  equation (11.26) has a local C*-smooth solution;
(ii)  the solution is unique if & is locally Lipschitz continuous for all t.

Proof. Consider the direct product O(M) x R™, n = dim M, equipped with
the right action of O(n) given by the formula (b,z)g = (bg,g 'z), where
be O(M), z € R" and g € O(n). The quotient space of O(M) x R™ under
the right action can be naturally identified with T'M. We denote the natural
projection O(M) x R™ — T'M by A (see Section 2.7 and Notation 1.36).

Let (b,x) € O(M) x R™. Tt is easy to see that T'A induces an isomorphism
of Hy € T,O(M) with the horizontal space in T\ »yT'M and an isomorphism
of Vi = T,R™ with the vertical space Vy( ). (Recall that the latter is the
tangent space to Trp M, where 7: O(M) — M is the natural projection.)

Pick an orthonormal basis O in T,, M and define the function O~1&(t)
with values in R™ to be the coordinates of @(t) with respect to the basis O.
As in the proof of Theorem 11.61, the function gives rise to the horizontal
vector field E(O~1®(t)) on O(M). We see that any basis b € O(M) gives
rise to a vector T E,(O~1®(t)) in the tangent space Ty M.

Consider the vector fields A, B, and C on O(M) x R™ such that for any
(b,x) € O(M) xR™ we have A, ,) = T)\_IZA(I,@) € Hy, where Z is the spray
of the Levi-Civita connection on M and

B (t) = TA™ (a(t,7A(b, 2), A(b,x))) € Vs,
C(b,z) (t) =TX\! (TT(Eb (O’ldi(t))) evV,.

By definition, A is a smooth field. Since & satisfies the Carathéodory con-
dition, so does B(t). By the hypothesis of the Theorem, the field C(t) is
smooth on O(M) x R™ for every fixed ¢ and is measurable in ¢ for any fixed
(b, ). Therefore, the field A+ B(t) 4+ C(t) satisfies the hypothesis of the clas-
sical theorem which guarantees the existence of a local solution of the Cauchy
problem. Furthermore, if & is locally Lipschitz in ¢, then the hypothesis of the
uniqueness theorem is also satisfied (see [62], Theorems 1 and 2 of Section 1).
Note that local solutions are, by construction, absolutely continuous curves.

Let (b(t), z(t)) be the local solution with initial condition (O, O~1C). The
curve A(b(t),z(t)) is absolutely continuous in TM and, hence, the tangent
vector

Y(t)=TA(A+ B(t) +C() = Zawt)xty) + TABQE) + C)) x0e),200)
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exists for almost all ¢. The vector Zy1),2(r)) belongs to the connection and
both vectors T/\(B(t)),\(b(t),a;(t)) and TA(C(t)))\(b(t)@(t)) are in the vertical
subspace. Hence, T7Y (t) = TwZ. On the other hand, since Z is the spray,
T7Z\wbt),2(t)) = Ab(t), z(t)). As one can easily see, this means that the curve
A(b(t),z(t)) in TM has the form (y(¢),¥(t)), where v(t) = TA(b(¢), z(t)) is a
C'-curve. In particular, the parallel translation is defined along ~.

By definition, the projection of (b(t),x(t)) to O(m) is horizontal, and so
b(t) is a parallel frame field along . Hence, for every ¢ the vector TA(C(¢)) €
T, )M is parallel to (t) along ~. Taking into account the definition of the
covariant derivative, we see that « satisfies (11.26). It is clear that v(0) = mq
and %(0) = C. O

Corollary 11.64 Assume that & satisfies the Carathéodory condition and
&(t,m, X) is jointly measurable in all variables. Then for any C'-curve
¢: [=h,0] — M, there exists a local solution of (11.24) with initial condi-
tion ¢ provided that ||D(t, d(t),p(t))| is integrable on [—h,0]. If for every
fized t the vector field & is locally Lipschitz in (m, X), then the solution is
unique.

Theorem 11.65 Let the Riemannian metric (-,-) be complete. Assume also
that for some point mo € M the inequalities ||a(t, m, X )| < ¥ (¢)L(p(mg, m))
and, respectively, ||V (t,m)|| < @(¢)L(p(mo, m)) hold where the function L is
defined in Section 3.1.4 and satisfies (3.16), p is the Riemannian distance
on M, and ¥ is a positive function integrable on finite intervals. Then the
solutions of (11.24) and (11.25), respectively, are defined on [—h, o).

Proof. Without loss of generality we may assume that inf L = C' > 0. (Oth-
erwise, we simply replace L by L + C.) Let us rewrite (11.24) and (11.25)
in their equivalent forms (11.26) and (11.27), respectively, and consider the
complete Riemannian metric (-, -)* introduced in Section 3.1.4. In this metric,
IV (¢t,m)||* < ¥(t). The norm of W(¢) with respect to (-,-), being a continu-
ous function, is bounded on [—h,0] by a constant K > 0. It is easy to show
that any local solution m(t) of (11.27) satisfies the inequality

. K

(o)l < w(2) + ¢

where the norm || - || is taken with respect to (,). Thus, m(t) extends to
[—h, h]. Covering any given interval I by intervals of length h, one can prove
that the solution extends to I. For (11.24) the proof is similar. O

We conclude this section by noting that the shift operators along solutions
of (11.24), (11.25) and some other neutral type equations were studied in
[28, 91, 92, 93]. The existence of fixed points of these operators (i.e., periodic
solutions for a periodic right-hand side) was proved by the methods of [28, 33].



Chapter 12

Accessible Points and Sub-Manifolds
of Mechanical Systems. Controllability

12.1 Discussion of the Problem

In this chapter we study the question of whether or not two points my and
m1 in the configuration space of a mechanical system can be connected by
a trajectory. It is known (see, e.g., [144]) that for a second order differential
equation (i.e., in particular, for Newton’s law) on Euclidean space such a
trajectory exists provided that the right-hand side of the differential equation
is bounded and continuous. More precisely, for any two points mg and m;
and any interval [a,b], there exists a solution m(¢) such that m(a) = mg
and m(b) = my. When the right-hand side is linearly bounded, some similar
results are known for small time intervals.

Note that if the right-hand side is quadratic in velocity, even in R™ there
may be pairs of points that cannot be connected by a solution. In Section 12.2
we give a simple example of this phenomenon.

The situation becomes much more complicated for a non-linear configura-
tion space. In Section 12.2, we illustrate this with four examples of mechanical
systems on the two-dimensional sphere. In the first example, the force field
is smooth and independent of time and velocity (and so it is bounded). How-
ever, none of the trajectories beginning at the South Pole reach the North
Pole. In the second example, the force field is still bounded, autonomous, and
smooth but now depends on the velocity. In this case there is no trajectory
connecting any two antipodal points on the sphere. In the third example, we
consider a gyroscopic force on S? (hence, the force field is linear in velocity).
The behavior of trajectories in this system turns out to be quite similar to
the second example. The same behavior occurs in the fourth example where
the force field is quadratic in velocity.

There is a deep geometric reason for the difference in the behavior of
trajectories on flat and “curved” configuration spaces. The points on a sphere
in the above-mentioned examples are conjugate along all geodesics joining
them. Since in the flat case conjugate points are absent, this is not true in R™.
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Below we show that if the force field on a complete Riemannian manifold
has less than quadratic growth in velocity, then for any two points mg and
my, there exists a trajectory joining mg and m; provided that the points
are not conjugate along some geodesic. This is true only for a small enough
time interval, even if the force field is uniformly bounded (however, we show
that from our construction it follows that for uniformly bounded forces on flat
configuration spaces the required solution exists on every finite time interval).
For force fields quadratic in velocity we find a geometric condition on the
distance between points (not conjugate along at least one geodesic), and
conditions on the geometry of the manifold and on the right-hand side of the
equation, under which the solution, joining the points, exists at least on a
small enough time interval. In fact the existence of the required trajectory in
the case of less than quadratic growth follows from the fact that the latter
case always satisfies the above-mentioned condition. We also find a subclass
of systems with quadratic growth for which, under the above condition, the
solution exists on every finite time interval.

Besides its mechanical interpretation, the problem where the force is quad-
ratic in velocity is important since it is a generalization of the well-known
classical question which asks whether it is possible to join two given points in
a manifold by a geodesic curve of a certain connection (see, e.g., [161]). Recall
(see Theorem 2.36) that if V and V are covariant derivatives of two different
connections on a manifold M, there exists a (1, 2)-tensor field S(-,-) on M
such that for any two vector fields X and Y on M the equality VxY =
VxY + S(X,Y) holds. From this it follows that in terms of the covariant
derivative V the geodesics of the connection V are always described by an

equation of the form
D
() = a(m(t), (1)), (12.1)

where a(m, X) = S, (X, X) is a vector field on M that is quadratic in X €
T,,M at any point m € M.

For the Levi-Civitda connection on a complete Riemannian manifold the
existence of a geodesic joining any two points mg and m, follows from the
Hopf-Rinow theorem (Theorem 3.68). However this is not the case in general,
even for a Riemannian connection with non-zero torsion: in [20, 85, 140] ex-
amples of Riemannian connections are presented for which this problem is not
solvable (in particular, on a compact manifold, the two-dimensional torus).

We consider the general case of systems with discontinuous forces or forces
with control, i.e., whose Newton law is described by differential inclusion
(11.17) (see Section 11.7). The results for continuous single-valued forces
(i.e., for equations of the form (11.2)) follow as simple corollaries. The inter-
pretation of set-valued forces as forces with control allows us to investigate
the so-called controllability problem, i.e., the problem of whether there exists
a time-dependent control under which a trajectory of a mechanical system
starting at a given point mg can reach another point m; of the configuration
space.



12.2 Examples of Points that Cannot be Connected by a Trajectory 285

We also consider the problem for constrained systems. In this case we look
for a solution that connects a given point and a certain submanifold.

The method of investigation is based on the use of integral operators with
parallel translation and the velocity hodograph equation (see Section 11.8).

Below, in Section 13.2, we apply the machinery developed in this Chapter
to the investigation of geodesics of some connections on Lorentz manifolds.

The two-point boundary value problem for (11.17) and (11.2) with non-
conjugate points has been investigated under various conditions more re-
strictive than ours. For equation (11.2) (i.e., for single-valued force fields)
its solvability was shown by the author for continuous force fields in [88]
(bounded case) and in [101] (for linear growth in X), by E. Yakovlev, e.g., in
[232], for smooth force fields under some complicated conditions and by V.
Ginzburg in [85] for smooth force fields with less than quadratic growth in X.
The solvability of this problem for inclusion (11.17) has been demonstrated
for set-valued force fields of several types (B. Gel’'man and Y. Gliklikh [80],
Y. Gliklikh and A. Obukhovskii [124, 125], M. Kisielewicz [158], etc.) but
only in the uniformly bounded case.

Here we follow our joint work with P. Zykov [131, 133]. Note that in [241]
P. Zykov found some conditions for the solvability of the problem in cases
where the right-hand sides have greater than quadratic growth in velocity
(see Remarks 12.22 and 12.26).

12.2 Examples of Points that Cannot be Connected by a

Trajectory
Example 12.1. Let X = (z,y) € R? and let a > 0 be a real number; denote
the norm in R? by || - ||. In R? consider the following system of type (2):
{i‘(t) = —a| X[y
i) = al X i

with initial conditions X (0) = 0, X(0) = X,. Since here the vectors X and
X are orthogonal to each other along the solution, || X|| is constant. Let
| Xo|| = C and represent the vector Xg in the form X = C(— sin ¢y, cos ¢g).
Then the solution of the above-mentioned Cauchy problem takes the form
z(t) = L cos(Cat + o) — L cos o, y(t) = Lsin(Cat + o) — L sin . Hence
any solution is a circle of radius % and it does not leave the disc of radius %
centered at the initial point. We should emphasize that the radius decreases
as a increases.

Ezample 12.2. 190, 94]. Consider the mechanical system on the unit sphere

S? in R? with the force field &(7) = (—y,x,0), where 7 = (x,y, 2) € S. The

motion of the system is given by the following equations in R>:
r=a(f)-2K-7

or, equivalently,
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T=—-y—2K.x,
j=z—-2K- vy, (12.2)
2=-2K"z

where
£ = IFIE/2 = (@ + 37 + 22

is the kinetic energy. To obtain these equations, one applies d’Alembert’s
principle (see, e.g., [190]) to the holonomic constraint F(7) = 22 + 3% + 22.

Denote the North and South Pole of the sphere by N = (0,0,1) and
S = (0,0,—1), respectively. Let 7(t) = (x(t),y(t),z(t)) be the trajectory of
the system such that 7(tg) = S for some ¢y and 7(ty) = V # 0. Note that if
V =0, then #(t) = S. It is clear that V € T5S? must have the form (X, Y,0).
We claim that the kinetic energy increases along 7(¢) until 7 hits the North
or South Pole. By (12.2) we have

K (7(t) =iy +yz and K (7(t)) = 22 + 4>

Note also that K(7(ty)) = 0. This means that K(7(t)) > 0, unless 7(t) = S
or 7(t) = N. In fact, the derivative K(7(t)) is also increasing. Since K(N) =
K(S) = 0, we have K(7(t)) # N for any t > to.

To clarify the geometric picture, consider the function z(t) = z(7(t)). Let
t1 > to be such that £(¢1) = 0 and z(¢) is increasing on [to,t1]. The last
equation in (12.2) implies that z(¢;) > 0 and, as a consequence, 2(t1) < 0,
i.e., z(t1) is a local maximum of z(t). Since K is increasing along 7(t), we see
that z(t1) < 1. In the same way, one may show that

signz(t) = (~1)1 and [2(t,)] > |=(ti)]

for all points t; <ty < ... such that £(¢;) = 0.
Therefore the trajectory #(t) heads to the equator of S? and oscillates near
it. In particular, the trajectory never reaches the point N = (0,0, 1).

Example 12.3. Let us replace the field & in the system of Example 12.2 by
the force field

Q (F7 ’F) - [r7 r}; )
L+ 7|
where [-,] is the vector product in R3. The equation of motion of the me-
chanical system is as follows:
r=0Q(F,7) —2K-T. (12.3)

A straightforward calculation shows that

K = (2(7,7),7) — 2K - (7,7) =0
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along a solution of (12.3) (i.e., the force is always orthogonal to the velocity)
and b = 0, where

T T
b= [T,T] = _1+||7&|| - HTHQ'[T’T]'

Therefore, the kinetic energy K = HFH2 /2 is constant along the trajectory
r(t) and 7(t) lies in the plane orthogonal to the constant vector b. In other
words, the trajectory is the circle (f(t), l_)) = const on S2. Assume that there
is a trajectory passing through two antipodal points. Then it must be a great
circle on S? and, therefore, (F(t), B) =0.

Let « be the angle between 7(¢) and b. A straightforward calculation (based
on the explicit formulas for ||b|| and (7(t),b) and on the equality ||7(t)|| = 1)

shows that .
¢ (I71)

17>

cosa =
where ¢: [0,00) — R is a bounded function. Hence, (7(t),b) tends to zero
as K — oo, assuming non-zero values only. This means that there is no
trajectory in the system passing through two antipodal points. Note also that
any two points which are not antipodal can be connected by a trajectory with
sufficiently high kinetic energy.

Example 12.4. Replace the force 2 (7,7) of the preceding example by the
gyroscopic force A(7,7) = [F,T]. The equation of motion of the new system is

F = [7,7] - 2KF.

The analysis of this example is quite similar to that of Example 2. First, we
prove that K = 0 and b = 0, where b = [, #]. This implies that the trajectory
lies in the plane orthogonal to b. If the trajectory were a great circle, so that
(7,b) = 0, then this would give us the equality [F,#] = 0, which is impossible.

The author is grateful to Evgenii I. Yakovlev for pointing out Exam-
ple 12.4.

Ezample 12.5. Replace the force §2 (7,7) of the preceding example by
a(r,r)=[r,7]|7.

By d’Alembert’s principle, as above, the equation of motion with a constraint
takes the form: 7 = [, 7] ||| — 217 where the kinetic energy 7' = 172. Since
the acceleration is everywhere orthogonal to the velocity, it is obvious that
T = 0. Then, as above, we prove that b = 0 for b = [, 7]. Direct calculations

yield b = 0. This means that any trajectory satisfies the relation (b, 7) = const
(the parentheses denote the inner product in R?), i.e., it is a circle on the
sphere that also lies in a plane orthogonal to the constant vector b. Antipodal
points are joined by a great circle, i.e., (b, 7) = 0. From this we get the equality
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for the mixed product (7,7, #) = 0, which is impossible. Thus antipodal points
on the sphere cannot be connected by a trajectory.

12.3 Existence of Solutions

In the examples of Section 12.2; the points which could not be connected
by a trajectory were conjugate along all geodesics of the Levi-Civita connec-
tion. In this section, we prove that if two points are not conjugate along a
geodesic, then there exists a trajectory joining the points if the force has less
than quadratic growth in velocity, or quadratic growth under some additional
assumption. We consider the general case where the force field a(t,m, X) is
discontinuous or includes a control parameter (see Section 11.7.) Thus the
trajectories are, in fact, solutions of the differential inclusion (11.17) with a
set-valued vector force field a(t,m,X) which can be either upper or lower
semicontinuous and has convex closed values. This general result yields, as a
simple corollary, the existence of such a trajectory for a mechanical system
with continuous @ [88, 90]. The case of bounded force, which is a special
case of force with sub-quadratic growth in velocity, has many specific conse-
quences.

The requisite definitions from set-valued analysis can be found in Sec-
tion 4.1.

We start with the following technical statement.

Lemma 12.6 Let a real number § satisfy the inequality 0 < § < W

Then there exists a sufficiently small positive number ¢ such that (stl_l —p) >
0 and the inequality 6((et;* — @) + Ct;1)? < et;? — pt7! holds.

Proof. For ¢ satisfying the hypothesis of the Lemma we get 5(5t1_1 JrC’tl_l)2 <
sth. From the continuity of both sides of this inequality it follows that there
exists a sufficiently small ¢ > 0 such that (stfl — ) > 0 and the inequality
S((etyt — ) + Ot < (etyt — )ty = et? — ot ! holds. 0

For the remainder of this section, M is a complete Riemannian manifold
and by || - || we denote the norm in a tangent space generated by the Rie-
mannian metric. Introduce a norm on the set a(t,m, X) € T,, M by the usual
formula [[a(t, m, X)|| = sup,eq(,m,x) [yl

Definition 12.7. We say that a(¢t,m, X) has less than quadratic growth in
X if for any compact © C M and any finite interval [0,!] the relation

llat, m, X)|

lim =0
IX[—oo || X2

holds uniformly in ¢ € [0,1] and m € 6.
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Definition 12.8. We say that a(t, m, X) has a quadratic bound in X if for
any compact @ C M and any finite interval [0,!] the relation

la(t,m, X)|

lim =a(t,m
IX[—oo || X]|? (t,m)

holds uniformly in ¢ € [0,1] and m € ©, where a(t,m) > 0 is a real bounded
function on [0,] x © that is not identical zero.

For the case of set-valued vector force fields we modify the definitions from
Section 4.1 as follows:

Definition 12.9. We say that a(t,m, X) satisfies the upper Carathéodory
condition if:

1) for every (m,X) € TM the map F(-,m,X) : I — T,,M is measurable;
2)  for almost all ¢ € I the map F'(t,-,:) : TM —o T'M is upper semicontin-
uous.

Definition 12.10. Let I = [0,{] C R. The set-valued force field a : IxTM —o
TM is said to be almost lower semicontinuous if there exists a countable
sequence of disjoint compact sets {I,,}, I, C I, such that:

(i) I\ U, I, has measure zero;
(ii)  the restriction of a on each I,, x TM is lower semicontinuous.

Theorem 12.11 Let a(t,m, X) satisfy the upper Carathéodory condition,
have convex closed bounded values and have less than quadratic growth in X.
Let the points my1 and mg be non-conjugate along a geodesic g of the Levi-
Civitd connection. Then there exists a positive number L(mg, m1,g) such that
if 0 < t1 < L(mg,ma,g) there exists a solution m(t) of (11.17) for which

m(0) = mgy and m(ty) = my.

Proof. For a Cl-curve () = Sv(t), v(-) € C°(I,T;,, M), consider the set-
valued vector field a(t, v(t),4(t)). Denote by I" the operator of parallel trans-
lation of vectors along ~(-) at the point v(0) = mg. Apply the operator I
to all sets a(t,y(t),%(t)) along v(-). As a result, for any v € C°(I,T,,, M)
we obtain a set-valued map I'aSv : [0,1] — T, M that has convex values.
It is shown in [125] that the map I'aS : C° ([0,1], T}, M) x [0,1] —o Typg M
satisfies the upper Carathéodory condition. Denote by PI'aSv the set of all
measurable selectors of I'aSv : [0,1] —o T,,, M (such selectors exist by [31]).
Define on C°([0,¢1], Tyny M) the set-valued operator [PI'aS by the formula

/fPFuSv = {/Otf(T)dT

Lemma 12.12 The map [ PI'aS sends bounded subsets of C°(I,T,,, M) to
compact sets.

fl) e TFaSv} .
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Proof. Since the metric (-,-) is complete, for any ball Uy in C°(I,T;,, M)
the union of curves {(v,%)|y € Uk} lies, by Lemma 3.53, in a compact
subset of T'M. Then for those curves ||¥(t)| is uniformly bounded. Hence,
since Definition 12.7 is fulfilled for a, all sets a(t,, ), where v € SUk, are
uniformly bounded. As a consequence, since parallel translations preserve
the norm, the sets (I"'aSv)(t) for v € Uk are also uniformly bounded, and so
are all their measurable selectors PI'aSv. Thus, the continuous curves u €
Uvew, (J PTaS)v are uniformly bounded and equicontinuous. The lemma
follows. O

Lemma 12.13 The map [ PI'aS is upper semicontinuous and has convex
values.

Proof. Tt suffices to prove that the set-valued map [ PI'y oS has a closed
graph. In other words, that v, — vy and uy — ug, where ui, € ([ PL'aS)vy,
implies that ug € ([ PI'aS)vo, ie., 4o € (I'aSvp)(t) for almost all ¢. Since
the map f PI'aS sends bounded sets to compact sets, the map is upper
semicontinuous provided that it has a closed graph (see [31]). Recall that the
sets (I'aSwp)(¢t) are convex and the map (I"aSv)(t) is upper semicontinuous
in v and t. As a result, we have 1y € (I'aSwg)(t). 0

Consider the numbers € and C' from Lemma 3.48 constructed for the points
mg and my and the geodesic g. Let = be the compact set from Lemma 3.51,
and let [0,1] be some interval. Choose a positive number § < 3oy Since
a satisfies Definition 12.7, one can easily see that there exists a Q > 0 such

that for || X|| > @ the inequality

max _|la(t,m,Y)| < §|| X]? (12.4)
(t,m)eIxE

holds for all ||Y]| < || X]. For sufficiently small ¢; > 0 we get ¢; € [0,(] and
tl_le — p > @ where ¢ is as in Lemma 12.6. Let L(mg, m1,g) be the upper
bound of ¢; such that the above relations hold and let 0 < ¢; < L(mg, m1, g).
For this ¢; denote by K the corresponding number tfle — .

By construction, t;'e > K and so by Lemma 3.50 the operator B(v) =
[ PI'aS(v + C,) that sends Ug to C°([0,t1], Ty M) is well-defined. Like
f PI'aS, this operator is upper semicontinuous, has convex values and maps
bounded sets from C°([0,t1], Ty, M) to compact sets.

For v € Ugx C C°([0,t1], Trny M), since parallel translation preserves the
norm of a vector, from the construction of the operator S, from (12.4) and
from Lemma 12.6 it follows that

dt

a(t,S(v(t) + Cy), gS(v(t) + O”))H <dtite—p+Ctyh)?
< (t7%e —t7 ).

Since parallel translation is norm-preserving, from the last inequality it fol-
lows that
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1Z(v+Cy)| = H/TFaS(v(T)JrC’U) <(t;y'e—p) =K.

CO([0,t1],Trmo M)

Thus B sends the ball Ug into itself and from the Glicksberg-Ky Fan The-
orem (see, e.g., [31]) it follows that B has a fixed point u* € Uk, i.e.
u* € Bu*. Let us show that m(t) = S(u*(t) + Cy~) is the desired solu-
tion. By construction we have m(0) = mg and m(t1) = mq, m(t) is a
Cl-curve and r(t) is absolutely continuous. Note that @* is a selector of
a(t,S(u* + Cy+), LS(u* + Cy+)) since u* is a fixed point of Z. In other
words, the inclusion @*(t) € I'a(t, S(u* 4+ Cy-), £S(u* + Cy-)) holds for all
points ¢t at which the derivative exists. Using the properties of the covari-
ant derivative and the definition of u*, one can show that u*(¢) is parallel
to 2m(t) along m(-) and Ia(t,S(u* + Cy+), LS(u* + Cy-)) is parallel to

a(t,m(t),m(t)). Hence, 2m(t) € a(t,m(t),m(t)). O

Theorem 12.14 Let a(t,m, X) be almost lower semicontinuous, have closed
bounded values and have less than quadratic growth in X. Let the points mq
and mg be mon-conjugate along a geodesic g of the Levi-civitd connection.
Then there exists a positive number L(mg,my,g) such that if 0 < t; <
L(mg,m1,g) there exists a solution m(t) of (11.17) for which m(0) = mg
and m(t;) = m;.

Proof. Here we use the same notation as in the proof of Theorem 12.11. Notice
that from the condition of less than quadratic growth for a it follows that for
allv € CY([0,1], Ty, M) the curves from PI'aSv are integrable. Hence, the set-
valued map PI'aS sends C°([0,1], T,n, M) into L(([0,1], A, i), Tyn, M), where
A is the Borel o-algebra and p is the normalized Lebesgue measure. Since
a is almost lower semicontinuous, by analogy with [155] one can easily show
that PI'aS : C°([0,1), Ty M) — LY(([0,1],a, i), Trny M) is lower semicontin-
uous and has decomposable values. Then by the Bressan-Colombo Theorem
(Theorem 4.9) it has a continuous selector, which we denote by pI'aS.

Let @, L(mg,m1,9), 0 < t; < L(mg,m1,g) and K be as in the proof of
Theorem 12.11. Then on the ball Ux C C°([0,t1], T}, M) the operator

t d
By = /o pl'aS(v(s) + Cu), 1 8(v(s) + Cu))ds : U — CO([0,t1], Ty M)

is well-defined.

Lemma 12.15 The mapping B : C°(I,T,,,M) — C°(I,T,,M) is com-
pletely continuous.

Proof. The fact that B sends bounded sets to compact sets is proved by
analogy with the argument in the proof of Lemma 12.13.

From the properties of the operators S and I" (see Section 3.2) it follows
that the operator B : C°(I,T,,,M) — L'((I, A, ), T, M) is continuous.
Since C,, continuously depends on v (see Theorem 3.47), this means that the
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vector fé pla(s,S(v(:) + Cy), LS(v(:) + Cy))ds € Ty, M is continuous in
v € C%I, Ty, M). A very simple modification of the above argument shows
that for any ¢t* € I the map sending v(-) € C°(I,T,,, M) to the restriction
of pla(t,S(v(-) + Cy), L S(v(-) + Cy)) on [0,t*] is continuous as a map from
C°(I, T, M) to L*(([0,t*], A, 1), Trn, M), hence we obtain that the vector
fg* pla(s,S(v(-)+Cy), £S(v(-) + C,))ds is jointly continuous in ¢ and v for
any t* € I. Thus for any ¢ > 0, v € C°(I,T;,,, M) and t* € I there exists a
6 = 6(e,v,t*) > 0 such that if [[v(-) —v1 () [lco (1,7, 01) < 16 and [t—t/| < 36,
then

| prats. S, £o5@E)as

<eE.

= [ prats. S, 1;801()ds
0

T M

Since I is compact, for a given v we can find a unique § = §(e,v) for all ¢t € 1.
This completes the proof of continuity of B. ]

Since parallel translation preserves the norm of a vector, from the con-
struction of S for any u € Ux with given a we get

d

||Bv|| = H/o pla(s,S(v(s) + Cy), &S(v(s) +Cy))ds

CO([0,61], Ting M)
<(ti'e—p) =K.

Hence B sends Uy into itself and hence, by the classical Schauder principle,
it has a fixed point u* € Ug. Using the same argument as in the proof of
Theorem 12.11, one can easily prove that m(t) = S(u* + C)(t) is a solution
of (11.17) such that m(0) = my and m(t;) = my. O

Theorem 12.16 Let a(t,m, X) either satisfy the upper Carathéodory condi-
tion and have convex closed bounded values or be almost lower semicontinuous
and have closed bounded values. Let also a(t,m, X ) have a quadratic bound in
X and the points m1 and mg be non-conjugate along a certain geodesic g of
the Levi-civitd connection. Assume in addition that for t € [0,1] and m € =,
where [0,1] is some interval and = is the compact set from Lemma 3.51, for
the function a(t,m) from Definition 12.8 there exists a real number 6 such that
the estimate a(t,m) < § < m holds. Then there exists a positive number
L(mg,m1,g) such that if 0 < t; < L(mg, m1,g) there exists a solution m(t)
of (11.17) for which m(0) = mq and m(t;) = m;.

The proof of Theorem 12.16 follows the same argument as that for Theo-
rems 12.11 and 12.14. The only modification here is that for a with a quadratic
bound in X we assume the existence of a ¢ such that a(t,m) < § < Eor
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while in the proof of Theorems 12.11 and 12.14 an analogous § is shown to
exist for any a with less than quadratic growth in X.

It is worth noting that if there is more than one geodesic along which mg
and my are not conjugate, then any of these geodesics can be used in the
proof. Naturally, different geodesics can give rise to different solutions and
constants L.

If a geodesic, along which mg and mj are not conjugate, is length mini-
mizing, the constant C' characterizes the Riemannian distance between these
points. C' and e together provide certain characteristics of the Riemannian
geometry on M in a neighborhood of mg. Theorem 12.16 establishes an in-
terrelation between C, ¢ and the quadratic bounds of (11.17), under which
the two-point boundary value problem for non-conjugate points mgy and m;
is always solvable.

Note that the case of uniformly bounded force is a particular case of force
with less than quadratic growth in velocity. Assume that the configuration
space M is compact, the metric (-,-) has a non-negative sectional curvature
and the force is uniformly bounded. Then there are no conjugate points on
M. Recall that in the conditions of Theorems 12.11 and 12.14 there exists a
constant L > 0 such that any two points can be connected by a trajectory
m(t) with ¢ € [0,] for any ¢o < L. If the force is bounded and M is flat and
possibly non-compact, one may take L = oo (see Remark 3.52) In particular,
one may take L = oo if M is a Euclidean space. This means that, in such M,
the corresponding two-point boundary-value problem has a solution on any
time interval.

Unlike the case of bounded forces, for force fields of less than quadratic
growth in velocity (and consequently for those with a quadratic bound) even
on flat configuration spaces a trajectory joining the points generally exists
only on small time intervals. Nevertheless there is a subclass of forces with
quadratic bound that has the following property: if a field and a pair of points
satisfy the conditions of Theorem 12.16, there exists a trajectory joining the
points on every finite time interval. This is the class satisfying the estimate

la(t, m, X)|| < a(t,m) || X||?, (12.5)

where a(t,m) > 0 is a continuous real-valued function on I x M. Evidently
the force satisfying (12.5) also satisfies the Definition 12.8 of a quadratic
bound.

It should be pointed out that the existence of the above-mentioned solution
on an arbitrary finite time interval was previously known for single-valued
quadratic fields a on manifolds that correspond to vector fields of geodesic
sprays of connections on tangent bundles. In the latter case, applying a linear
change of time along the solution on a given time interval, one obtains a so-
lution on another time interval and by this method a solution on an arbitrary
finite interval can be constructed. This approach cannot be extended to the
general set-valued case with estimate (12.5).
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We begin the proof of the above-mentioned property for inclusions satis-
fying (12.5) with two technical statements.

Lemma 12.17 For 0 < 4§ < G +C)2 and for any t > 0 both roots Ki o of the
equation §(Kt + Ct=1)% = K are positive.

Proof. Transform the equation §(Kt + Ct~1)? = K into the form (§t%)K +

(2Co— 1)K+C’2t725 = 0. Its discriminant is equal to D = 1—4C'§. This means
that for & < i6 the roots are real and take the form K o = 1= 2062%5;21 4¢o

Since (1 — 205) > /1 —-4C6 25t2 we have Ky > 0. But, as pomted out in

Remark 3.49, ¢ < C' and so a+0)2 < 4C O

Lemma 12.18 For 0 < 6 < m and for all t > 0 the inequality t~'c >
—205—+/1=4C%
1=2C0-VIZAC0 folds,

Proof. In order to prove this statement, consider the following system

< 16
1-2C05—/1-4C3 _
o €.

By means of elementary transformations, taking into account Remark 3.49,
this system can be transformed into the following form

|:5 < s2+256+C2
0 2 2(E+C)

6 < 15-

Since by Remark 3.49 ¢ < C, we obtain that § < m ]

Theorem 12.19 Let a(t, m, X) have convez closed bounded values satisfy the
upper Carathéodory condition and the estimate (12.5) for some continuous
function a(t,m) > 0. Let the points my and mg be non-conjugate along a
geodesic g(-) of the Levi-Civitd connection and let the estimate a(t,m) < §
hold on I x =, where the compact set = is as in Lemma 3.51 and § > 0
satisfies the inequality § < ﬁ Then for any t; > 0, t1 € I there exists a

solution m(t) of the inclusion (11.17) for which m(0) = mgo and m(t1) = m;.

Proof. For a Cl-curve v(t) = Sv(t), v(-) € C°(I,T,,, M), consider the set-
valued vector field a(t,v(t),+(t)). Denote by I' the operator of parallel trans-
lation of vectors along ~(-) at the point v(0) = mg. Apply the operator I’
to all sets a(t,v(t),%(t)) along ¥(-). As a result for any v € C°(I,T,,, M) we
obtain a set-valued map I'aSv : [0,1] — T}, M that has convex values. As in
the proof of Theorem 12.11 the map I'aS : C° ([0, 1], Ty M) x [0,1] —o Tyng M
satisfies the upper Carathéodory condition. Consider the operator [ PI'aS
from the proof of Theorem 12.11. This operator is upper semicontinuous, has
convex values and sends bounded sets from C°([0,#1], Ty, M) to compact
sets.
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Let 0 < t; < [. Taking into account the hypotheses of the Theorem,
we obtain from Lemma 12.17 that K = % V1-4C9 §g positive and from
Lemma 12.18 that tl_la > Kt;. Consider the ball Ug;, of radius Kt; centered
at the origin in the Banach space C°([0,¢1], T}, M). Since t;'e > Kt,, by
Lemma 6.27 for any v(-) € Uk, the vector C), is well-defined. Thus we can
introduce the operator B from the proof of Theorem 12.11. This operator
is also upper semi-continuous, convex-valued and sends bounded sets from
CO([0,t1], Trny M) to compacts sets.

Since parallel translation preserves the norms of vectors, from the con-
struction of S and from the hypothesis we derive that for any v € Uk, and
t € [0,¢1] the estimate

a(t, S(u(t) + C), %S(v(t) + c,,))H < Sllu() + Cu?

holds. By construction §||v(t) + C,||> < §(Kt; + Ct;")? = K. Since parallel
translation is norm-preserving, for any curve u(t) € Zv(t) and for any t €
[0,¢1] the inequality ||u(t)]] < Kt < Kt; holds. Thus B sends the ball Ugy,
into itself and from the Bohnenblust-Karlin fixed point theorem it follows
that B has a fixed point u* € Ugy,, i.e. u* € Bu*. The fact that that m(t) =
S(u*(t) + Cy~) is the desired solution is proved by analogy with the proof of
Theorem 12.11. ]

Theorem 12.20 Let a(t, m, X) be almost lower semicontinuous, have closed
bounded values and satisfy (12.5) with a continuous function a(t,m) > 0. Let
the points my and mg be non-conjugate along a geodesic g(+) of the Levi-Civitd
connection and let the estimate a(t,m) < § hold on I x =, where the compact
set = is as in Lemma 3.51 and § > 0 satisfies the inequality § < m Then
for any t1 > 0, t; € I there exists a solution m(t) of the inclusion (11.17)
for which m(0) = mg and m(t1) = my.

Proof. Here we use the same notation as in the proof of Theorem 12.19. From
the hypothesis it follows that for all v € C°([0,1],T,,, M) the curves from
PIaSv are integrable. Hence the set-valued map PI'aS sends C°([0, 1], T, M)
into L(([0,1], A, u), Ty, M), as in the proof of Theorem 12.14, and the oper-
ator

Pras : C°([0,1], Ty M) —o L*(([0,1], A, 1), Ty M)

is lower semicontinuous and has decomposable values. Then by the Bressan-
Colombo Theorem (Theorem 4.9) it has a continuous selector, which we de-
note by pI'aS.

Let t; and K be as in the proof of Theorem 12.19. Then on the ball
Ugce, C CO([0,t1], Tyn, M) the operator B from the proof of Theorem 12.14 is
well-defined and is completely continuous. Since parallel translation preserves
the norm of a vector, from the construction of S, from Lemma 12.17 and from
Lemma 12.18, for any u € Ug, with given a we get
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gS(v(s) + Cy))ds

ol = | [ prats. st + 0.

< O(Kty +Ctyh? = Kty

CO([0,41], Ty M)

Hence the completely continuous operator B sends Ug, into itself and hence,
by the classical Schauder principle, it has a fixed point u* € Uy, . Using the
same argument as in the proof of Theorem 12.19, one can easily prove that
m(t) = S(u*+C})(t) is a solution of (7.46) with m(0) = mg and m(t;) = my.

O

Consider a bounded Hausdorff continuous force field a(t,m, X) with con-
vex closed values on M, as above. Following Definition 11.50 we say that a
trajectory m(t) of the mechanical system with force a(t, m, X) is governed by
extreme values of controlling force if a.e. m(t) belongs to Ext a(t, m(t), m(t))
(see Definition 11.48), i.e. (11.18) is satisfied.

Theorem 12.21 Assume that a is Hausdorff continuous and has convex
closed values, and let my be non-conjugate to mqg along at least one geodesic
g(+) joining them.

(i) If a has lower than quadratic growth in velocity, then there exists a
positive number L(mg,my,g) such that if 0 < t1 < L(mg, m1,g), there
exists a trajectory, governed by extreme values of controlling force, for
which m(0) = mg and m(ty) = my.

(i)  If a has a quadratic bound and a(t,m) satisfies the hypothesis of The-
orem 12.16, then the conclusion of (i) above holds.

(i)  If ||a(t,m, X)|| < a(t,m)||X|| and a(t,m) satisfies the hypothesis of
Theorem 12.20, the conclusion of (i) above holds for every t; > 0.

Recall that the trajectories governed by extreme values of controlling force
are described by the inclusion (11.18) and, in the case under consideration,
the right-hand side of (11.18) is lower semicontinuous (see Lemma 11.49).
Thus the Theorem follows from Theorems 12.14, 12.16 and 12.20.

Remark 12.22. We refer the reader to [241, Theorems 3.3 and 3.4] where the
following generalization of Theorem 12.16 for right-hand sides with greater
than quadratic growth in velocity is obtained. Let a(t,m, X) either satisfy
the upper Carathéodory condition and have convex closed bounded values
or be almost lower semicontinuous and have closed bounded values. Let my
and m; be non-conjugate along some geodesic of the Levi-Civita connection.
Then € and C, defined as above, and the compact set = from Lemma 3.51
are well-defined. Suppose that for ¢ € [0, 1], for some ¢; > 0, and for m € =
the estimate ||a(t,m,X)|| < f(]|X]|) holds where f : [0,00) — [0,00) is a
function increasing on [0, 00]. If f(et7! + Ct7') < ety ?, then there exists a
solution m(t) of (11.17) for which m(0) = mo and m(t1) = m;. The method
of proof is a modification of the one given above in this Section.
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12.4 Generalizations to Systems with Constraints

In this section, we show how to generalize the existence theorems of Sec-
tion 12.3 to systems with constraints (see Section 11.6). In the framework
of mechanics with constraints, it is more natural to consider the question of
whether or not a submanifold transversal to the union of the least constrained
geodesics leaving a specified point is accessible from that point. The author
is grateful to Boris D. Gel’'man for pointing out this problem.

The main technical trick here is the replacement of the operators S and
I by their constraint analogs S? and I'® introduced in Section 11.8.2.

Let M be a complete Riemannian manifold equipped with a constraint
B. Let mg € M. The exponential map expfnoz B, — M can be defined in
the same manner as that for a manifold without constraint. Explicitly, for
X € B,,,, we set exp? (X) = yx(1), where yx(t) is the least constrained
geodesic with vx(0) = mg and 4x(0) = X. It is clear that exp? is a C*-
smooth map.

Definition 12.23. A point m; € exp? (8,,,) is not conjugate to mg along
the geodesic yx (where yx (1) = my) if the differential d exp?, has maximum
rank at X € 3, .

In particular, this means that the image of expg0 is a smooth submanifold
in a neighborhood of m; if m; is not conjugate to mg. Moreover, exp?TO isa
diffeomorphism of a neighborhood of X € (,,, onto a neighborhood of m; in
the submanifold.

Assume that mg is not conjugate to my along a least constrained geodesic
vx.Let N C M, m; € N, be a submanifold which is transversal to the image
of exp? . (In other words, the sum of the spaces T,,,, N and T}y, expl, (Bm,)
coincides with T;,,, M.) An example of such a manifold is an open neighbor-
hood of my in M.

Theorem 12.24 Under the above-mentioned hypothesis for any K > 0 there
exists a constant L(mg, N, K,vx) > 0 such that for 0 < t; < L(mg, N, K,vx)
and for any continuous curve u(t) € Ux C C°([0,t1], B, ), there exists a
vector Cy, € B, satisfying the condition SP(u+ C,)(t1) € N. Furthermore,
C, is unique in a neighborhood of t;lX € By, and is continuous in u.

The proof is quite similar to that of Theorem 3.47. The only extra argu-
ment needed is that the manifold N stays transversal to a C'-small pertur-
bation of the image of expl, = S7(-)(1). Below, in this section, we use & and
C in analogy with € and C' from Lemma 3.48.

Let a be a set-valued vector field on M and P, : T,,M — 3, be the
field of orthogonal projections. Consider the following set-valued analog of
the constrained Newton law (11.13)

D . .
< 1ilt) € Pa(t,m(t), (1)), (12.6)
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where the constraint covariant derivative % is defined in Section 11.6. The
inclusion (12.6) arises in constraint analogs of the problems considered in
Sections 11.7 and 12.3, for example, as a discontinuous force acting on the
system, or where the image of Pa is formed by all possible values of the control
force. It is easy to see that if a has convex values, the sets Pa(t,m, X) are also
convex and the set-valued vector field Pa is upper (lower) semicontinuous if
a is upper (lower) semicontinuous, respectively.

Since the norm of the orthogonal projector P equals 1, by replacing S
and I" by S® and I'P, respectively, by using the space C’O(I,Bmo) in place
of C(I,T,,,M) and by using Theorem 12.24 rather than Theorem 3.47, one
can easily prove the following analogs of the non-constrained theorems from
Section 12.3.

Theorem 12.25 Let a(t,m, X) either satisfy the upper Carathéodory condi-
tion and have convex closed bounded values or be almost lower semicontinuous
and have closed bounded values. Let the points my and mg be non-conjugate
along some least constraint geodesic g.

(i) If a has less than quadratic growth in X, for any submanifold N > my
transversal to the image of expglo, there exists a positive number
L(mo, N,g) such that if 0 < t; < L(mg,N,g), there exists an ad-
missible solution m(t) of (12.6) for which m(0) = mqy and m(t1) € N.

(ii)  Suppose that a has a quadratic bound in X and in addition, for t €
[0,{] = I and m € =, where [0,1] = I is some interval and = is the
compact set from Lemma 3.51, for the function a(t,m) from Definition
12.8 there exists a real number 0 such that the estimate a(t,m) < § <
ﬁ holds. Then for any submanifold N > my transversal to to the
image of eXpTﬂne, there exists a positive number L(mg, N,g) such that
if 0 < t; < L(mo, N,g), there exists an admissible solution m(t) of
(12.6) for which m(0) = mg and m(t1) € N.

(ili)  Suppose that a satisfies the estimate (12.5) with a continuous function
a(t,m) > 0, that the estimate a(t,m) < 0 holds on I x =, where
the compact set = is as in Lemma 3.51 and that § > 0 satisfies the

inequality § < ﬁ Then for any submanifold N > m, transversal
to the image of expf'no, and for any t1 > 0, t1 € I, there exists an
admissible solution m(t) of the inclusion (12.6) for which m(0) = mg
and m(t;) € N.

Remark 12.26. In [241, Theorems 3.7 and 3.8] a generalization of Theo-
rem 12.25 is obtained which is analogous to that of Theorem 12.16, mentioned
in Remark 12.22.



Chapter 13
Some Problems on Lorentz Manifolds

13.1 Introduction to Relativity Theory

In this Section we give a brief introduction to some core notions of relativity
theory. This material suffices to understand the language of relativity and to
describe the relativistic problems discussed below. We are mainly interested
in the constructions of general relativity, the formulae of special relativity
arising as consequences of the latter. Since the exposition is intended for
mathematicians, we present it axiomatically, starting from a basic set of pos-
tulates. Such an approach allows us to focus on the mathematical background
of general relativity and on the physical interpretation of the mathematical
developments. We do not touch on the physical background, however it is
used to motivate the above-mentioned postulates. We refer the reader to
[182, 200] for details.

13.1.1 Space-times

Recall that in Definition 1.50 we introduced the notion of a semi-Riemannian
metric on a manifold M as a family of symmetric non-degenerate but not
necessarily positive definite bilinear forms (-, -),,, on the tangent spaces T;,, M,
i.e., it is a symmetric non-degenerate (0, 2)-tensor field that, like its inverse,
is called a metric tensor (see Remark 1.52). Recall also that in the definition
of physical equivalence (see Sections 1.4 and 1.5), and in the construction of
the Levi-Civita connection, we used only the non-degeneracy of the metric
tensor and did not use its positive definiteness. Thus for all semi-Riemannian
metrics the notion of physical equivalence and the construction of the Levi-
Civita connection are well-defined. In particular, this means that the notions
of covariant derivative, parallel translation and geodesic are well-defined on
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semi-Riemannian manifolds, and their properties are analogous to those on
Riemannian manifolds.

Among the semi-Riemannian metrics, some play a special role in the math-
ematics of general relativity. Recall that for any non-degenerate symmetric
bilinear form on a vector space there exists a basis (an orthonormal basis)
such that the matrix (g;;) of the metric tensor with respect to this basis is
a diagonal matrix with diagonal entries equal to +1 or —1. For positive def-
inite forms, of course, the diagonal entries are all equal to +1. For general
non-degenerate forms the row of signs + and — corresponding to the values
41 and —1 appearing on the diagonal is called the signature of the form.

Definition 13.1. A semi-Riemannian metric is said to be a Lorentz metric
if its signature is either (—+---4) or (+ —---—), i.e., the above-mentioned
diagonal form of (g;;) includes only one —1 and all other elements of the
diagonal are +1 (or only one diagonal element is +1 and all other elements
are —1). A manifold on which a Lorentz metric is specified is called a Lorentz
manifold.

Notice that the case where only one diagonal element is equal to —1 (and all
others +1) can be transformed into the other case simply by multiplication by
—1, and so both cases are equivalent. For a Riemannian metric, multiplication
by —1 results in a negative definite (and hence, not Riemannian) metric, but
for a semi-Riemannian metric such multiplication does not lead us out of the
class of semi-Riemannian metrics. For the sake of simplicity we choose one of
the above equivalent cases, namely the case with signature (— + ---4), i.e.,
where the diagonal form has only one —1 (and all others +1). The other case
leads to the same theory.

In contemporary physics the notions of space and time, considered sepa-
rately in classical physics, are united into a common continuum called space-
time.

Postulate 1 The physical space-time of our universe is described mathemat-
ically as a 4-dimensional Lorentz manifold.

Among all 4-dimensional Lorentz manifolds, those whose Levi-Civita con-
nection satisfies the so-called Einstein equation (derived by Einstein and
Hilbert) expressing the connection via the distribution of matter in the uni-
verse, are called space-times. The Einstein equation is a complicated partial
differential equation. We discuss it briefly in Section 13.1.6 below. In common
with many other PDEs, the Einstein equation has many different solutions
depending on the initial data, boundary conditions and other constraints.
Such solutions describe the metric in different cases: locally (e.g., in a neigh-
borhood of a certain star), globally, in special cases when certain negligible
influences can be omitted, and so on.

Notation 13.2 Everywhere in this section, by M* we denote a space-time
under consideration, i.e., a 4-dimensional Lorentz manifold whose metric sat-
isfies the Einstein equation.
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In all Sections dealing with general relativity below we use the Levi-Civita
connection of a Lorentz metric to determine the covariant derivative, parallel
translation, geodesics, etc.

In a space-time we shall denote local coordinates by the symbols ¢°, ¢!,
¢? and ¢>. The index 0 denotes the direction corresponding to the —1 entry
in the signature (i.e., vectors tangent to this axis have negative squares)
while the others correspond to 4+1 and so their tangent vectors have positive
squares.

Notation 13.3 In order to avoid confusion we shall use Greek letters for
indices which take values from 0 to 3 and Latin indices for indices which
range from 1 to 3.

Thus, gop indicates that all coefficients of the Lorentz metric are under
consideration while g;; indicates that only those in the so-called “space di-
rections” are under consideration (i.e., ¢,7 = 1,2,3; here the word “space”
has no physical meaning).

Let us present three examples of space-times. At present the global topo-
logical structure (i.e., the actual view) of physical space-time is not known.
We can deal only with a neighborhood of our galaxy that resembles a part
of a vector space (a chart). In the examples below we obtain various 4-
dimensional manifolds that can be considered as models of physical reality.
We are mainly interested in the metrics on space-times. These metrics will
(according to the general notation of Section 1.5 and of this section) be de-
noted by g.gdg® ® dq”.

Example 13.4. Minkowski space. M* is the standard vector space R* and
the coefficients of the Lorentz metric are of the form ggg = —1, gn- =1 for

i =1,2,3 and all others are zero. i.e., (-, )™ = —d¢® ® d¢° + qu ® dg.

This is the simplest Lorentz manifold playing the same role as the Euclidean
space among Riemannian manifolds. It corresponds to the case when the
gravitational influence is so small that it can be omitted and so it is used
in special relativity where only the electromagnetic field is under considera-
tion. Notice that for any Lorentz manifold M any tangent space T,, M has
the structure of Minkowski space. This is an analog of the fact that on a
Riemannian manifold every tangent space is equipped with the structure of
Euclidean space.

Example 13.5. Einstein—de Sitter space-time. M* is the “upper” half-
space of R*, i.e., M* =RY = {(¢°,¢",¢% ¢*) € R*|¢" > 0}. The coefficients
of the Lorentz metric are as follows: goo = —1, g;; = (qo)é = 1,2,3,
and all others are zero, i.c., (-, )75 = —d¢® ® d¢® + (¢°)3 Z d¢’ ® dg'. The

Einstein—de Sitter space—tlme is an example of a so-called Fmedman universe.
The level surfaces ¢° = const have the structure of Euclidean spaces with an
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3 . .
inner product (qo)% 3" dq¢* ® dg* depending on the value of ¢ (which can be
i=1
considered as an analog of the time variable).
Specify a value ¢° and consider two points z1 = (¢°, ¢i,¢?,¢}) and 2o =

(¢°, 43,43, q3) on its level surface. The Euclidean distance between x; and 5

1S

2
(4°) \/(q% —03)? + (af — 3)* + (¢ — a)*

Consider another value ¢¥ > ¢°. On its level surface the distance between
“the same” points z} = (¢7,¢1,qi, ¢7) and 25 = (¢, 43,43, ¢3) is equal to

2
(@3} — )+ (@ — )2+ (@ — @)

Since ¢° > ¢, the latter distance is greater than the former. This is a model
for the so-called redshift, the experimental fact that all distances are increas-
ing in time. Below in Remark 13.13 it will be shown that along the lines
¢t =ct, ¢? =2, ¢ = where ¢!, 2, ¢® are constants, the variable ¢° has
the physical interpretation of time. Notice that the points do not move in
the level surfaces and that the growth of distance is a consequence of the
variation of the metric.

By contemporary physical theory our Universe was born 15-20 billion
years ago from a single point in an event called the Big Bang. Observe that
all distances in level surfaces in Einstein-de Sitter space-time tend to zero as
q° — 0. This is a model of the Big Bang. In this model the Universe (i.e., the
level surface) does not shrink into a single point as ¢ — 0 but the metric
becomes degenerate.

The Einstein-de Sitter space-time describes our Universe at an early stage
after the Big Bang. There are other models, with a different metric, for the
Universe at the present time (Robertson-Walker space-times).

Example 13.6. Schwarzschild space-time. Let p > 0. Consider two 2-
dimensional manifolds: S2, the 2-dimensional sphere, and the manifold A% =
{(r,t) € R? | r # 2u}. Let M* = A% x S2. Since at any m = (a,s) € M*
the tangent space T, M* = T,A?> @ T, 52, where a € A? and s € S2%, we can
determine the following Lorentzian metric on M*: (-, >?§hs) =—(1—- %)dt@

dt+(1— %)dr@dﬂ— (-,-)s where r(a) is the value of coordinate r at a € A?

and (-, -)s is the first fundamental form of S? at s.

Schwarzschild space-time is M* with the metric (-, -)5". It describes phys-
ical space-time in a neighborhood of a black hole with mass 8wu. Notice that
M* is divided into two components: the points with r(a) > 2u are said to
be “outside the black hole”, and the points with r(a) < 2u are said to be
“inside the black hole”. We point out that t plays the role of ¢° outside the
black hole (i.e., vectors in its direction have negative square) and r plays the

role of ¢° inside the black hole (for some details, see Remark 13.13 below). In
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the popular scientific literature this fact is usually expressed by the words:
inside a black hole, space and time exchange places.

13.1.2 World lines. The light cone. Proper time

As a space-time unites space and time into a common continuum, we need to
change the notation usually found in the old physics. For example, in the old
physics a ‘point’ typically means an element of space, a ‘trajectory’ means a
line describing how the position in space depends on time, etc.

Points of a space-time are called events. The interpretation is “something
held at a certain point of space at a certain moment of time”. Instead of the
word “trajectory” we shall use the term “world line”. This is a certain smooth
curve in the space-time that is interpreted as a 1-dimensional continuum
of events. We do not specify a parameter in the world line from the very
beginning, this will be done in a special way a little later. Thus a world line
is a certain 1-dimensional manifold embedded (or immersed) into M*.

In a tangent space T,,, M* at any event m to the space-time M* one can
find non-zero vectors whose squares are negative, positive and equal to zero.

Definition 13.7. The set of vectors in T}, M* whose square is equal to zero
is called the light cone. Vectors lying on the light cone are also called isotropic
or light-like.

A vector X € T,,M* such that X2 < 0 is called time-like. The set of
time-like vectors is called the interior of the light cone. It is also said that a
time-like vector lies inside the light cone.

A vector X € T,, M* such that X2 > 0 is called space-like or is said to lie
outside the light cone.

The interior of the light cone has two non-intersecting components while
the light cone itself, and the set of space-like vectors, are connected. The
physical interpretation of the two components of the interior of the light
cone is that one of them is directed into the future and the other one into the
past. Of course, in order to obtain a consistent theory these directions must
be coordinated at different points of space-time in a similar way to the notion
of an orientation on a manifold (see Section 1.6). We shall not consider here
the general construction of such orientation of directions, instead defining
only a certain special case of it that is, in any case, general enough for our
purposes.

Definition 13.8. A space-time M is called time-oriented if there exists a
smooth vector field X on M such that X2 < 0 at all events in M. The part
of the light cone in the tangent space at any event that contains X is said to
be “directed into the future”.

Everywhere below we consider time-oriented space-times.
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Definition 13.9. A world line for which all tangent vectors are time-like is
called a time-like world line; a world line for which all tangent vectors are
light-like is called a light-like or isotropic world line; a world line for which
all tangent vectors are space-like is called a space-like world line.

Postulate 2 Only time-like and light-like (isotropic) world lines have a sen-
sible physical interpretation. The time-like world lines describe the “life” of
objects moving slower than the speed of light while light-like world lines de-
scribe the “life” of objects traveling at light speed.

Postulate 2 may be considered as an experimental fact. One may consider
also space-like world lines whose tangent vectors are space-like, but they play
an auxiliary role since they describe the motion of objects moving faster than
light, which is forbidden in the present theory. From Postulate 2 it follows
in particular that the type of world line of a material object cannot change.
The physical interpretation of this fact will be clarified later.

Postulate 3 Along any world line, corresponding to a material object, there
is a vector field P, called the 4-momentum, that is tangent to the world line,
directed into the future and which has constant square.

For light-like world lines the above constant square is evidently zero while
for time-like ones it is a negative number (if it were zero, P would be a zero
vector, i.e. directionless, contradicting the fact that it should be directed into
the future).

Definition 13.10. The positive real number m such that m? = —P? is
called the mass of the object corresponding to the time-like world line under
consideration.

Thus along any time-like or light-like world line m(-) a unique (up to an
additive constant) parameter 1 can be introduced such that C;i—nm(n) = P.

Postulate 4 If there is no influence of forces other than gravity, the time-
like (or light-like) world line parametrized by 1 is a geodesic.

This postulate means that the equation of the above world line is

D d

= = =0 13.1

B (13.1)
where % is the covariant derivative of the Levi-Civitd connection, and that

f—nm(n) = P is parallel along m(n).
Along a time-like world line we can construct another important vector

field.

Definition 13.11. The vector field V' which, at any event of a time-like world
line m(+), is tangent to m(-), directed into the future and has square equal
to —1, is called the 4-velocity of the world line m(-).
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V exists along any time-like world line, i.e., its existence need not be
postulated, unlike the existence of P. Immediately from the definition it
follows that P = mV'.

As above, in the case of P there exists a unique (up to an additive constant)
parameter T along a time-like world line m(-) such that Lm(r) = V.

Definition 13.12. The above parameter 7 is called the proper time of the
time-like world line.

The physical interpretation of proper time is that it is the time that is
shown by the watch of an observer whose world line is under consideration.
Every observer has its own proper time, i.e., we all live according to our own
time.

One can easily show that a time-like world line that is geodesic with respect
to the parameter 7 described above (i.e., such that no force besides gravitation
has an influence on it) also satisfies the geodesic equation

D
2v_o. 13.2
V=0 (13.2)

Remark 13.13. In Examples 13.4 and 13.5, along all lines of the form ¢! =
cl7 q2 = 027 q3 = ¢3 where cl, 02, c3 are constants, the variable qo is a proper
time. Indeed, such a curve is described in coordinates as (¢°, ¢!, ¢2, ¢3) so that
its derivative in ¢° takes the form (1,0,0,0). Substituting this vector into the
metrics of the above-mentioned examples one easily finds that its square is
—1.

In Example 13.6 the situation is not so simple. Let s* € S2. It is obvious
that the curve (r = const,t,s*) € M* outside the black hole and the curve
(r,t = const,s*) € M* inside black hole are time-like: the squares of their
derivatives in ¢ and 7, respectively, are negative, but generally speaking are
not equal to —1. So, changing the parameters, we can find the proper times
along those world lines. Thus, the proper time flows along the former lines
outside and along the latter lines inside the black hole. Hence, the space and
time variables are exchanged inside the black hole, as was claimed in the
example above.

13.1.3 Reference frames and 3-dimensional notions

In this section we explain how the above-mentioned 4-dimensional objects
correspond to the 3-dimensional reality around us. Without this interpreta-
tion, the content of the previous sections would be nothing more than an
abstract mathematical construction, while in fact it is a mathematical model
of physics.

Let m(7) be a time-like world line describing the evolution in the space-
time M of an observer where 7 is the proper time. Let m = m(0) be an event



306 13 Some Problems on Lorentz Manifolds

in the world line and construct in T}, M a basis eg, e1, €2, €3 such that eq is
the 4-velocity of our observer and eq, e, e3 are space-like vectors with square
+1, orthogonal on M to each other and to ey with respect to the Lorentzian
metric (such a basis is called an orthonormal basis).

Definition 13.14. The above basis is called a reference frame of the observer
at m.

Remark 13.15. The reference frame described in Definition 13.14 is a very
particular case of a general notion used in contemporary physics, but it is
convenient for our exposition. We refer the reader, e.g., to [182, 199, 200] for
a detailed discussion. Below in Section 13.2 we deal with a special type of
reference frame suggested by A. Poltorak [196, 197, 198].

The linear span of ej,es,e3 is a 3-dimensional subspace in T, M*, or-
thogonal to the 4-velocity of the observer, that is interpreted as the space of
3-dimensional velocities of physical objects around the observer at m. Vectors
from this subspace of T}, M* are called 3-vectors. For any 3-vector we can
find a unique geodesic starting from m in its direction. The surface filled by
such geodesics is interpreted as the set of events perceived by the observer as
synchronous with the event m in his (or her) world line.

Notice that for two different observers at the same event m their syn-
chronous surfaces are different since they depend on (i.e., are orthogonal to)
the 4-velocity of the observer.

Remark 13.16. (Past and Future Domains) Unlike the synchronous surface,
which depends on the 4-velocity (and hence on the reference frame) of the
observer, the notions of “past” and “future” are “absolute”, i.e., they depend
only on the event and so they are the same for all observers located at the
same event. These notions are introduced as follows.

Specify an event m € M*. We say that an event m; belongs to the future
for m if there exists a time-like or light-like world line that starts from m and
as 7 (or ) increases, eventually reaches m; for some value of the parameter.
If such a world line is time-like, we say that m, belongs to the proper future
of m.

The notions of “past” and “proper past” are introduced analogously. Note
that “proper future” and “proper past” are open domains in M* while “past”
and “future” are closed, i.e., they are the closures of the “proper future” and
the “proper past”, respectively.

There are simple examples describing the following phenomenon: If msy
belongs neither to “future” nor to “past” for m; (and so vice versa), there
exists an observer for whom those events are synchronous, an observer for
whom m; happens earlier than mo and an observer for whom msy happens
earlier than m;.

Let V' € T,,,M be the 4-velocity of some object. Represent V' as a pair
V = (¢°,V) where ¢ is collinear with ey and V belongs to the linear span
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of e1,e9,e3. V is interpreted as an infinitesimal motion in space and ¢°
interpreted as an infinitesimal increment of time. Thus from the usual physical
ideology we get the following:

Definition 13.17. v = Z@ is called the 3-velocity corresponding to the 4-
velocity V with respect to the above reference frame.

Q

In the same manner we can define the 3-velocity of light. This means
that for any light-like vector X € T,,, M we consider its decomposition X =

(X°, X), where X is collinear with eq and X belong to the linear span of
e1, €2, es, and then define the 3-velocity of light as %

Proposition 13.18 For every observer the norm of the 3-velocity of light
(i.e., light speed) is equal to 1.

Proof. Without loss of generality we can suppose that X is collinear with e;
(if this is not the case we simply rotate the triple e, es, 3 around eqg). Thus
the coordinate presentation of X in this basis is X = (X° X1 0,0), i.e

X = (X1,0,0). On the one hand X2 = 0 and on the other hand in our case,
X2 = (X, X) = —(X9)2 4 (X")2 Thus X° = X' and | 5| =% =1. O

Following Proposition 13.18, we shall be working in a system of units where
the speed of light c is equal to 1.

Now let us turn back to time-like vectors. Of course the observer can see
only 3-velocities. If a v with norm less than 1 is given, then it is possible to
recover V since it is the unique time-like vector with square —1 such that
v = 10 To find V notice that the square of the vector (1 v) is equal to —1+0?

SO that the square of (\/— m) —1. Since 7=z divided by \/11_7

gives v, we have V = (W’ W)
=). The 3-vector p = -2

Since P = mV we obtain P = (m, \/7 T
is interpreted as 3-momentum. Since v is much less that ¢ (i.e., less than 1

in our system of units), the denominator is very close to 1 and, by ignoring
this negligible difference, the above formula turns into the usual definition of
momentum one finds in high school physics.

In order to understand the physical interpretation of \/7 let us find its
Taylor expansion in v at a neighborhood of v = 0. This expansion has no odd
terms and we get:

mv2

m
N =m+ 5 + ...

Further terms are negligible, so they can be omitted. m2”2 is the kinetic en-

ergy. The quantity m is interpreted as the internal energy of the object with

mass m. It is well-known as £ = mc? (Einstein’s famous formula of internal

energy) and takes the above form only because ¢ = 1 in our system of units.

Thus \/; has the physical interpretation of total energy, a type of energy

previously unknown in classical physics.
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Notice that as v — 1 (i.e., as the speed of an object approaches light
speed) both the 3-momentum and the total energy tend to infinity.

Remark 13.19. Sometimes m is called the rest mass and another sort of
mass m, = ﬁ, called relativistic mass, is introduced. In this notation

p = m,v and one says that the relativistic mass (and the 3-momentum) tends
to infinity as v — 1. From the mathematical point of view (a view shared by
many physicists) since this approach is equivalent to that presented above,
there is no reason to introduce the notion of relativistic mass.

If a world line m(7) is not a geodesic, then it describes the “life” of an
observer under the action of the so-called 4-force F' and the equation of this
world line takes the form

D

P =F(m(r).V). (13.3)

Note that since (V,V) = —1 (constant), G%(V, V) =2(2V,V) =0. From

this it follows that %P = m%V is orthogonal to V.

Remark 13.20. The 4-force is always orthogonal to the 4-velocity and so,
in particular, it necessarily depends on the 4-velocity.

The 4-force F' can be represented in the same manner as V and P, i.e., as
the pair (f°, f). The 3-vector f is interpreted as 3-force, the physical force
that can be measured by the observer. In order to understand the meaning
of f9 recall that (F,V) = 0 (see above). Hence — f° A+ f- A =0
where the dot denotes the inner product in the linear span of ey, es, e3 (recall
that it is positive definite since ey, ey and e3 are space-like). Thus f = f-v
is the power of the 3-force f.

13.1.4 Some consequences

The parameter of velocity and hyperbolic trigonometry

The coordinate expansion of a vector X € T,,M at some m € M with re-
spect to eg, e1, €2, e3 takes the form (X9, X1, X2 X3). Consider the subspace
consisting of vectors with X2 = X3 = 0. This is a 2-dimensional vector space
with (Minkowski) inner product (X,Y) = —X°Y?+ X'Y!. An analog of the
Euclidean unit circle is the set of vectors in this subspace whose square is
—1. Of course this set is not a circle but the hyperbola —(X%)% +(X1)? = —1
(equivalently, (X9)? — (X1)2 =1).

The length of an arc in the above hyperbola, starting at (1,0), is an analog
of the angle, and the abscissa and ordinate of the end point of the arc are
analogs of cosine and sine, respectively.
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In order to investigate these analogs, represent the hyperbola in para-
metric form X(0) = (X°(9), X'()) and consider its derivative X (#) =
(X9(6), X1(0)). Since (X (), X(0)) = —1, we have

4
d

>

and so X (0) is orthogonal to X (6), i.e., X(0) is collinear to (X'(6), X°(6)):
indeed, ((X°(0), X1(9)), (X*(0), X°(0))) = —X°(0) X1 (0)+ X1 (0)X°(9) = 0.

Without loss of generality we may suppose that X (6) = (X'(6), X°(8)).
Thus, in particular, X(0)? = —(X'(0))? + (X°(0))? = —X(0)? = 1 so that,
on the one hand, the vector X (9) is space-like and on the other hand the
parameter 6 is the length of the arc since the norm of the derivative with
respect to this parameter is 1.

Definition 13.21. The parameter 6 introduced above is called the parameter
of velocity on the hyperbola X2 = —1.

Now let us try to find the coordinates X°(#) and X'(6) of a point in the
hyperbola, i.e., the analogs of cosine and sine. Introduce the variables Y () =
XO0(0) + X(#) and Z(6) = X°(6) — X'(6). Since X(#) = (X' (8), X°(0)), we
have X°(0) = X'(0) and X'(#) = X°(#). Thus Y(f) = Y (#) and Z(0) =
—Z(60). These are linear differential equations whose solutions with initial
conditions Y (0) = 1 and Z(0) = 1 (corresponding to the initial point (1,0)
of the hyperbola) are Y () = e? and Z(0) = e, respectively. Then X°(f) =

LY (0)+ 2(0)) = % = cosh @, the hyperbolic cosine of 8, and X() =

$(Y(0) — Z(0)) = 69_2879 = sinh 6, the hyperbolic sine of 6.

Now the 3-velocity v, corresponding to V = (X°(6), X1(6)) belonging to
the unit hyperbola (i.e., it is some 4-velocity), is represented in the form
X*(0) _ sinho
X0(0) — cosh@
6 the parameter of velocity (see Definition 13.21).

v = = tanh 6, the hyperbolic tangent of 6. This is why we call

Composition of velocities

Consider the reference frame of an observer as described in Section 13.1.3.
Suppose that, for example, a brick with 4-velocity V; is in flight near the
observer. Then the 3-velocity v, of the brick with respect to the observer
can be calculated as the hyperbolic tangent of the parameter of velocity 6
between €? and V;, (see above) in the reference frame of the observer.

Suppose in addition that an ant with 4-velocity V, is creeping along the
brick in the same direction that the brick is passing the observer. The 3-
velocity vgp of the ant with respect to the brick is the hyperbolic tangent of
the parameter of velocity 6> between V;, and V, in the reference frame of the
brick.

Since the brick and the ant are moving in the same direction, in classical
Newtonian physics the vector of the ant, with respect to the observer, would
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be given by the vector in this common direction with norm equal to the sum
of the norms of the brick vector, relative to the observer, and the ant vector,
relative to the brick. This is not the case in Relativity Theory.

Let us suppose that the direction of e; coincides with the common direction
of the motion of the brick and the ant. The parameter of velocity for V, in
the reference frame of the observer is 61 + 05. It then follows from the above
constructions that v, = tanh(f; + 63). One can easily find the following
formula for the hyperbolic tangent of a sum:

tanh 01 + tanh 05
tanh (6 05) =
anh(6h +62) = T L0, tanh 0

(compare this with the formula for the usual tangent of a sum). Thus we get

that
U+ Ugp

o = )
1+ vpvap

This is the well-known relativistic rule for the composition of velocities. Notice
that if both v, and v, are negligible in comparison with 1 (the light speed
in our system of units), this formula turns into the familiar formula for the
composition of velocities of classical physics.

Proposition 13.22 The speed of light does not depend on the speed of the
light source.

Proof. Let us replace the ant of the above example by a beam of light. This
means that V, is replaced by a light-like vector X and that its 3-velocity in
the reference frame of the brick is 1. By the above formula for the composition
of Vlelocities we get that the 3-velocity of light with respect to the observer is
vptl _ O

14wy

The assertion of Proposition 13.22 was the starting point of Einstein’s
relativity theory.

Lorentz transformations

In Euclidean space there are linear operators A which satisfy Az - Ay =z -y
for any vectors x,y, where - is the inner product, i.e. the operator does not
change the inner product of any pair of vectors. Such operators are said to be
orthogonal. By physical reasons we suppose those operators to be orientation
preserving. In 2-dimensional Euclidean space the form of the matrix of an
orthogonal operator (a rotation) with respect to an orthonormal basis is well-

known:
cosp sinp
—sin g cos ¢

where ¢ is the angle of rotation.
In Minkowski space there are analogous operators which leave the
Lorentzian inner product unchanged.
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Definition 13.23. An operator L in Minkowski space such that for any vec-
tors X,Y the relation (AX, AY) = (X,Y) holds, where (-, -) is the Lorentzian
inner product, is called a Lorentz transformation.

In particular, if we have two observers at an event of a Lorentzian mani-
fold, a Lorentz transformation sends the reference frame of one observer into
that of another. In this case we can restrict ourselves to the 2-dimensional
subspace spanned by the 4-velocities of the observers. The basis (a “part” of
the reference frame) corresponding to each observer in this subspace consists
of the 4-velocity and the space-like vector orthogonal to the 4-velocity and
having square +1. This basis is orthonormal with respect to the Lorentzian
inner product.

By physical reasons we consider Lorentz transformations preserving both
standard and time orientations. They form the so-called proper orthochronous
Lorentz group (see [72]).

Denote by 6 the parameter of velocity between ey in some reference frame
and its image Leg under the Lorentz transformation L. It is well-known that
the matrix of L in the corresponding 2-dimensional subspace with respect to
an orthonormal basis takes the form:

cosh 6 sinh
sinh 6 coshf /-

Denote by A the reference frame of an observer. Thus the coordinates
(X%, X1) of the vector X with respect to the reference frame L(A) are
expressed via the coordinates (X°, X1) of the same vector with respect to A
by the formulae X° = X%coshf+X'sinhf and X' = X%sinh 8+ X" cosh 6.
Recall that in hyperbolic trigonometry we have the relation cosh? §—sinh? g =
1 (easily derived from the definitions). So we can divide the right-hand sides
of the above expressions by v/cosh?# — sinh?6 = 1. Canceling cosh# and

taking into account that the 3-velocity v of L(A) with respect to A is the
hyperbolic tangent v = tanh 6, we get

_X0+UX1 Xl/_UXO—&—Xl
Vi—2 '’ V1i—2 '

This is the standard form of a Lorentz transformation. The formulae de-
scribe the differences between the time and space components of any 4-vector
in different reference frames.

X9

The twin paradox

One of the most well-known consequences of relativity theory is the so-called
twin paradox. Suppose that following the birth of twins one twin is placed
in a spaceship that leaves Earth moving at a speed very close to the speed
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of light while the other twin remains on the planet. When the traveling twin
returns to Earth he (or she) is much younger than the Earth-bound twin.

The twin paradox is explained as follows. Introduce the functional of
proper time on the set of time-like world lines by analogy with the func-
tionals mentioned in Section 11.4. The formula for the variation of proper
time with fixed end-points is practically the same as that for the length on
Riemannian manifolds and the proof of this formula is similar to the proof
of Theorem 11.11. Imitating the proof of Theorem 11.11, one can prove that
the geodesics, and only the geodesics, are extremals with fixed end-points
of proper time. But unlike the distance in Section 11.4, the geodesics on a
Lorentz manifold attain the maximum proper time among all time-like world
lines close to the extremal (while, in contrast, in a Riemannian manifold the
geodesics attain minimum length).

The remainder of the argument is as follows. Since there are no forces
except gravitation acting on Earth, its world line is a geodesic (see Postu-
late 4), while the world line of the spaceship is not a geodesic since some other
forces act on it. Consider the world lines of both twins intersecting at the two
events: the departure of the spaceship from Earth and its return. Since the
world line of the Earth-bound twin coincides with that of the Earth, it is a
geodesic, while the world line of the traveling twin is not a geodesic. Thus the
interval of proper time between the above events is shorter along the world
line of the traveling twin and so he (or she) is younger.

13.1.5 The electromagnetic field

Let M be a Riemannian or semi-Riemannian manifold and J be a vector field
on M.

Definition 13.24. The system of equations

dF
oF

I
~ @

(13.4)

where F is a 2-form and J is the 1-form physically equivalent to .J, is known
as Mazwell’s equations. F'is called the electromagnetic field corresponding to
the current density J.

The world line of a charged particle with charge e that is moving in the
presence of an electromagnetic field F' is described by the so-called Lorentz
equation

%P —e¢ (V] F). (13.5)

On the right-hand side of (13.5) there is a 4-force (see Section 13.1.3) in
which: V|F is the interior product of the 4-velocity V and the 2-form of
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the electromagnetic field F' (thus the result is a 1-form) and ¢ (V' | F') is the
vector physically equivalent to the 1-form multiplied by the scalar e (with
the corresponding sign).

If M = R" then, as stated above, any closed form is exact. Hence, from the
first equation of (13.4) it follows that F' = dA where A is some 1-form. On an
arbitrary manifold M such A may not exist and usually one assumes that F
is exact (i.e., F' = dA for some A). The 1-form A is called the vector potential
of the electromagnetic field F'. Such A is not unique; both A and A + d\,
where A is an arbitrary smooth function, lead to the same electromagnetic
field F' = dA since by Theorem 1.67 ddX = 0.

In the following, we work in Minkowski space (see Example 13.4). In this
space equations (13.4) take on a familiar special form.

To make our notation consistent with the usual one for electrodynamics, we
replace the symbol ¢° by t. The coordinate system (¢, ¢*, ¢%, ¢°) on Minkowski
space determines a certain observer for whom the “zero” coordinate axis is
the world line and so t is the proper time. Thus all our constructions are
made in the reference frame of this observer.

Recall that physical equivalence with respect to an orthonormal frame
(see formulae (1.20) and (1.21)) leaves invariant the absolute value of the
components. But since in the Lorentz case goo = ¢°° = —1 and g;; = ¢** = 1,
the sign of the “zero” coordinate under a transition to a physically equivalent
object is changed while the other signs remain unchanged.

The 1-form of the 4-current density J in the above reference frame has
the coordinate decomposition J = pdt + j;dg*. The physically equivalent 4-
vector of the current density has the form J = —p2 8t +3 8?1 where j; = j

The function p is called the “density of electric charge” and the 3-vector j =
(51,42, 5%) is called “three-dimensional current density” (where everything is
in the reference frame of our observer).

In our reference frame the 2-form F' has the coordinate decomposition
F = E;dtAd¢*+ B1dg? Adg® — Bodg! Adg® + Bsdg' Adg?. Consider the vectors
E = (E1, Es, E3) and B = (By, By, Bs) composed from the components of F'.
Under a Lorentz transformation of Minkowski space these vectors transform
as ordinary 3-dimensional vectors. E is called the electric field strength and
B is called the magnetic field strength.

The vector-potential A in our reference frame takes the form A = pdq® +
A;dg’ where ¢ is called the potential of the electric field and A= (Ay, As, A3)
is called the vector potential of the magnetic field. Then

F=dA
dy 0A; ,
= T dg® Adt + =—2Ldg® Ad¢’ 13.
= 3 A +3q°‘ ¢® Adg (13.6)
_ 850 7 6Az i aAl 3A2 1 2
= aqidt/\dq + En dt A dg +(8q2 3 1>dq A dg

8142 8A3 2 3 8141 6143
+(8q3 aq2>dq AN dq 5‘q3 81 dg* A dg?.
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From (13.6) we obtain that F' = —grad ¢+ % 8‘4 and B = rot A. These relations
between A and F' are commonly used in classmal electrodynamlcs
By formula (1.30) we find that dF = 6EL ~dg* ANdt Adg" + 831 1 dg® Adg? A

dg® — 8B2 2dg® Adgt Adg® + aB* s dg® Adgt /\ dg?. Recall that since the exterior
product is skew-symmetric, 1t equals zero if at least two factors are equal
to each other. Then from the first equation of (13.4) we obtain that (aB L+

%]32 833 3)dg! A dg® A dg® = 0. This means that div B = 0.

Another consequence of (13.4) is that (%521 - 3E2 + 833 YAt Adgt Adg? =0
and analogous relations hold for the other coordmates One can easily see
that this yields rot F = f%—?.

Now let us turn to the calculation of dF. The Riemannian volume form
on Minkowski space is dt Adg! Adg? Adg>. On the other hand, by the above-
mentioned rules of physical equivalence the 2—Vect0r F, physically equivalent

toF takes the form F = —E* 2\ 8 :+Bl 52y 8 aq3 -B?3 8(13 2+ B3 2 8 3‘32,
= FE;, B' = B;. Then «F = Bdt/\dq Eldq Adg3 +E2dq Adg? Egdq A
dq (cf. the above formula for F' in coordinates). Using the definition of
§ = *'dx (see Definition 1.71) and the second equation of (13.4), by analogy
with the above calculations we obtain that div £ = p and rot B = j + 8?

The four equalities derived above:

: _ __ 0B
div E = p, rot B = dt -
divB =0, rotB—]+

yield the form of Maxwell’s equations that is usually found in classical elec-
trodynamics.

13.1.6 Gravitational fields

In this section we briefly describe the Einstein equation of a gravitational

field and discuss some its features. Details can be found, e.g., in [182, 200].
By Ric we denote the Ricci tensor of the Levi-Civitd connection of a

Lorentz metric (-,-) and by S the scalar curvature (see Section 2.5).

Definition 13.25. A (0, 2)-tensor
1
G(X,Y) = Ric(X,Y) = 58 - (X.Y)

is called an Finstein tensor.

Space-time which is outside the influence of large masses and physical
fields is said to be “empty”. The Einstein equation in “empty” space-time
has the form

G =0. (13.7)
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It is not hard to show that (13.7) is equivalent to Ric = 0 (see [182, 200]).

Thus outside the influence of large masses and physical (non-gravitational)
fields space-time has zero Ricci curvature. Taking into account the material
of Section 2.5 one can see that “empty” space-time is not necessarily flat. In
particular there may exist solutions of (13.7) which are “gravitational waves”.
We remark that gravitational waves have not been directly observed.

The condition of “emptiness” is fulfilled by the inter-planetary space of
the solar system. Specify a reference frame in the solar system in which the
planetary speeds are small relative to the speed of light. Let the metric satisfy
(13.7), be independent of time in this reference frame and have small enough
curvature in M*. Under these assumptions it is shown that the equation of a
time-like geodesic in this reference frame is well-approximated by Newton’s
classical law of gravitation (for details, see, e.g., [51]).

In the general case the Einstein equation takes the form

G=T, (13.8)

where the T on the right-hand side is the so-called stress-energy tensor.

The equation (13.8) continues to make mathematical sense if T is any
(0,2)-tensor with the same features as G.

From a physical point of view the notion of a stress-energy tensor is much
more complicated. Such a tensor must be assigned to every type of matter
in order to describe the features of the latter (for details, see [182, 200]). We
present two examples of stress-energy tensors, one for a beam of particles and
another for an electromagnetic field.

Ezample 13.26. For a beam of particles with density 7 its stress-energy tensor
equals nP® P where P is the 1-form physically equivalent to the 4-momentum
P.

Ezample 13.27. Let F be an electromagnetic field (see Section 13.1.5). The
components of F', and of the tensors physically equivalent to it, are denoted
by Fop, Fjg and F*B_Then the stress-energy tensor of F' has the components

Taﬁ = i <FauF5 — igaﬁFWlFuu> .

The behavior of a particle in a gravitational field is described by the
geodesic equations (13.1) and (13.2) (in the absence of forces other than
gravitation) or by equation (13.3) if other forces are present. Thus for those
equations we need to know the Levi-Civitd connection of the Lorentz metric
rather than the metric itself and so the connection plays the role of the field
strength. It is clear that Einstein equations (13.7) and (13.8) are equations
with respect to the Christoffel symbols of the Levi-Civita connection.

Comparing formulae (2.33) and (2.35) for Christoffel symbols with formula
(13.6) for the description of the electromagnetic field via its 4-potential, we
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see that that the coefficients of the metric play the role of the potential for
the field strength.

13.2 A Two-Point Boundary Value Problem on a
Lorentz Manifold Arising in A. Poltorak’s Concept
of Reference Frame

13.2.1 Discussion of the problem

In [196, 197] A. Poltorak suggested a concept in which a reference frame in
general relativity is defined as a certain smooth manifold with a connection.
In the most simple cases this is Minkowski space (see Example 13.4) with
its natural flat connection but in more complicated cases some more general
manifolds and connections may also appear.

In the reference frame, the gravitational field is described as a (1, 2)-tensor
G (see Theorem 2.36) that on any pair of vector fields X and Y takes the
value

G(X,Y)=VxY — VyY,

where V is the covariant derivative of the Levi-Civitd connection of the
Lorentz metric while V is the covariant derivative of the connection in the
reference frame. Denote by % the covariant derivative of the connection in
the reference frame along a given world line with respect to some parameter
7. Then the geodesic m(7) of the Levi-Civitd connection in M (a world line in
the absence of all force fields except gravitation) is described in the reference
frame by the equation

d%m’(f) = Gy (m'(7), m’(7)) (13.9)

where G,,(X,Y) is the value of G(X,Y") at point m (cf. equation (12.1)).
Notice that the right-hand side of (13.9) is quadratic in the velocity m/(7).

We refer the reader to [196, 197] for more details on Poltorak’s concept
and for a physical interpretation of the covariant derivative of a connection
in the reference frame, of the tensor G and several other objects associated
with it. The subsequent development of this idea can be found in [198].

We suggest a version of the concept where the manifold of the reference
frame is the tangent space T,, M 4 at an event m € M* and where a Lorentz-
orthonormal basis e,,, where o = 0,1, 2, 3, is specified (the time-like vector eg
is the observer’s 4-velocity). We assume that this reference frame is valid in a
neighborhood O of the origin in T}, M*, which is identified with a neighbor-
hood U of the event m by the exponential map of the Levi-Civita connection
of the Lorentz metric (the normal chart).
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We deal with two choices of connection on the manifold T}, M*. In the first
one, we consider on T,,M* its natural flat connection of Minkowski space
(the main case considered by A. Poltorak). In the second case, we involve a
Riemannian connection of a certain (positive definite) Riemannian metric on
T,,M*. This case is motivated by a natural development of the idea yielding
Euclidean models in quantum field theory. Observe that the above-mentioned
Riemannian connection may not be the Levi-Civita connection, and that a
non-zero torsion connection compatible with the metric is also allowed. In
principle, this also allows one to consider electromagnetic interactions.

For the two reference frames mentioned above, we investigate the question
of whether it is possible to connect two events mg and m, in M* by a time-
like geodesic if they are connected in the reference frame by a geodesic of the
corresponding connection whose initial vector is time-like, i.e., lies inside the
light cone in the space T},, M*. This question can be interpreted as follows:
does the event m belong to the proper future of the event myg if this is true
in the reference frame? (See Remark 13.16.) The fact that this is not always
so is illustrated by the following example:

Example 13.28. For the sake of simplicity we deal with a 2-dimensional space-
time. Consider the manifold R2 = {(¢°,¢') € R?|¢° > 0} with the Lorentz
metric g = —d¢® ® d¢® + (¢°)*/3d¢* ® d¢*. This is a 2-dimensional Lorentz
submanifold in the Einstein-de Sitter space-time (see Example 13.5). The flat
Minkowski connection of the metric h = —dq® ®dq¢® 4+ dq! ® dg' plays the role
of a connection in the reference frame while g is the metric transferred into
the reference frame from the space-time by the exponential map as described
above.

Let mo = (ao,bo) € R% be an event. The proper future I; of mg with
respect to the flat Minkowski connection is the interior of the light cone
at mg, i.e., the events from its future are located between the lines (ag +
t,bo + (a62/3)t) and (ag +t,bg — (aaz/?))t) where ¢ > 0. On the other hand,
the proper future I, of mg with respect to the Levi-Civitd connection of g
consists of the events located between the curves (ag + ¢, by + 3&ag + t) and
(ag +t,bo — 3/ag + t), t > 0. One can easily see that the closure I, (simply
called “the future”), except the event my, is a proper subset of the open set
I;,. This means that if an event m € I, is “far enough” from mg and “close
enough” to the boundary of the light cone Ij, it may not lie in I;, hence
it may not be connected to mg by a time-like geodesic of the Levi-Civitd
connection of g. But by construction m; is connected to mg by a time-like
geodesic of the flat Minkowski connection (its initial vector is time-like).

If m is conjugate with mg along all geodesics joining them in a reference
frame, it may be impossible to connect mg and m, by a geodesic of another
connection (in particular, of the connection in the space-time; see general
examples of this sort in Section 12.2).

For the two reference frames described above we find geometric conditions
that in each case guarantee a positive answer to the aforementioned question.
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The conditions take the form of a certain interrelation between the tensor G
and some geometric characteristics measuring in particular “how far” m; is
from mg and “how close” my is to the boundary of the “proper future” of
mo and to conjugate points (if they exist) in the reference frame. For this
investigation we use the machinery developed in Chapter 12.

13.2.2 The reference frame with flat connection

In this section we investigate the reference frame of the first type mentioned
above, i.e., the manifold of the reference frame is T}, M* with a basis eq,
where a = 0, 1, 2, 3, such that the time-like vector e is the 4-velocity of some
observer, and the connection in T,,, M* is the flat connection of the Minkowski
space.

In this case, it is convenient to regard O as a domain in a linear space
on which there are given the Lorentz metric, the tensor G and other objects
described above. Here we can make use of the familiar facts of linear algebra.
In particular, the tangent space T, M* at m € O can be identified with
T, M* by a translation and for any m € O we may consider the light cone
in T;;, M* (generated by the Lorentz metric tensor at m) as lying in T}, M*
but depending on m.

Geodesics in T;,, M* with respect to the flat connection are straight lines.
Thus, in this reference frame, the question under consideration takes the
following form: is it possible to connect the events mg and mq on M* by a
time-like geodesic if they are connected by the straight line a(7) in O so that
a(0) = mg, a(T) = my and which lies inside the light cone in T,,,M*? Here
T is a parameter that can be, say, the proper time on M* or the natural
parameter in the reference frame, etc. In this case the fact that the straight
line a(7) belongs to the light cone in T}, M* is equivalent to the fact that the
vector of the derivative a’(0) = L a(7)|,— lies inside that cone, as postulated.

Since the covariant derivative with respect to the flat connection coincides
in this case with the ordinary derivative in T, M*, equation (1) takes the
form

d
dTm
Thus the main problem is reduced to the two-point boundary value problem
for (13.10). Since the right-hand side of (13.10) has quadratic growth in
velocity, for some pairs of points the two-point problem may have no solutions
(see Sections 12.1 and 12.2).
Recall that the tangent space T,,M* to the Lorentz manifold M* has
the natural structure of a Minkowski space whose inner product is the metric
tensor of M* at the event m. Since the specified basis e, where o = 0,1, 2, 3,

is Lorentz-orthonormal, the Minkowski inner product of X = X%e, and
Y =Y e, has the form

(1) = G (m',m"). (13.10)
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XY =-XY"+X, Y,

where X; = X for i = 1,2, 3. Introduce a Euclidean inner product in T, M*
by changing the sign of the time-like summand, i.e., by setting

(X,Y) = X%" + x;v°

Hereafter in this section all norms and distances are determined with respect
to the latter inner product.

By a linear change of time introduce a parameter s along a(-) such that for
the line a(s) obtained from a(7) we get a(0) = mo and a(1) = m;. Consider
the Banach space C°([0,1], T}, M*) of continuous curves in Tj,, M* with the
usual supremum norm.

Lemma 13.29 There exists a sufficiently small real number e > 0 such that,
for any curve 9(s) from the ball U. C C°([0,1],T,,,M*) of radius ¢ centered
at the origin, there exists a vector Cy € Ty M* belonging to a bounded neigh-
borhood of the vector @' (0) = <La(s 5)s=o and such that Cy lies inside the light

cone of the space TmOM and the curve mg + fo t)+ C )dt takes the value

my at s = 1. The vector Cy continuously depends on 9(-) and ||C5|| < C for
any curve ¥ € U for some C > 0.

Proof By explicit integration one can easily prove that Cj such that mg +
fo 5)dt = m; exists and is continuous in ¥. Then by continuity, from
the fact that the vector @'(0) lies inside the light cone of the space T},,, M*,
it follows that for a perturbation o(-) sufficiently small with respect to the
norm, the vector Cy also lies inside the same light cone. Take for C' the
upper bound of the set of norms of the vectors C from the above-mentioned
bounded neighborhood of %a(5)|s:0~ O

C is an estimate of the Euclidean distance between mg and my.
We turn back to the parametrization of the line a(-) by the parameter .
Consider the Banach space C°([0, T, T,, M*).

Lemma 13.30 Let a real number k > 0 be such that T~ 'e > k, where
e is as in Lemma 13.29. Then for any curve v(t) from the ball Uy C
C°([0,T), T,,M*) of radius k centered at the origin, there exists a vector
C, € T, M* from a bounded neighborhood of the vector a'(0) = %a(T)lTZO
such that the vector C,, lies inside the light cone of the space Ty, M* and the
curve mo + [ (v(t) + Cy)dt takes the value my at 7 = T. The vector Cy is
continuous in v(-).

Proof. Changing the time along a(7) construct the straight line a(s) = a(T's)
that meets the conditions @(0) = mg and (1) = m; as in Lemma 13.29. For
any curve v(-) € U, € C°([0,7], T, M4) construct the curve 0(s) = Twv(T's)
that lies in U. C C°([0,1],T;,M*), i.e., which satisfies Lemma 13.29. In
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particular, for this curve, there exists a vector Cj such that ||C~'1~,|| < C from
Lemma 13.29. By explicit calculation one can easily derive that

1 ~ T
m0+/0 (U(s)+C’1~,)ds:m0+/0 (v(t) + Cp)dt = my,

where C, = T~1C;. O

By construction ||C,|| < T~1C for any v € U.
For the tensor G, introduced above, define the norm ||G,,|| by the standard
formula

|Gl = sup 1Gm (X, X))
X €T, M4 X|I<1

The definition immediately implies the estimate
|G (X, X)|| < |G ||| X||? for any X € T, M*. (13.11)

Theorem 13.31 Let mg and my be connected in O by a straight line a(T)
that lies inside the light cone of the space T,y M* and satisfies the conditions
a(0) = mg and a(T) = my. Let mg and my belong to a ball V C Ty, M* such
that for any m € V' the inequality ||Gy || < zyz holds, where & and C are
as in Lemma 13.29. Then on M* there exists a time-like geodesic mqo(T) of
the Levi-Civitd connection of the Lorentz metric such that mo(0) = mg and
mo(T) = my.

Proof. Consider the ball Ux C C°([0,T],T,,M*) of radius K = T 1e —
¢ centered at the origin, where ¢ is as in Lemma 12.6. Since K < T !¢,
the assertion of Lemma 13.30 is true for Ux and the following completely
continuous operator

B = ‘/0 Gm0+fg(v(s)+cv)ds(v(t) + Cv7 v(t) + Cv)dt

is well-defined on this ball. Let us show that this operator has a fixed point
in Ug. Recall that, for any curve v € Ug, its C%-norm is not greater than
K = T~ 'e—¢ and that by Lemma 13.30 ||C,| < T~*C. Then the hypothesis
of the Theorem, the estimate (13.11) and Lemmas 12.6, 13.29 and 13.30 imply
that

|G gt ooy s (008) + Co), (08) + C)|
(eT™' =) + C’T*I)2

< HGmo-i-f(;’(v(s)-‘er)ds
< (T2 —-T7'yp).

From the last inequality we obtain
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H/OT Gmo+f(f(v(s)+cq,)ds((v(t) +Cy), (v(t) + CU))dtH < (T e—p) =K.

This means that the operator B sends the ball Uy into itself and so, by
Schauder’s principle, B has a fixed point vo(¢) in this ball. It is easy to see
that mo(7) = mo+ [ (vo(t) + Cy, )dt is a solution of the differential equation
(13.10) such that mg(0) = mg and mo(T") = my. Notice that by construction
mo(7) is a geodesic of the Levi-Civita connection of the Lorentz metric on
M*. The equality Bvg = vy and the definition of B implies that vo(0) = 0,
and hence %mo(ﬂh:o = Cl,, where by Lemma 13.30 the vector C,, lies in
the light cone of the space T,, M*, i.e., its Lorentz scalar square is negative.
Since the scalar square of the derivative is constant along the geodesic of the
Levi-Civita connection of the Lorentz metric, this geodesic is time-like. O

Remark 13.32. Recall (see above) that C' estimates the Euclidean distance
between mgy and my. By construction, € estimates in some sense “how close”
my is to the boundary of the proper future of mg in the reference frame. This
clarifies the meaning of the condition |G| < Tor

13.2.3 The reference frame with Riemannian
connection

In this section we investigate the reference frame at the event m € M* of the
second type described in Section 13.2.1. The manifold here is identical to the
manifold in the previous section: T}, M* with a specified orthonormal basis,
while the connection may be not flat but it is assumed to be compatible with
a (positive definite) Riemannian metric on T, M?* (see Section 13.2.1). We
do not assume this connection to be torsionless.

Here, the question of the existence of a geodesic of the Levi-Civitd con-
nection on M* that we are looking for is reduced to the solvability of the
two-point boundary value problem for equation (13.9) in the reference frame.

An important difference between this case and the case of a flat connection
is the fact that for non-flat connections conjugate points may exist. This yields
additional difficulties since there are examples (see Section 12.2) showing
that, for a pair of points conjugate along all geodesics joining them, the
boundary value problem for a second order differential equation may have
no solutions at all. We suppose from the very beginning that mg and m;y
are connected by a geodesic in the reference frame along which they are
not conjugate. Under these conditions, we find conditions under which the
problem for (13.9) is solvable.

The case of a non-flat connection requires more complicated machinery
than the previous case. In particular, we replace ordinary integral operators
(used in the previous section) by the integral operators with parallel trans-
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lation from Section 3.2. In fact the method we use here is a modification of
that elaborated in Chapter 12.

Everywhere in this section the norms in the tangent spaces and the dis-
tances on manifolds are induced by the above-mentioned positive definite
Riemannian metric.

Recall that the operator S from Section 3.2 is well-defined on complete
Riemannian manifolds. Consider the neighborhood © in T}, M* described in
Section 13.2.1. Without loss of generality we may assume that the Rieman-
nian metric on O is a restriction of a complete Riemannian metric on T}, M*.
Indeed, take a relatively compact domain O; C O with smooth boundary
such that O; contains the points 0 € T,,, M?, mg and m; as well as the
geodesic (t), where t € [0, 1], joining mg and my (if O is relatively compact
one can take Op = O). Then it is possible to change the Riemannian metric
outside @1 so that it becomes complete on T}, M*, and to use O in place of
O. Thus, the operator S is well-defined in this case.

Recall that for a constant curve v(t) = X € T;,,, M we get by construction
that Sv(t) = exp X, where exp is the exponential map of the given connection
(see Section 3.2).

Let the points mg,m; € O be connected in O by a geodesic v(t) of the
Riemannian connection so that v(0) = mg and y(1) = my. In particular, we
get my = exp(%’y(t)‘tzo) = S(%’Y(t)h&:O)v where exp is the exponential map
of the Riemannian connection. Let mg and m; be non-conjugate along v(+)
and the vector &+(t);—o lie inside the light cone of T}, M*.

Hereafter we denote by Uy the ball of radius k centered at the origin in
some Banach space of continuous maps.

Lemma 13.33 In the conditions and notation of Lemmas 3.48 and 3.50, the
number € can be chosen so that for the curve u(-) € U. C C°([0,1], Tpn, O)
the vector Cy lies inside the light cone of the space Ty M* and, for the curve
u € Ux C CU0,T), T, O), the vector C, also lies inside the light cone of
the space Ty, M*.

Proof. The fact that, for sufficiently small € > 0, the vector Cz belongs to
the interior of the light cone is derived from continuity considerations as in
Lemma, 13.29. For C,,, this statement follows from the fact that C,, = T~'Cj,
where 9(s) = Tv(Ts) € U. C C°([0,1],T,,0) (see above). O

Hereafter we choose ¢ satisfying the hypotheses of Lemmas 3.48 and 13.33.

Let v(t) be a C'-curve given for ¢t € [0,T] and let X (t,m) be a vector
field on O. Denote by I'X(t,7(t)) the curve in T’,)O obtained by parallel
translation of vectors X (¢,7(¢)) along () at the point v(0) with respect to
the connection of the reference frame.

Imitating the previous section, we introduce the norm ||G,,|| by means
of the norms of vectors with respect to the Riemannian metric on O, as
mentioned above. Clearly, (13.11) is valid for ||G,,]|, as in the previous section.

With the help of S and I" we construct the integral operator B : U —
CO([0,T], Ty M*) of the following form:
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T d d
Bu= [ st (FS00+C. 580+ )t (1312

where k& and T satisfy the conditions of Lemmas 3.50 and 13.33. One can
easily see that the operator B is completely continuous.

Theorem 13.34 Let mg,m1 € O and let there exist a geodesic v(T) of the
connection in the reference frame such that v(0) = mg, v(T) = my, mg and
my are not conjugate along y(+) and the vector %'y(t)ﬁzo lies inside the light
cone of the space Ty, M*. If mg and my belong to the ball V C O such that
at any m €V the inequality |G| < 5555z holds, where € and C' are as in
Lemmas 3.48 and 13.33, then there exists a time-like geodesic mg(7T) of the
Levi-Civitd connection of the Lorentz metric on M* such that mgy(0) = mq
and mO(T) =mj.

Proof. Let k := T~ 'e — ¢, where ¢ is as in Lemma 12.6. For this k, the
hypothesis of Lemma 3.50 is satisfied. Hence, on the ball
Uy, € CO([0,T1), Trng M*),

the operator (13.12) is well-defined. Recall that, for the curve v(-) € Uy, its
C%norm is not greater than k, that ||Cy| < T7'C and that the parallel
translation with respect to the Riemannian connection preserves the norms
of vectors. Then taking into account the definition of operator S we see that

Hence, formula (13.11), the hypothesis of theorem and Lemma 12.6 imply
that

d

ES(U(T) +C)|| < (T7te =)+ T71C.

d d
"GS(U(T)+CU) (ES(U(T) + Cy), ES(U(T) + C’v)) H

< || Gsnron | (T7'e =) +T710)? (13.13)
< (T2 - T 1yp).

Since the operator I" of parallel translation preserves the norms of the vectors,
from the last inequality we obtain:

T d d
| r6smen (500 + 0. 60 +6)) a

dt
T d d
< Gswn)+C) ES(v(t) +Cy), aS(v(t) +Cy) ||| dt
0

<(T7'e—¢p) =k (13.14)

This means that the completely continuous operator B sends the ball Uy
into itself. Hence, by Schauder’s principle, B has a fixed point v*(7) in Uy.
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Then from the definition of the operator S and the usual properties of the
covariant derivative it follows that m*(7) = S(v*(7) + Cy+) is a solution of
the differential equation (13.9) (see Chapter 12). By construction the curve
m*(7) is a geodesic of the Levi-Civitd connection of the Lorentz metric on
M* and, for it, m*(0) = mo and m*(T) = m;.

From the equality Bv* = v* and (13.12) it follows that v*(0) = 0. Then
from the definition of the operator S it follows that %mo(r)h:o = Cyr,
where the vector C,« belongs to the light cone of the space TmOM4 by
Lemma 13.33. This means that the Lorentz scalar square of the vector Cy+ is
negative. Since Cy,~ is the initial vector of the derivative of the geodesic m*(7)
of the Levi-Civitd connection on M* and since the Lorentz scalar square of
the derivative along this geodesic is constant, the geodesic m*(7) is time-like.

O

The meaning of condition [|G,,|| < eroyz s analogous to that in the
previous section (see Remark 13.32), but here C estimates the Riemannian
distance between mg and m; while € depends on the geometry of the reference
frame and in some sense estimates “how close” m; is to the boundary of
the “proper future” of mg and “how close” it is to conjugate points in the
reference frame.

13.3 A Classical Particle in a Classical Gauge Field

In this Section we introduce and investigate a special class of differential
equations on the total spaces of fiber bundles equipped with connections. We
interpret these equations as equations of motion for a classical particle in a
classical gauge field.

It should be pointed out that the term ‘gauge field’, as used in contempo-
rary physics, means a connection on a fiber bundle. Gauge fields are generally
used in quantum physics.

The problem of the motion of a classical particle in a classical gauge field
was first treated by S.K. Wong (see [231]). Further developments can be
found, e.g., in [143, 201, 213, 214, 215]. The symplectic geometry and the
Hamiltonian formalism on some special fiber bundles were exploited in [213,
214, 215]. Here we suggest another approach using the connection (i.e., the
gauge field itself) on bundles different from those of [143, 213, 214, 215].
This approach seems to be more natural; we show that in the special case
of the electromagnetic field our equation is reduced to the ordinary Lorentz
equation (13.5).

In what follows we denote fiber bundles and their total spaces by the same
symbols.
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13.3.1 A brief introduction to gauge fields and some
preliminary constructions

Let M* be a Lorentz manifold with a metric g(-,-). We retain the standard
notation M* of this chapter for a Lorentz manifold since our principal ex-
ample of such a manifold is a space-time. Nevertheless please note that in
all constructions below in this section we do not use the fact that the di-
mension of the manifold is 4 and so all our results are valid in arbitrary
finite-dimensional Lorentz manifolds.

Consider a principal bundle IT: £ — M* with structure group G. The Lie
algebra of G will be denoted by g.

Let H be a connection on the bundle £. Recall (see Section 2.7) that H is
a distribution on &, i.e., a sub-bundle of T, that is invariant with respect
to the natural right action of G on £ and is complementary to the vertical
distribution V consisting of subspaces tangent to the fibers of £. Note that
all subspaces V, C T,€ are canonically isomorphic to g (see Section 2.7).
We introduce a semi-Riemannian (Lorentz) metric g¢ on the manifold £ by
determining an inner product in g, and hence in all subspaces V, by defining
the inner product in the subspaces H as the inverse image of g with respect
to T'II, and by setting the subspaces V;, and Hy, in all 7€ to be orthogonal to
each other. Following this we can treat the manifold £ as an ordinary semi-
Riemannian manifold, in particular, we can consider all the usual operations
with differential forms on &.

In what follows we shall also denote by V and H the projections of T;E =
Vy, @ Hp onto the vertical (i.e., Vp) and horizontal (i.e., Hp), respectively,
subspaces in T, where b € £ is an arbitrary point. So, for X € T€, VX
is its vertical component and HX is its horizontal component. This notation
will be used when dealing with all types of fiber bundles with connections.

Consider the connection form ¢ and the curvature form ¢ = D¢ of H where
the covariant differential D on the right hand side is defined by the usual
formula Dep(-,-) = de(H-,H-) (see Section 2.7). Recall that ¢ is a vertical
1-form (i.e., equal to zero on subspaces H) and @ is a horizontal 2-form (i.e.,
equal to zero on subspaces V), both taking values in g. We interpret @ as the
gauge field strength. The gauge field, as usual, is determined by the equations

DO =0, Dxd=xJ (13.15)

where J is a horizontal 1-form on £ with values in g and * is the star operator.
The first equation is Bianchi’s identity (2.39). Note that (13.15) are analogous
to Maxwell’s equations (13.4).

Let F be a (real or complex) linear space with inner product h(:,-). Sup-
pose that the left action of G on F is given and h(:,-) is invariant under this
action. We interpret F as the space of internal states of the particle and the
group G as the group of its internal symmetries. In addition, we suppose that
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a charge is given, i.e., a map e: F — g* that is constant on the orbits of G.
The space g* is a coalgebra, i.e., g* is dual to g.

Note that the electromagnetic field is an example of a gauge field with
G = U(1) (the group of unitary operators in the complex plane C'), F = C!
and h(X,Y) = XY, where the bar indicates complex conjugation. Below we
show how in this case Maxwell’s equations (13.4) can be derived from (13.15)
(see formula (13.22)).

Consider the bundle 7: @ — M* associated to £ with standard fiber F (see
Section 1.3). Recall that Q is obtained by the factorization A: ExF — Q with
respect to the right action of G on £ x F determined as (€, f)g = (bg, g~ f)
for g € G, b€ & and f € F. In particular, the tangent map T\ sends the
spaces of the connection H from the tangent spaces to £ into the tangent
spaces to Q (see Section 2.7). The connection on Q obtained from H (recall
that T'A is one-to-one on H) is denoted by H™. Since Q is a bundle with
connection, the notation V and H will be also used to denote the projections
onto vertical and horizontal, respectively, subspaces in tangent spaces to Q,
as was mentioned above. To avoid any confusion we shall denote the vertical
distribution on Q by V7.

Consider a point ¢ = (m,c) € Q, where m = ¢ so that ¢ belongs to the
fiber Q,, of Q at m. Note that by definition V (mac)? the vertical subspace in
Tm,e)Q, is the tangent space to Q,, and so, since the latter is a linear space,
these spaces are naturally isomorphic to each other. Denote by p™ : V(,, o) —
Q,, the natural linear isomorphism as in formulae (1.2) and (2.11). Recall
that the connector (connection map) of H™ is the map K™ : TQ — Q defined
as the composition K = p™ o V.

The restriction of T : HT — TM* to Hq is a linear isomorphism of H,
onto T, M* for m = mq. Its inverse map T7r“_|,r sends the tangent space T}, M*
into the connection H7 C T, Q at a specified point ¢ € Q such that g =

Let U be a chart on M*=. 4 The bundle Q over U is represented as the
cartesian product U x F. The subspace qu inT,9Q, ¢ = (m,c),m=mq €U,
corresponding to the tangent space to U in the above product, is obviously
complementary to V. It is called the Fuclidean connection of the coordinate
system in U (see Sections 2.1 and 2.2). Using the presentation 7,Q = qu @
V, we obtain the description of any vector Y € T;Q in local coordinates as
a quadruple Y = (m,¢,Y7,Y3), V7 € qu and Y; € V.

Since YHT is complementary to V, = KerTr, the map Tr :
T, M* is one-to-one (as for H7, see above). For a vector X € Ty, M* consider
the vector T7r‘ uH,rX T7r“_|,r

apply p™ to it. As in Sections 2.2 and 2.3, the resulting vector I'ly (¢, X) =
(T7T|_111HWX TWle,X) € Q,, is called the local coefficient of the connection
H7T (or local connector of H™) in the chart U. Recall that the connector K™

has the following description in local coordinates:

un

X. Since this vector belongs to V,, we can

K™(m,c,Y1,Y2) = (m, Yo + I'}, (¢, Y1)).
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Consider the tangent bundle 7: TM* — M?* (here, to avoid any confu-
sion, we denote the natural projection by 7) and let H™ be the Levi-Civitd
connection of the metric g(-, ). This means that H” is a distribution on 7'M*
complementary to the vertical distribution V7. Special features of H™ can be
found in Section 2.6. For a point (m, X) € TM*, where m = 7(m, X) and
X € T,,M*, the subspace V(TmX) in the second tangent space T(m’X)TM4
is tangent to the fiber T}, M*. Denote by p™ : V(TWX) — T,,M* the natu-
ral linear isomorphism as in formulae (1.2) and (2.11). Now we can consider
the connector K7: T?2M* — TM* of H” defined by the natural formula
K™ =p" oV" (here T?M* is the second tangent bundle TTM*?).

The general construction of the Euclidean connection, the presentation of
vectors as quadruples and the definition of the local coefficient of a connection
in a chart described above for the bundle Q are valid for the tangent bundle
with HT. Denote the local coefficient of H™ by I'] (Y, X), X,Y € T,,M*.
(Here T,, M* plays the role of Q,, and so ¢ € Q,, is replaced by Y € T, M*.)

We shall use the connection H2 on the manifold Q (the total space of
the bundle Q) constructed from the connections H™ and H™ in Section 2.8.
Denote by K: T?Q — TQ its connector.

Recall that K = K" @ KV where KH: T2Q — H”™ and KV: T2Q — VT,
K" is determined by the formula KH = TW‘L}, oK™oT?r, T?n : T?2Q — T?*M*
is the tangent map to T'm : TQ — TM* and the latter is the tangent map to
m. Note that the image K7 OT27T(T(qvc)TQ) belongs to T, M* where m = mq
so that TW‘_Hl,, sends it into Hg C T,Q as is required in the definition of a
connector.

On the other hand KV = (p™)~! o K™ o TK™. Note that the image K™ o
TK™(T(q,cyT Q) belongs to the fiber Q,, where m = mq and (p™)~! sends it
into V4 as required.

The covariant derivative of H2 on Q is defined by the usual formula % =

d . : D _ pH_ DV DH _ 7H_d
K o g;. By construction we have 7 = 5 + g; , where 3; = K" o 3; and

in vertical subspaces V™, with the inverse image T7*g in the horizontal sub-
spaces H™ and so that the spaces H7 and V7 at any point ¢ € M* are
orthogonal to each other.

In this particular case a vector @ and a 1l-form & on Q are said to be
physically equivalent to each other with respect to the metric g€ if for any
vector Y we have a&(Y) = g9(a,Y) (cf. Section 1.4). We shall denote them
by the same symbol, using a bar over vectors and a tilde over 1-forms.
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13.3.2 The equation of motion

Since A is a one-to-one map from the standard fiber F onto each fiber of
Q, the charge e is well-defined on the whole manifold Q. Also TA is a one-
to-one map of the connections and & is equivariant (see [26]). Hence we
can set up the form & with values in g on the manifold Q by the equality
(qu(X,Y) = &y(TAHX, TATIHY) for ¢ = (b, f), where b € £, f € F, and
for X,Y € T,Q. Unlike &,(-,-), the 2-form e(q) ® @4(-,-) on T, Q takes values
in R and so it is an ordinary scalar-valued 2-form. The symbol e denotes the
coupling of the elements e(q) € g* and @q(-, ) €g.

Thus, on the total space @ we may consider the following equation, an
analog of Newton’s second law (11.2) and of the Lorentz equation (13.5), in
the form

= ela) o 2, 0) (13.16)

We interpret these equations as equations of motion for a classical particle
with charge in a classical gauge field.

Proposition 13.35 The vector e(q) o d~5q(-, q4) is horizontal, i.e., at any point
q € Q it belongs to Hy.

Proof. Since @ is a horizontal form by construction, so too is Qg(-,-), ie.,

?4(Y,q) =0 for all Y € V7. Thus e(q) ® @,(Y,¢) = 0 for the same Y. Hence
9%(e(9) ® By(4),Y) = 0. 0

From Proposition 13.35 it follows that equation (13.16) is equivalent to
the system

D H e —

g (=@ 2(.9), (13.17)
DV

3 1= (13.18)

Theorem 13.36 If q(t) is a solution of (13.16) with horizontal initial con-
dition ¢(0) = 4o € H™, then q(t) is a horizontal curve (i.e., ¢ € H™ for all t,
for which it exists) and e(q(t)) is constant.

Proof. To prove this we consider local coordinates so that ¢(t) = (m(t), ¢(t)),
where m(t) € M*, and c(t) belongs to the fiber Q,, . Hence ¢ = (m, ¢, 1, ¢)
and K™¢ = K™(m,c,m,¢) = (m,é+ I'T (¢,m)). So, the condition ¢o € H™ in
the local coordinates means that ¢o + I', (co,19) = 0. We have,

L= Lk

aq: e m, ¢+ I'7 (c,m))

d
_&(

= (ot T (e Sy e+ T (i)
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By (13.18) B4 = (p™) ' o K™ o TK™ {4 = 0 so that TK™ ¢ belongs to the

connection. This means that

d
T (m,e+I'7 (c,m)) = (m,c+ I'7 (¢,m),m, =I5 (¢+ ' (c,m),m)).

Thus q
T (¢c+I7 (c,m))=—I7 (¢+ I (c,m),m)). (13.19)
Equality (13.19) is an ordinary linear differential equation with respect to
¢+ I' (¢, m). For zero initial conditions (see above) it has a unique solution
¢+ I'y (e,m) = 0. This proves the first statement.

By construction the curve g(t) = (m(t), c(t)) is horizontal and so it can
be represented as (m(t), b:(f)), where b; is a horizontal lift of m(t) into &
and f is some vector in F. Hence b;(f) belongs to an orbit of G in F and so

e(q(t)) = e(b(f)) is constant. O

Theorem 13.37 If m(t) = wq(t) is the projection of a solution of (13.16),

then m(t) satisfies %Tm(t) = Tr(e(q) @ (-, q)) where %T is the covariant

derivative of the Levi-Civitd connection on M*.

Proof. Denote ¢ = (m,c) as above. Describing vectors in local coordinates
by quadruples, we obtain ¢ = (m, ¢, m, ¢) and %(j = (m, ¢, 1, ¢, m, ¢, m, ).
For m = mq the vector 7 clearly belongs to T,,M* and so we represent it
in the form (m,7h) as a point of TM*. Then L1 = (m, i, 10, 77).
By the definition of covariant derivative
D", L d . - C
T m=K Em:K (m, rh, 1, ).

On the other hand, from the construction of K

H
d
Try, 0= TWKH&Q = K7 o T?n(m, c,m, ¢,m, ¢,1, &) = K™ (m, 1, 11, 110).

Thus, %Tm = TW%H(}. So, applying T'r to both sides of (13.17) we obtain

the theorem. O

The most important cases are those where G is U(1), or SU(2), or SU(3)
and F is a complex space with appropriate dimension. They correspond to
the well-known gauge fields. As an example we consider the particular case
of an electromagnetic field with G = U(1), F = C!, h(X,Y) = XY, where
the bar denotes complex conjugation.

Here the algebra ¢(1) = R! is one dimensional and hence commutative.
Thus ¢ and @ are ordinary differential forms with values in R. The charge
takes values in real numbers and it is constant on the circles in C! centered at
zero. Recall the structure equation (2.40): dp = f%[cp, ]+ ®. From the com-
mutativity of U(1) it follows that [¢, ¢](X,Y) = o(X)eo(Y)—o(Y)e(X) =0,
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for each pair X, Y € T,&€, b € £. Thus ® = Dy = dy and

D& = Ddyp = ddg(H-, H-, H) = 0
D*® =D *dp = d +dp(H-, H-, H-). (13.20)

From (12.6) and (13.20) we obtain
dd = 0, ds® = #J. (13.21)

Recall that @ is horizontal and equivariant (see [26]). Since the group
U(1) is commutative, the latter means that @ is invariant with respect to the
natural right action of G on &: @p (TR, X, TR,Y) = $(X,Y) where R, is
the right action of g € Gon £, b€ £ and X,Y € T,E. Thus the equality

Ui (X,Y) = &(T I X, T, Y),

for any m € M*, b€ &, I[Ib=m and X,Y € T,,, M*, defines a 2-form ¥(,")
on M that is well-defined (i.e., does not depend on the choice of b over m).
For ¥ equations (13.21) are reduced to

dw =0, d+W¥ = xJ. (13.22)

Taking into account Definition 1.71 of the codifferential § = *~'dx, one can
easily see that (13.22) are the ordinary Maxwell equations (13.4) on the
Lorentz manifold M* where .J,,(X) = J(TH;I:X), m = IIb and X € T, M*
are well-defined. Thus we may consider ¥ as the strength of the electromag-
netic field on M*.

Clearly Tr(e(q) @ &(-,¢)) = e(q)¥(-,m). Hence, from Theorem 13.37 it
follows that a particle with charge e(q) is governed by the Lorentz equation
(13.5):

Em = €(q>W(~, ’I’I’L)

on M* and the charge e is constant.



Chapter 14

Mechanical Systems with Random
Perturbations

14.1 Setting Up the Problem

It is a well-known fact that a second order differential equation #(t) =
a(t,z(t), (t)) expressing Newton’s law in R™ may be represented as a first
order system on the space of dimension 2n:

(t) = v(t)
{ff(t) = a(t,x(t), v(t)). (14.1)

We call the first equation of the above system horizontal and the second
one vertical. This is consistent with the terminology in the general case of a
mechanical system on a non-linear configuration space M, where Newton’s
law is presented by means of covariant derivatives in the form (11.2), equiv-
alent to equation (11.3) with a special vector field (second order differential
equation) on the phase space TM. Recall that the field (11.3) is the sum
of the Levi-Civitd geodesic spray Z (which is horizontal, i.e. belongs to the
connection) and the vertical lift of the vector force field (which belongs to
the vertical subspace).

Thus a random perturbation of Newton’s law can arise in the horizontal
equation and in the vertical equation (possibly both). Note that a vertical
perturbation is a perturbation of the force field while a horizontal perturba-
tion is a perturbation of velocity. All the cases are physically reasonable but
they require different methods of investigation. It should also be pointed out
that under random perturbations, Newton’s law becomes a random differen-
tial equation, which we shall present in terms of mean derivatives. Taking
into account various possible constructions of second order mean derivatives
(forward, backward, mixed, etc.), this yields several equations of motion from
different parts of physics.

In this chapter we deal with Newton’s law in terms of forward mean deriva-
tives. Its physical interpretation is the description of the motion of an ordi-
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nary mechanical system with random perturbations. We consider both per-
turbations of forces and of velocities.

The versions of Newton’s law in terms of backward and mixed mean deriva-
tives will be considered in forthcoming chapters. Newton’s law in special
mixed derivatives (the so-called Newton-Nelson equation) describes the mo-
tion of a quantum particle (see Chapter 15). Newton’s law in backward mean
derivatives on groups of diffeomorphisms describes the motion of a viscous
incompressible fluid (Chapter 16).

We begin this Chapter with an investigation of the so-called Langevin
equation.

The Langevin equation describes mechanical systems with both determin-
istic and random forces which have comparable magnitudes (i.e., neither the
deterministic nor random part can be neglected) where the random force
is a transformed white noise. Examples of such processes are well-known in
physics. One can easily see that in this case the trajectories of the process
are a.s. Cl-smooth. This makes the analysis technically much simpler than
that for more general systems. In particular we can apply the machinery
of ordinary integral operators with Riemannian parallel translation of Sec-
tion 3.2 and study the Langevin equations arising on non-linear configuration
spaces.

In Section 14.2, we introduce the Langevin equation on a Riemannian
manifold and reduce it to the velocity hodograph equation, which is an equa-
tion in a single tangent (i.e., vector) space. This enables us to apply some
standard results and carry out a detailed analysis. We also study an impor-
tant particular case of the Langevin equation: the equation describing the
so-called Ornstein-Uhlenbeck processes arising, for example, in the mathe-
matical model of physical Brownian motion [188]. Sometimes only the latter
equation is called the Langevin equation, whereas the equation applicable in
a more general context is said to be the generalized Langevin equation.

In Section 14.3 we study the case where the force field in the Langevin
equation is set-valued (i.e., it is constructed from an essentially discontinuous
force or where a force with feedback control is under consideration).

Throughout Sections 14.2 and 14.3, all Riemannian manifolds are assumed
to be complete, but not necessarily uniformly or stochastically complete.

In Section 14.4 we investigate mechanical systems with random perturba-
tions of velocity motivated by the motion of a particle, subjected to a deter-
ministic force, that in addition moves in an enveloping medium with random
influence. First we consider systems in R™ with single-valued and set-valued
forces. The systems on manifolds are investigated under some more restric-
tive assumptions. In particular, we assume the manifold to be stochastically
complete and use the machinery of stochastic parallel translation to reduce
the system to the corresponding velocity hodograph equation.
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14.2 The Langevin Equation and Ornstein-Uhlenbeck
Processes on Manifolds

Everywhere in this section we deal with processes given on a finite time
interval [0,{] C R.

Consider a mechanical system in the sense of Section 11.1, i.e., a Rieman-
nian manifold M together with a force field on M. As just mentioned, M is
assumed to be complete, i.e., a free particle on M cannot escape to infinity in
finite time. The Riemannian metric enables us to identify differential forms
and vector fields on M, so henceforth we regard the force field as a vector
field (see Section 11.1). In addition to the Definition 11.2 of a vector force
field we give the following:

Definition 14.1. A map A from R x TM to the bundle of (1,1)-tensors
over M (either single or set-valued), such that w1 A(t,m, X) = w(m, X) =m
(where 7y is the projection of the bundle of (1,1)-tensors onto M) will be
called a tensor force field.

Recall that a (1, 1)-tensor at m € M is a linear operator in T,, M. Thus for
a tensor force field A(t, m, X) and a vector field Y (m) on M the composition
A(t,m, X)Y (m) is a vector force field.

Let a(t,m, X) be a vector force field and A(t,m,X) a (1,1)-tensor field
on M. In other words, for every ¢t € [0,l], m € M, and X € T,,M, we
have a vector a(t,m,X) € T,, M and a linear operator A(t,m,X): T,, M —
T, M. Making use of the construction given in Section 7.7.2, specify a Wiener
process w(t) on the tangent spaces to M and denote by w the white noise of
w(t) (see Section 6.2.1).

The Langevin equation describes the evolution of a system with the force
field

a(t,m, X) + A(t,m, X )uw. (14.2)

More formally, the equation of motion must read

2 E(0) = a (1,600,€0)) + A (1,60,€0)) 00), (14.3)

however this expression is meaningful only in the sense of distributions.

Our first goal is to give a rigorous meaning to (14.3) without using distri-
butions. We do this in terms of forward mean derivatives, the construction of
which can be simplified in the case under consideration. Then we transform
the obtained equation into an equivalent integral form employing the inte-
grals with Riemannian parallel translation from Section 3.2 by analogy with
that given in Section 11.8. In particular we use the transition to the corre-
sponding velocity hodograph equation which is much easier to study since it
is an equation in a single tangent (i.e., linear) space. Note that previously,
in [94, 118, 119], the Langevin equation was considered only in this integral
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form. A local coordinate version of the equation was independently given in
[180].

We assume that a(t,m,X) and A(t,m,X) are jointly continuous in all
variables and that these fields have linear growth in X. In other words, there
exists a constant K > 0 such that

[lau(t, m, X)|| + |A(t, m, X)[| < K (1+[]X]) (14.4)

for all t € [0,1], m € M, and X € T,,M, where the norm is given by the
Riemannian metric. The estimate (14.4) is a version of the Ité condition.

One can show, appealing to physical reasoning, that a process subjected to
the force (14.2) a.s. has continuous velocities and as a consequence it a.s. has
C'-smooth sample paths. Below we shall show that solutions of the Langevin
equation do indeed exist in the class of processes with C'-smooth sample
paths. This is why we start by examining some features of such processes.

Let £(t) be a stochastic process on M with a.s. C''-smooth sample paths
given on a probability space (2, F,P), and let a vector field Y be given on
M. As above, by I} s we denote the operator of parallel translation along
a Cl-smooth curve z(-) from z(s) to z(t). Since the sample paths of £(t)
are Cl-smooth, the parallel translation in the definition of a forward mean
derivative, by formula (9.15), is the ordinary parallel translation (i.e., we
needn’t deal with the general construction of a stochastic parallel translation
from Section 7.6). Thus we have obtained:

Lemma 14.2 The covariant forward mean derivative of the vector field Y
along the process £(t) on M with a.s. C*-smooth sample paths at time t is
the L' random element of the form

Ft,tJrAtY(t + Ata g(t + At)) B Y(tv f(t))

DY (t.€(0)) = Jim ¢ ( “ ). (4

where Iy 5 is the ordinary parallel translation along C-smooth curves.

Consider a probability space (£2, F, P) and a non-decreasing family of com-
plete o-subalgebras B; of F. In a given tangent space T,,,M introduce a
Wiener process w(t) adapted to By, and an It6 diffusion type process v(t) of
the form v(t) = fot b(s)ds + fot B(s)dw(s) with b(t) and B(t) a.s. having con-
tinuous sample paths. In particular this means that v(¢) is non-anticipative
with respect to B; and a.s. has continuous sample paths. Thus we can apply
the operator S introduced in Section 3.2 to the sample paths of v(t). Then
we obtain the process £(t) = Sv(t) having Cl-smooth sample paths. Recall
that S: C° ([0,1], T, M) — C;,, ([0,1], M) is continuous. Since in addition
v(t) is non-anticipative with respect to B, this proves the following:

Lemma 14.3 The process Sv(t) is non-anticipative with respect to By.

Consider a special case of the probability space (2, F,P) where 2 =
C°([0,1], Ty, M), F is the o-algebra generated by cylinder sets and the mea-
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sure P is the measure generated by a certain stochastic process in Ty, M. In
this case we shall deal with the family B; of o-subalgebras of F where for
some t the o-subalgebra B; is generated by cylinder sets with bases on [0, t].

Lemma 14.4 The process Sv(t) is non-anticipative with respect to By.

Proof. Indeed, if the curves v;(+) and vy(-) from 2 = C°([0,1], T}, M) coin-
cide at all t € [0,lp] where 0 < lp < I, then Sv;(t) coincides with Sva(t) for
t € [0,1p] by construction of the operator S. By [83, Chapter III, Section 2]
this is the assertion of Lemma 14.4. O

Consider the vector field £(t) along &(t) = Su(t).

Theorem 14.5 .
DE(t) = E; (I0b(t)).

Proof. From the properties of parallel translation and from the construction
of £(t) it follows that

By (Dyev ndb(t + Ot) — £(1))

= EtE (Ft,o </t+At b(s)ds + /HAt B(s)dw(s))) )

Note that NV is a o-subalgebra in P. Since the It integral f:JrAt B(s)dw(s)
is a martingale with respect to P/, by the properties of conditional expecta-

tion we obtain that
t+ At
Ef / B(s)dw(s) | = 0.
t

The Theorem follows. O

Along a process {(t) = Swv(t) as above we can define the covariant
quadratic mean derivative of £(t) as follows. Introduce the notation A&(t) =
Thoend€(t + At) — £(t) where (as above in this section) I} 4 is the ordinary
parallel translation along C'-smooth curves.

Definition 14.6. The quadratic mean derivative of £(t) along £(t) = Su(t)
on M at time ¢ is an L' random element of the form

: AE AE
Da(r) = lim B (—“”f’t “”) 7

where ® is the tensor product and I7 s is the ordinary parallel translation
along C''-smooth curves.
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Theorem 14.7 Consider a process £(t) = Sv(t ) with v(t) = fot b(s)ds +

fo in Ty M as above. Then Do€(t) = (Ft70(B(t)B*(t))) where
B* is the adjomt operator.

Proof. As in the proof of Theorem 14.5, from the properties of parallel trans-
lation and from the construction of £(t) it follows that

Ef(L4(1) ® AE(t)) = Bf (Toa(Lo(t) @ Lou(h))),

where Av(t) = ftHAt b(s)ds + fHAt (s)dw(s). In addition from the prop-

erties of the Ito mtegral we obtain that in the expression Av(t) ® Av(t) only

the summand ( J, ot B(s)dw(s)) ® ( tt+At B(s)dw(s)) is infinitesimal of the
same order as At while all other summand are infinitesimals of higher order
than At. Now the Theorem follows from Definition 14.6 and from the prop-

erties of the Ito integral. O

The fact that £(¢) a.s. has Cl-smooth paths is equivalent to the equality
Dy&(t) = 0 (see Theorem 8.12 and Lemma 9.16). Thus we are in a position
to give the following:

Definition 14.8. The Langevin equation with force field (14.2) is the system

DE(t) = a(t, &(t),£(t)) .
Dog(t) = A(t, (1), €(t)) A*(t.£(1), (1)) (14.6)
Do£(t) = 0.

Let £(t) be a stochastic process with values in M which is non-anticipative
with respect to B; and such that the sample trajectories of ¢ are a.s. C''-
smooth and £(0) = mo € M. Thus, as above, we can use the ordinary Rie-
mannian parallel translation along the sample paths of £. Retaining the nota-
tion of Sections 3.2 and 11.8, we denote I'y; by I" and so I'a(t, £(t), £(t)) and
TA(t, £(t),£(t)) are obtained by the parallel translation of a(t, £(t),£(t)) and
A(t, £(t), £(t)), respectively, along &(-) from the point £(t) to £(0) = mq, where
a and A are the coefficients of force field (14.2). The processes I'a(t, €, 5) and
TA(t,€,€) take values in Ty, M and L(T,,, M, T,,, M), respectively, and their
trajectories are a.s. continuous, for so are the fields a(t, m, X) and A(t,m, X).
Since parallel translation preserves the Riemannian norm, it follows from
(14.4) that

Jra o)+ fra o) < o+ o).

Lemma 14.9 The processes F&(t,f(t),é(t)) and FA(t,f(t),é(t)) are non-
anticipative with respect to By.

The lemma is a consequence of the fact that the parallel translation opera-
tor I' is continuous on the space of C''-curves equipped with the C'-topology
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and of our assumptions that £ is non-anticipative and the fields & and A are
both continuous.
By Lemma 14.9, we can define the process z(t) in Ty, M as

¢ t
2(t) = / ra (r.e(r),é(n) dr+ / FA(7.6(r),4(7) du(r),  (145)
0 0
where the second term on the right-hand side is the Ito integral. It is clear
that z(t) given by (14.8) is non-anticipative with respect to B; and almost
surely has continuous trajectories.

Setting v(t) = z(t), we obtain the Langevin equation (14.6) in the integral
form:

) =5 (/Ot ra (7_75(7)75'(7-)) dr + /Ot r'A (7,5(7)75(7)) dw(r) + (6_21 ;))

Indeed, one can easily see that a process satisfying (14.9) also satisfies (14.6).
On the other hand, taking into account the relationship between Newton’s
equation (11.2) and the integral equation (11.19), we see that a solution &(t)
of (14.9) is a stochastic trajectory of the system with the force field given by
(14.2) and with the initial condition £(0) = mq and £(0) = C € T,,, M.

Definition 14.10. We say that (14.9) has a weak solution on [0,!] C R with
initial conditions £(0) = my, 5(0) = (' if there exist a probability space
(2, F,P), an M-valued stochastic process £(t) with a.s. Cl-smooth sample
paths, defined on ({2, F,P) with initial conditions £(0) = mg and £(0) = C
and a Wiener process w(t) in R™, defined on ({2, F,P) and adapted to £(¢),
such that for all ¢ € [0,1] P-a.s. (14.9) is fulfilled.

Definition 14.11. We say that (14.9) has a strong solution on [0,1] C R with
initial conditions £(0) = my, 5(0) = C'if on every probability space ({2, F, P)
which admits a Wiener process, and for any Wiener process w(t) in R™,
defined on (2, F,P), there exists an M-valued stochastic process &(t), non-
anticipative with respect to w(t) and having a.s. Cl-smooth sample paths,
that is defined on ({2, F,P) with initial condition £(0) = myg, such that for
all t € [0,1] P-a.s. (14.9) is fulfilled.

Remark 14.12. Equation (14.9) involves the It6 integral fg FA(T,f,f) dw.

A similar equation involving the Stratonovich integral fot TA(r,¢, f) o dw is
also well-defined.

The velocity hodograph equation corresponding to (14.9) is

o(t) = /Ot ra (t,Sv(t),%Sv(t)) d7+/0t ra (t,Sv(t),%Sv(t)) dw(r)+C
(14.10)
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(cf. Section 11.8.1). It is clear that the fields I'a (t,Sz(t), £Sz(t)) and
A (t,Sz(t), £Sz(t)) are defined along any curve z(-) € C°([0,1], T, M)
and continuous on the space R x C° ([0, I, oM ) By construction (see Sec-

tion 3.2.1) and by the properties of parallel translation, we have

H%s (m(t))H — ()l

and, therefore, by (14.7),

Hm (t,Sa:(t), iSw(t)) H + HFA <t,8z(t), Cin(t)) H < K(1+|z(d)]).
(14.11)

Lemma 14.13 I'a (t,Sz(t), £Sz(t)) and I'A (t,Sz(t), LSz(t)) are non-

anticipative with respect to the family B from Lemma 14.4.

The assertion of Lemma 14.13 clearly follows from the construction of
I'a (t,Sx(t), %Sx(t)) and I'A (t,&c(t), %Sm(t)) and from the properties of
parallel translation, as well as from Lemma 14.4.

Equation (14.10) is an Itd stochastic differential equation of diffusion type
on the linear space T),,M. Since Definitions 6.23 and 6.24 are valid for
(14.10), we needn’t introduce any special notions of strong and weak so-
lutions for it.

It is clear that v(¢) and the Wiener process w(t) in T,,,M satisfy (14.10)
if and only if Sv(t) (taking values in M) and w(t) satisfy (14.9). Observe
also that Sv(t) is defined on the same probability space and has the same
measurability properties with respect to w(t) as v(t). Thus, we have proved:

Theorem 14.14 The process v(t) is a strong (respectively, weak) solution of
(14.10) if and only if Su(t) is a strong (respectively, weak) solution of (14.9).

Remark 14.15. Let us specify a realization of w(t) in T,,,M. Applying to
it the parallel translation along Sv(-), we obtain realizations of w(t) in all
spaces Tis,(.)M. These realizations give rise to a force field defined along the
trajectory. One may also use the realizations to introduce the notion of a
solution of (14.9) in a similar way to Definitions 7.92 and 7.93.

Theorem 14.16 Assume that a(t,m,X) and A(t,m,X) are jointly con-
tinuous in all variables and satisfy (14.4). Then on [0,1] there exists a
weak solution of equation (14.9) for any initial conditions £(0) = mg and
£(0) = C € T, M.

Proof. First, we pass to (14.10), which is equivalent to (14.9). Note that
(14.10) is a diffusion type equation on a vector space. Recall that this means
that the coefficients of (14.10) depend on the past, i.e., on the entire tra-
jectory on the interval [0,¢]. As has been shown, I'a (t,Sz(t), $Sz(t)) and
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A (t,Sz(t), £Sz(t)) are well-defined and continuous on RxC([0, ], T}, M)
Moreover, they satisfy (14.11), the linear growth condition and by Lemma
14.13 they are not anticipative with respect to the family of o-subalgebras B;.
Thus, the standard existence theorem in linear spaces (see, e.g., [83, Chap-
ter 3, Section 2] or [162, Section 19.3.8]) guarantees that a weak solution of
(14.10) exists. To complete the proof we simply apply Theorem 14.14. O

The following results can also be proved by passing to (14.10) and applying
the results of the standard theory of stochastic equations on vector spaces
[83, 84, 162].

Theorem 14.17 Let a(t,m, X) and A(t,m, X) be as in Theorem 14.16. As-
sume that the operator A(t,m,X) is invertible for all t, m, and X. If a
solution of the equation

) =S8 (/Ot I (T,g(T),g'(T)) dw(7)> (14.12)

is weakly unique, then so is a solution of (14.9).

Theorem 14.18 Let a(t,m, X) be jointly continuous in all variables, satisfy
(14.4), and be such that the solution of the Cauchy problem for (11.2) is
unique. In addition, let A (t,m,X), where ¢ € (0,0) and § > 0, be jointly
continuous in €, t, m and X, and satisfy (14.4) with K independent of ¢.
Assume also that:

i)  Ao=0;

(i) gg% Az — 0 uniformly on every compact subset of [0,1] x TM;

(iii)  a solution of the equation
=S| [ TIa (1)) d
«0 =5 ([ ra(rem.ém) ar

+/Ot T'A. (T,E(T),é(r)) dw(r) +CE) (14.13)

is weakly unique for some C- such that lim C. = C.

e—0

1 . .
Then the measures on Cy, ([0,1], M) corresponding to the solutions of

(14.13) weakly converge as € — 0 to the measure concentrated on the unique
solution of (11.2).

Ezample 14.19. Let A = €I, where [ is the identity operator. Then it is clear
that a solution of (14.12) is unique. Thus, for & as before, the equation

f) =38 (/Ot I (.6().60)) dr +eult) + c)
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has a unique solution. If, for example, @ is locally Lipschitz in m and X, then
Theorem 14.18 holds true for the latter equation.

Remark 14.20. Let § be a (possibly, non-holonomic) constraint on M. Em-
ploying the operators S# and I'® defined in Section 11.8.2, one can extend
the notion of a Langevin equation to manifolds with constraints. In this case,
the velocity hodograph equation in a fiber of 8 turns out to be very similar
o (14.10). As a consequence, analogs of all results of this section hold true
for the Langevin equations with constraints.

It is known that equation (14.9) has a strongly unique strong solution
provided that the coefficients of the diffusion type equation (14.9) satisfy a
Lipschitz type condition (see e.g., [66, 170] and Section 6.2.3). However, the
existence of a strong solution is rather hard to prove in the general case where
the coefficients involve the operators I" and S. The reason is that I" and S
are defined by means of parallel translation and, as a consequence, we have a
condition imposed on the entire mechanical system, rather than just on the
force field.

On the other hand, the existence can easily be verified for certain particular
force fields. Here we consider three examples of such fields:

(i)  The drag force:

d(t7m’ X) = ¢(ta HXH) &IH(X)7
A(t,m, X) = !p(t ||XH) A (X),

where ¢ and ¥ are scalar functions, a is a (1, 1)-tensor field with Va =
0, and A is a field of operators A, : Tjn M — L(T,,M) parallel along
every curve in M. (Note that the equation Va = 0 is a restriction of the
same kind as that imposed on A: the operators G, : T,,M — T,,M are
parallel along every curve.) For example, one may take ¢ = I or, if
M is an oriented two-dimensional manifold, then a,, may be a rotation
by a fixed angle. The same operators can be taken as examples of A
if we assume in addition that A,,(X) is independent of X (i.e., Ay,
regarded as a function of X, is constant).
(i) A particular case of (i) involving friction and constant diffusion:

a(t,m,X) = —b(t) - X, A(t,m, X) = ¢(t) - A,

where the friction coefficient b > 0 is a real-valued function of time
and A is a (1,1)-tensor field with VA = 0.

(ili) A force given in a “stationary coordinate system”. Let the mappings
Omg () TingM — TrpgM and Ay, (t): TingM — L(Thmo M), t € ]0,]]
be given. The operators & and A at other points of the trajectory £(t)
are obtained by the parallel translation of &, and A,,, along &(-).
(See Section 11.9 for a mechanical interpretation of parallelism.)
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Theorem 14.21 Let & and A be as in (1)-(iii). Assume also that a,,, and
A, are Lipschitz in X € Ty, M and satisfy (14.4), the linear growth condi-
tion. Then (14.9) has a strongly unique strong solution on [0,1].

Proof. Under the hypotheses of the theorem, equation (14.10) on T, M is
equivalent to the following:

v(t) :/0 a (1,mg,v(r)) dr -I—/O A (1,mo,v(7)) dw(r) + C. (14.14)

This equation has a strongly unique strong solution defined on [0,1]. The
initial velocity C' can be viewed as a random vector measurable with respect
to the o-algebra By [170, 66]. To finish the proof it suffices to apply Theorem
14.14. O

If @ and A are as in (ii), then the hypotheses of Theorem 14.21 are au-
tomatically satisfied, provided that b and ¢ are bounded. In this case, the
solution v(t) of (14.14) and the solution Sv(t) of the Langevin equation are
called the Ornstein-Uhlenbeck wvelocity process and the Ornstein-Uhlenbeck
coordinate process, respectively.

The assumption that b and ¢ are bounded can be omitted in the hodograph
equation for Ornstein-Uhlenbeck processes so that the velocity process exists
on a random interval up to the explosion time (see Definition 6.32).

Recall that Ornstein-Uhlenbeck processes describe Brownian motion in
a medium with a drag force. A detailed discussion can be found in [188].
Ornstein-Uhlenbeck processes on manifolds are also discussed in [154].

Let v(t) be a solution of (14.14). Denote by Ewv(t) the mathematical ex-
pectation of v(t) in Ty, M.

Definition 14.22. The curve S(Ev(t)) on M is said to be the mathematical
expectation of the process Sv(t). The function E(Ev(t) — v(t))? is called the
dispersion of Sv(t).

It is easy to see that for the system defined in (i) and, in particular, for
(ii) the mathematical expectation of a solution of (14.9) satisfies (11.2).

Passing to the hodograph equation and applying standard results on equa-
tions in a vector space, we obtain the following theorem.

Theorem 14.23 Under the assumptions of Theorem 14.21, the solutions of
t .
&0 =5 ([ ra(rem.ém) o
0
t . —
t+e / A (7,601, €(r)) du(r) + sc) (14.15)
0

converge as € — 0 to the solution of (11.19) in the topology of the space

S (C°([0,1], L*(2, T,y M))) .
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The mathematical expectation of the solution of (14.15) uniformly converges
to the solution of (11.19).

Here L?(£2,T,,, M) is the space of square integrable maps from {2 to T}, M
and S(C°([0,1], L3(£2, T;,,, M))) is the image of the space of continuous curves
in L2(82,T,,, M) given on [0, ], under the mapping S. Note that the conver-
gence means that the dispersion of ¢ converges uniformly to zero. Recall also
that equations (11.19) and (11.2) are equivalent.

Remark 14.24. For the Langevin equation with constraint mentioned in Re-
mark 14.20, the Ornstein-Uhlenbeck processes with constraint can be defined
analogously as strong solutions of the corresponding hodograph equations.

14.3 Set-Valued Forces. Langevin Type Inclusions

In this section we investigate second order stochastic differential inclusions
on Riemannian manifolds which are set-valued analogs of the Langevin equa-
tions from Section 14.2. As mentioned above, the set-valued force arises in
a system with control or may be obtained from a discontinuous force (for
instance, if dry friction is considered or if the motion takes place in a compli-
cated medium). If the force is discontinuous there are well-known methods
of transition to a set-valued force (for stochastic differential equations the
pioneering paper was [41]). Examples of systems having discontinuous forces
with random components of the above-mentioned sort are rather common in
physics, for example, they describe the motion of a physical Brownian par-
ticle in a complicated medium. The use of Riemannian manifolds allows one
to cover mechanics on non-linear configuration spaces.

In this Section we use the set-valued vector force fields and set-valued
tensor force fields introduced in Definition 11.43 and Definition 14.1, respec-
tively.

Let a and A be a set-valued vector force field and a set-valued tensor
field, respectively. For a stochastic process £(t) with a.s. C'-smooth sample
paths consider the set-valued maps I'a(r,&(7),&(7)) and T'A(T,£(7),&(T))
sending [0, 1] into T, M and into the space of linear operators on T, M and
denote by Pl'a(r,£(7),£(T)) and PIA(7,&(7),£(T)) the sets of their Borel
measurable selectors.

A Langevin inclusion is a system of the form

DE(t) € aft,&(t),4(t)) ,
Do¢(t) € A(t,€(1),€(1) A*(¢,£(1),£(1)) (14.16)
D2g(t) =0

where D and D5 are defined in Section 14.2 by means of ordinary parallel
translation along C''-smooth curves. In integral form (14.16) is expressed as
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ct)eS < /O ' pra (7,5(7),5(7)) dr + /O “pra (7,5(7),5(7)) dw(T)(Lciz)

Definition 14.25. We say that (14.16) has a weak solution on [0,I] C R
with initial conditions £(0) = mq, £(0) = C' if there exist a probability space
(2, F,P), an M-valued stochastic process £(t) with a.s. Cl—smooth sample
paths, defined on (£2,F,P) with initial conditions £(0) = mo and £(0) = C,
a Wiener process w(t) in R”, defined on (£2, F,P) and adapted to £(¢), a
single-valued vector field a(¢,m,X) on M and a single-valued (1,1)-tensor

field A(t,m, X) such that:

(i)  for all ¢ the random vector a(t,&(t),£(t)) belongs to a(t,&(t),&(t))
P-a.s.;

(ii) for all ¢ the random tensor A(t,£(t),£(t)) belongs to A(t,£(t),E(t))
P-a.s.;

(iii) the integrals [J I'a(r,&(7),€(r))dr and [) DA(T,&(7),€(r))dw(T) are
well-defined for £(t), w(t), @ and A,

and for all t € [0,1] P-a.s.

) =8 </Ot ra (T, £(r), 5’(7)) ar + /Ot raA (T, £(1), 5(7)) dw(r) + C) .
(14.18)

Definition 14.26. We say that (14.16) has a strong solution on [0,]] C R
with initial conditions £(0) = my, 5(0) = (' if on any probability space
(2, F,P) which admits a Wiener process, and for any Wiener process w(t) in
R", defined on (§2, F,P), there exist: a stochastic process £(t) with a.s. C-
smooth sample paths in M, defined on (£2,F,P) and non-anticipating with
respect to w(t) with initial condition £(0) = mg and £(0) = C, a single-valued
vector field a(t, m, X) on M and a single-valued (1, 1)-tensor field A(t,m, X)
such that:

(i)  for all ¢ the random vector a(t,&(t),&(t)) belongs to a(t,&(t),&(t))
P-a.s.;

(ii)  for all ¢ the random tensor A(t,&(t),£(t)) belongs to A(t,£(t),E(t))
P-a.s.;

(ifi)  the integrals [} I'a(r,&(r),£(7))dr and [; TA(7,&(7),€(7))dw(r) are
well-defined for £(t), w(t), @ and A and P-a.s. (14.18) holds for all
t €10,1].

As in Section 14.2 one can easily prove that £(t) as above satisfies (14.18)
if and only if its velocity hodograph wv(t) (i.e., v(t) given by the relation
&(t) = Sw(t)) satisfies the velocity hodograph equation of the form
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o(t) = /t ra <T, Su(r), %&;m) dr+ /t rA (T, Su(r), %SU(T)) duw(7)+C
0 0

(14.19)
which is an equation of diffusion type in the tangent (i.e., linear) space at
mg and hence is easier to study. Below, we shall find @ and A as in Defini-
tions 14.25 and 14.26 and a corresponding v(), being a solution of (14.19) in
the weak or strong sense, and then obtain £(t) = Sv(t) satistying (14.18).

If both & and A have continuous selectors satisfying the It6 condition (see
(14.20) below), the existence of a weak solution trivially follows from that for
the Langevin equation obtained in Section 14.2. If this is not the case, the
existence problem for Langevin inclusions requires special constructions.

For vector and tensor set-valued force fields on manifolds we use the fol-
lowing modification of Definition 3.49:

Definition 14.27. A continuous single-valued force field a. (t, m, X) is called
an e-approximation of the set-valued force field a(t,m, X ) on M if its graph
(t,m, X, a.(t,m, X)) lies in an e-neighborhood of (¢, m, X, a(t,m, X)) (the
graph of &) in [0,]] x TM @® TM, where @ denotes the Whitney sum. For
(1,1)-tensor fields the definition is analogous.

One can easily see that the natural analog of Theorem 4.11 holds for both
vector and (1, 1)-tensor force fields.

We say that a and A satisfy the Ito6 condition if they have linear growth in
velocities, i.e., there exists a © > 0 for which the following inequality holds:

lac(t, m, X)|| + ||A(t, m, X)|| < O(1 + || X]|)- (14.20)

Theorem 14.28 Let the set-valued force field a(t,m,X) and set-valued
(1,1)-tensor field A(t,m,X) be upper semi-continuous with convex bounded
closed values and satisfy the Ité condition (14.20) for some 6.

Then for any mo € M and C € Ty, M the Langevin inclusion (14.16) has

a weak solution with initial conditions £(0) = mg, £(0) = C, well-defined for
all t € ]0,00).

Proof. Let | > 0. Denote by B the Borel o-algebra on [0,!] and by A the
normalized Lebesgue measure on it. Here we use the following notation: 2 =
C°([0,1], Ty, M) is the Banach space of continuous curves z : [0,1] — T, M
with the usual uniform norm and F is the o-algebra generated by cylindrical
sets on (2. By P, we denote the o-algebra generated by cylinder sets with
bases over [0,t] (cf. Section 6.1.1).

We shall use several measures on (£2, F) and on the product space [0, 1] x £2
we shall introduce the corresponding product measures.

Take a sequence g; — 0 and construct sequences f;(t, m, X) and a;(t, m, X)
of continuous e;-approximations of F'(t,m,X) and A(t,m,X), respectively,
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as in Theorem 4.11. In particular, denote by ¥;(¢,m,X) a continuous set-
valued force field with convex closed values whose graph belongs to the g;-
neighborhood of the graph of F'(t,m,X) and such that for all (¢,m, X) the
inclusion F(t,m,X) C ¥;(t,m,X) holds (the existence of such ¥;(t,m,X)
follows from [79]). Then as in the proof of Theorem 4.11 the minimal se-
lectors f;(t,m, X) of ¥;(t,m, X) point-wise converge to the minimal selector
ft,m, X) of F(t,m,X) as i — oo and f(¢t, m, X) is Borel measurable. By an
analogous argument we introduce a continuous (1, 1)-tensor field ¥; (¢, m, X)
whose graph belongs to the ¢;-neighborhood of the graph of A(t,m,X) and
such that for all (£,m, X) the inclusion A(t,m, X) C ¥(t,m, X) holds. The
minimal selectors a; (¢, m, X) of @(t, m, X) point-wise converge to the mini-
mal selector a(t,m, X) of A(t,m,X) as i — oo and a(t, m, X) is Borel mea-
surable.
Taking into account Definition 14.27 and inequality (14.20) we have

it m, 20+ Hlas(t,m, X)) < QUL+ IX)

for a certain @ > © and for all 4.

Pass from the sequences f;(t,m,X) and a;(t,m,X) to the sequences
fi 2 [0, x 2 — TM and a; : [O I] x 2 — TM, where f;(t,z(-)) =
fi(t,Sz(t), dtS:E( )) and a;(t, x(-)) = ai(t,SI( ), (?th( )). In addition, intro-
duce f(t,z(")) = f(t,Sz(t), £Sz(t)) and a(t,z(-)) = a(t,Sz(t), LSz(t)).

Consider the maps I'f;(t, 2(+)) from [0,1] x £ into T}, M and I'a;(t, z(-))
from [0,1] x £ into the set of linear endomorphisms on 7,,,M. One can
easily see that I'fy, (¢, z(-)) point-wise converges to I f(t, z(-)) and Iay(t, z(-))
point-wise converges to I'a(t,z(-)) as k — oc.

Since £-Sz(t) is by construction parallel to z(t) along Sz(-) and the par-
allel translation preserves the norms, we get

1T Fit, O+ 1Tat, ()] < QL+ z()])). (14.21)

By construction, I'f;(t,2(-)) and I'a;(t,z(-)) are continuous on [0,] x £2
(this follows from the continuity of I', see [99, 106, 107, 115]) and measurable
with respect to the o-subalgebra P; in F generated by cylindrical sets with
bases over [0,t]. Since it also satisfies (14.21), by Theorem 6.26 there exists
a weak solution v;(¢) of the equation

vi(t) = [ Tfi(r,vi(:-))dr + [ Ta;(r,vi(-))dw(t) + C (14.22)
/ /

Denote by p; the measure on (£2, F) corresponding to v;. Recall that v;(t)
is represented as the coordinate process v;(t,z(-)) = x(t) on the probability
space (Q7F7 ,u’L)
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By Lemma 6.28, since all I'f;(t,z(-)) and I'a;(t, z(-)) satisfy (14.21) with
the same @, one can show that the set of measures {y; } is weakly compact and
so there exists a subsequence converging weakly to some probability measure
[ on (fZ, F ). For the sake of convenience we use the same notation and say
that p; itself is the converging subsequence. Denote by v(t) the coordinate
process on (f?,jz', 1).

The fact that the process v(t) — fg I'f(s,v(s))ds is a martingale on
(2, F, ju) with respect to P, is proved by analogy with Lemma 8.47.

Choose an orthonormal basis in T},, M. Then the vectors in T}, ,M are
considered as coordinate columns. If X is such a vector, the transposed row
vector is denoted by X *. Note that for a column X and a row Y* the product
XY™ with respect to matrix multiplication is a matrix. Linear operators from
T M to T, M are represented in coordinates as n x n matrices, where the
symbol * denotes conjugate transposition.

Consider the sequence a;(t, m, X) of ¢;-approximations of A(t,m,X) that
point-wise converges to the Borel-measurable selector a(t,m, X) (see the be-
ginning of this proof). One can easily see that a, (¢, m, X)(a;(t,m, X))* point-
wise converges to a(t,m, X)(a(t,m, X))*. Then by analogy with the proof of
Lemma 8.48 one can show that

is a martingale on ({2, F, j1) with respect to P and so

E ((z(t + A — 2(t) (x(t + At) — x(t))* —

t+ At
- /F&(s,x(-))(Fd(s,x(-)))*ds|75t>:0. (14.23)

t

Using the standard Girsanov technique one can derive from the above
arguments that on (£2, F, i) there exists a Wiener process w(t), adapted to
Py, such that v(t) on (2, F, u) satisfies the equality

o(®) :C’+/Ff(s,v(-))ds+ Ta(s, o(-))dw(s) (14.24)
0

o—_ .

(see [83]). Then, taking into account the construction of f and the operators
S and I, one can easily see that the process £(t) = Swv(t) satisfies the equation
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fW) =8 / ry (s,as), %as)) ds + / Ia (s,as), %s(s)) du(s) + C
0 0

(14.25)
Since f(t,m,X) € F(t,m,X) and a(t,m,X) € A(t,m,X) and [ > 0 is an
arbitrary number, this completes the proof. ]

In some cases we can prove the existence of a strong solution of the
Langevin inclusion (14.16). Let us present an example of such an existence
theorem.

In what follows we use [0, 1], B, 2, F and P; as introduced in the proof of
Theorem 14.28. By B; we denote the Borel og-algebra on [0, ] for t € [0,1].

We introduce the notation compZ for the space of compact subsets in the
metric space Z. Thus, we say that the set-valued force vector field B(t,m, X)
sends [0,] x TM into compTM if for any (¢,m, X) € [0,{] x TM the image
B(t,m,X) C T,,M is compact.

We recall several definitions.

Definition 14.29. A single-valued map 3 : [0,] x 2 — R” is called {P;}-
progressively measurable if for every t it is measurable with respect to B; X P;.

Definition 14.30. A set-valued map B : [0, [] x 2 — compR" is called {P,}-
progressively measurable if {(t,w) € [0,{] x 2| B(t,w)NC # 0} € By x P, for
every closed set K C R™.

Definition 14.31. We say that a set-valued vector force field B : [0,1] x
TM — compTM:

(i) is dissipative if for all t € [0,I], m € M, X, Y € T,,M and U €
B(t,m,X), V € B(t,m,Y) the inequality (X —Y,U — V) <0 holds.

(i1)  is mazimal if for t, m, X, Y and V as in (i) the inequality (X —Y,U —
V) <0 is equivalent to the assumption that U € B(t,m, X).

Denote by w(t) a one-dimensional Wiener process. Let F'(t,m,X) and
G(t,m, X) be set-valued vector force fields on M as above. Then we can
consider the stochastic differential inclusion of Langevin type

&) es ( /O PLF(r,&(7),E(7))dr + /O PrG(r,&(r), (7)) dw(r) + C’) )

~ (14.26)
Inclusion (14.26) is a particular case of (14.17) since I'G(T,£(7),£(7))dw(7)
can be represented as I'G(t,&(7),&(7))(PAW (7)) (P is the orthogonal pro-

jection onto the linear span of vectors I'G(T,&(7),£(7))).

Theorem 14.32 Let the set-valued vector fields F(t,m, X) and G(t,m, X),
F,G : [0,]] x TM — compTM be Borel measurable, uniformly bounded,
dissipative and mazimal. Then there exists a strong solution of (14.26), well-
defined for t € [0,1], with initial conditions £(0) = mgy and 5(0) = C for any
mo € M and C € T),,, M.
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Proof. Let (£2,F,P) be a probability space admitting a one-dimensional
Wiener process w(t). Denote by P;¥ the o-subalgebra of F generated by
all w(s) for 0 < s < ¢ and completed by all sets of zero probability. Let
Y : £2 — {2 be a measurable map. From the properties of parallel translation
and the assumed hypothesis one can easily derive that the coefficients

[F(tw,Y) = T'F (t, SY ()(0), %SY(w)(t))

and

I'G(t,w,Y)=IG (LSY(w)(t), gdtSY(w)(t)>

for w € 2 satisfy all the conditions of [183, Theorem 1] and so on (£2, F,P)
there exists a continuous P;’-progressively measurable process v(t) (v(0) = 0)
in Ty, M and L%-selectors f(t,w) of I'F(t,w,v) and g(¢,w) of I'G(t,w,v) such
that a.s.

v(t) :/0 f(T,w)dT—F/O g(m,w)dw(r) + C. (14.27)

Consider the M-valued process £(t) = Sv(t) with v(¢) satisfying (14.27). In
the same manner as in the proof of Theorem 14.28 we can construct Borel
measurable selectors f(t,m,X) of F(t,m,X) and g(t,m,X) of G(t,m,X)
such that a.s.

o) =5 ([ riee.éonir+ [ rotmem.émanen +).

14.4 Systems with Random Perturbation of Velocity

In the previous two sections we dealt with equations obtained from the or-
dinary version of Newton’s law by a stochastic perturbation of the vertical
component on the right-hand side, i.e., of the force field (see Section 14.1).
Here we investigate the systems in which the horizontal part is subjected
to stochastic influence. This means that a random perturbation of velocity
arises. Such a situation can appear, for example, if a particle, subjected to a
deterministic force, in addition moves within a random media. Note that in
this model the perturbation is independent of the particle velocity.

We investigate the system (14.1) with @ independent of velocities, i.e., it

turns into _
{ 2(t) = v(t) . (14.28)
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A particular example of such a force is —grad/ in a conservative mechanical
system.

Now suppose that in (14.28) the right-hand side of the horizontal (i.e. first)
equation is subjected to a random perturbation of the form A(¢,z(t))w(t)
where w(t) is white noise. Note that this perturbation is independent of the
velocity of the particle. In appropriate terms this means that the process
&(t) describing the motion of the particle satisfies the equality £(t) = & +
fot v(s,&(s))ds + fot A(s,&(s))dw(s) where the vector field v(t, r) satisfies the
relation Dv(t,£(¢t)) = a(t,&(t)). The formal equation of motion in terms of
forward mean derivatives then takes the form

DE(t) = v(t,€(1))
Dag(t) = A(t, (1)) A* (¢, £(1)) (14.29)
Du(t, &(t)) = a

(t,€(t)
(t,£(1)-
(

We also suppose that A(t,z) and a(¢, x)) satisfy the Ito condition

JA(t, z)|| + [|a(t, =)|| < K(1+ [z (14.30)
for some K > 0.

Theorem 14.33 Let A(t,x) and a(t,z) be jointly continuous in t,x and
satisfy (14.30). Then for every pair &, vo € R™ there exists a weak solution
of (14.29) with initial conditions £(0) = & and v(0) = vy.

Proof. In ~CO([O,l],R”) introduce the o-algebra F generated by cylindrical
sets. By P; denote the o-algebra generated by cylindrical sets over [0,¢] C
[0, 1].

Consider the map v : [0,1] x C°(]0,1],R") — R™ defined by the formula

o(t,z(+)) = vo —l—/o a(r,z(-)))dr. (14.31)

By construction this map is jointly continuous in ¢ € [0,!] and z(-) €
C°([0,1),R™). In addition it is obvious that if z1(-) and xa(-) coincide on
[0,¢] then (¢, z1(-)) = ©(t,x2(-)). This means that o(¢,z(-)) is measurable
with respect to P (see, e.g., [83]).

Taking into account (14.30) one can easily derive the inequality

t

[o(t, z( DI = || [ alraz())dr

SAHMW%WMT

SKAu+mvmw
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<K / (1+ [()llco)ds
<U(L+ |2 o),

where || - ||co is the norm in C°([0,1], R™).

Introduce A(t, z(-)) as A(t, z(-)) = A(t, x(¢)). Notice that A(t, z(-)) is mea-
surable with respect to P, and that from (14.30) it follows that ||A(t, z(-))|| <
K(1+ ||z(-)||co). So, both o(t, z(+)) and A(¢,z(-)) satisfy the Itd condition in
the form

ot ()] + A 20 < KL+ [2()lleo)

with K = max(K,1K).
Now the pair o(t,z(-)) and A(t,z(-)) satisfies all the conditions of [83
Theorem II1.2.4], hence, the stochastic differential equation

m(t)=xo+/0 @(s,x(-))ds+/0 A(s,z(-))dw(s) (14.32)

has a weak solution on [0,!]. This means that there exist a probabilistic
measure p on (C°([0,1],R™), F) and a Wiener process in R™, given on
(CY([0,1],R™), F, 1) and adapted to Py, such that the coordinate process z(t)
on (CY([0,1],R™), F, ) and w(t) satisfy (14.32). Let v(t, ) be the regression
v(t,z) = E(v(t,2(-)) | (t) = x). This together with the construction of the
process 9(t, z(+)) completes the proof of the Theorem. O

The simple construction used in the proof of Theorem 14.33 can be gener-
alized so that it is applicable in more complicated settings. First we consider
the case where the force field is set-valued, lower semi-continuous but not
necessarily convex valued.

Let F(t,z) be a lower semi-continuous set-valued map F : R x R” — R"
with closed images and A(t,z) : R™ — R™ be a field of single-valued linear
operators jointly continuous in parameters t € R and = € R"™. We suppose
that F(t,z) and A(t,x) satisfy the Itd condition, i.e., that there exists a
constant © > 0 such that

()| + [|ACE 2) || < O(1 + [l]) (14.33)

forallt € R and € R™ where || A(t, z)|| is the operator norm and ||F (¢, z)|| =

SUPye p(t,2) [[Y]l-
The system of equations (14.30) is now replaced by the following analogous

inclusion
DE¢(t) = v(t, £(1))

Dag(t) = A(t,§(t)) A (2, £(1)) (14.34)
Du(t,£(t)) € F(t,z(t)).

In what follows we consider R™ and R with their Borel o-algebras B™
and B, respectively. Let z(-) be a continuous curve. Consider the set-
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valued vector field F(t,z(t)) along z(-) and denote by PF(-,z(-)) the set
of all measurable selectors of F(t,x(t)), i.e., the set of measurable maps
{f:R—=R": f(z(t)) € F(t,z(t))}. It is clear that, since condition (14.33)
is satisfied, all such selectors are integrable on any finite interval in R with
respect to Lebesgue measure. Denote by [ PF(-,z(-)) the set of integrals with
varying upper limits of these selectors.

We recall some facts and notions which will be used shortly. Let [ > 0. In

what follows we denote by A the normalized Lebesgue measure on [0, (], i.e.,
such that A([0,1]) = 1.

Lemma 14.34 Let (5,d) be a separable metric space, X be a Banach space.
Consider the space Y = L'(([0,1],B,)), X)) of integrable maps from [0, 1] into
X. If a set-valued map G : & — Y 1is lower semicontinuous and has closed
decomposable images, then it has a continuous selector.

This is a particular case of the Bressan-Colombo Theorem (Theorem 4.9).
Denote by C°([0,1],R™) the Banach space of continuous maps from [0, (]
to R™ (i.e., continuous curves in R™, given on [0,1]).

Theorem 14.35 As above, let F(t,x) be a lower semi-continuous set-valued
map F : RxR™ —o R™ with closed values and A(t,x) : RxR™ — R™ be a field
of single-valued linear operators jointly continuous in the parameters t € R
and x € R™. Let also (14.33) be fulfilled. Then for any l > 0, xg,vy € R"™
inclusion (14.34) has a solution on [0,1] with initial position x¢ and initial
velocity vg.

Proof. Tn C°([0,1],R") introduce the o-algebra F generated by cylindrical
sets. By P; denote the o-algebra generated by cylindrical sets over [0,t] C
[0,1].

Consider the set-valued mapping B sending z(-) € C°([0,],R"™) into
PF(-,z(-)). Since under condition (14.33) all selectors from PF(-,z(-)) are
integrable (see above), B takes values in the space L'(([0,1], B, \),R"). It is
known (see, e.g., [155, Section 5.5]) that under the above-mentioned condi-
tions B : C°([0,1],R") — L(([0,1],B,\),R") is lower semicontinuous and
for any z(-) € C°([0,1],R™) the set PF(-,z(+)), i.e., the image B(x(-)), is de-
composable and closed. Thus, by Lemma 14.34, B has a continuous selector
b CO([0,1],R™) — L'(([0,1], B, \), R™).

For any ¢ € [0,1] introduce the map f; : C°([0,],R"™) — C°(]0,1],R™) that
sends a curve z(-) € C°([0,1],R") into the curve

a(r) for 7€ 0,1]
fe(m,z(-) = {x(t) for 7€t -

Obviously the map f; is continuous. Since f;(7, z(-)) belongs to C°([0, ], R™),
the curve b(fi(7,z(-))) € L*(([0,1], B, \), R™) is well-defined. By construction
b(fe(r,z(+))) € F(r,z(r)) for almost all 7 € [0,¢] and this selector continu-
ously depends on ¢ in L(([0,1], B, \), R™).
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Consider the map v : [0,1] x C°(]0,1],R") — R" defined by the formula

U(t,x(-)):vo—i—/o b(fu(r, 2()))dr. (14.35)

By construction this map is jointly continuous in ¢ € [0,!] and z(:) €
C°([0,1),R™). In addition it is clear that if z1(-) and x2(-) coincide on [0,]
then v(t,z1(+)) = v(t,72(-)). This means that v(¢,z(-)) is measurable with

respect to Py (see, e.g., [83]).
Taking into account (14.33) one can easily derive the inequality

(e, 2()ll = Hjﬁtbcn<r,x<o>>dr < /Qtnbcn<r,x<o>>|df

s[QW@ﬂﬂmh§@Aa+mwmw
s@éu+mmmmus@a+momm

where || - ||co is the norm in C°([0, 1], R™).

Define A(t,x(+)) by A(t,z(-)) = A(t, z(t)). Notice that A(t, z(-)) is mea-
surable with respect to P; and that from (14.33) it follows that ||A(t, z(-))| <
O+ ||z(-)||co). So, both v(t,x()) and A(t,x(-)) satisfy the It6 condition in
the form

[t z()] + 1A 2 ()] < O+ [l2()llco)

with © = max(6,10).
Now the pair v(t,z(-)) and A(t,z(-)) satisfies all the conditions of [83,
Theorem II1.2.4], hence, the stochastic differential equation

x(t):x0+/0 v(s,x(-))der/O A(s, z(-))dw(s) (14.36)

has a weak solution on [0,{]. This means that there exist a probabilistic
measure g on (C°([0,],R™), F) and a Wiener process in R", given on
(C°([0,1],R™), F, u) and adapted to P, such that the coordinate process x(t)
on (C°([0,1]),R™), F, u) and w(t) satisfy (14.36). This together with (14.35)
completes the proof of the Theorem. ]

To investigate this problem on a manifold we use the constructions of
Section 7.7.3. The assumptions here are more restrictive than in the case of
Euclidean space.

Let M be a stochastically complete Riemannian manifold on which a vector
force field a(t, m) independent of velocities is given. Thus the Newton law of
the mechanical system takes the form



14.4 Systems with Random Perturbation of Velocity 353

We suppose that the random perturbation of velocity takes the form A(m)w(t)
where A(m) : R¥ — T, M is a smooth field of linear operators. We suppose
in addition that A(m)A*(m) = I where I is the unit operator in T;, M. This
assumption can be interpreted as the fact that the Riemannian metric on M
is determined by the diffusion coefficient generated by A(m). In particular it
means that we can apply the machinery of the equations with unit diffusion
coefficient from Section 7.7.3.

The equation of motion for the system with random perturbation of veloc-
ity is given here in terms of mean derivatives on manifolds as introduced by
Definition 9.1 and formula (9.18), and by the covariant mean derivative in-
troduced by (9.15) in terms of stochastic parallel translation (see Sections 9.3
and 9.4). This equation takes the form

Dg(t) = v(t,£(1))
Do¢(t) =1 (14.37)
Do(t,£(t)) = a(t, (1))

Theorem 14.36 Let the force field a(t,m) be jointly continuous in t,m and
be uniformly bounded, i.e., ||&(t,m)|| < K for allm € M andt € [0,I]] CR
for some K > 0. Then for every pair mog € M, vg € T,,,M there exists
a solution of (14.37) with initial conditions £(0) = mq, v(0) = vy that is
well-defined on the entire interval t € [0,1].

Proof. The idea of the proof is analogous to that for Langevin equations. We
reduce (14.37) to the equation of velocity hodograph type in a single linear
space. Then we show that the latter has a weak solution and that its Ito
development satisfies (14.37). The difference is that here we use the velocity
hodograph equation in terms of stochastic parallel translation (unlike the
case of the Langevin equation where the ordinary parallel translation was
applied) and so we have to appeal to the constructions of Section 7.7.3. In
fact the proof uses the same argument as that of Theorem 7.95 and we refer
the reader to the latter for a detailed explanation.

Consider the space 2 = C°([0,1],T},, M) with the o-algebra F generated
by cylinder sets and a Wiener measure v on F. On the probability space
(2, F,v) the coordinate process w(t, z(-)) = x(t) is a Wiener process adapted
to the family of o-subalgebras P; that for each t is generated by cylinder sets
with bases on [0,¢] and is completed by all sets with v-measure zero.

Since M is stochastically complete, the Itd development Rpw(t) is well-
defined on [0,1] for v-a.s. all curves in {2 and the parallel translation along
v-almost all sample paths of Ryw(t) is also well-defined (see Section 7.6).
Thus we can apply the operator I' of parallel translation along R;w(-) from
each Ryw(t) to Rrw(0) = my.

Introduce the process (¢, z(+)) = fot I'a(s, Rrx(s))ds in Ty, M. From the
properties of parallel translation and of Ry it follows that §(¢) is uniformly
bounded by the constant [K and that it is non-anticipative with respect to
P;. In addition the density



354 14 Mechanical Systems with Random Perturbations

p(x()) = exp (/0 (B(t,z(),dw(t)) — %/0 B(t,z(-)° dt) (14.38)

satisfies the equality
/ pdv =1, (14.39)
9]

and so the measure p on ((NZ7 _7:') defined by the relation dy = pdv is a prob-
ability measure.

Then the coordinate process o(t) on the probability space (12, F, ju) satis-
fies the equation

(t) = vo + /0 B(s,5(s))ds + w(s) (14.40)

where w(t) is a Wiener process in Ty, M, given on (£2,F,u), that is non-
anticipative with respect to P;. The Itd development £(t) = R;o(t) has the
same sample paths as Ryw(t) and so it is well-defined on the entire interval
[0, 1].

Introduce the vector field v(t,m) as the regression

u(t,z) = B(To.B(t) | Rro(t) = )

where I o is the operator of parallel translation along R;o(-) from R;5(0) =
mo to Ryo(t). Taking into account the properties of the Itd development
and of parallel translation as well as the construction of the covariant mean
derivatives (9.15) and (9.18), one can easily show that £(t) and v(t, m) satisfy
(14.37). O



Chapter 15
The Newton-Nelson Equation

The Newton-Nelson equation is a version of Newton’s law formulated in terms
of mixed symmetric second order mean derivatives. It describes the motion
of a quantum particle in the framework of stochastic mechanics.

Nelson’s stochastic mechanics is a subject based on the ideas of classical
physics but giving the same predictions as quantum mechanics. Stochastic
mechanics can be considered as a third method of quantization differing from
the well-known Hamiltonian and Lagrangian (path integrals) methods. Each
method has its own domain of applicability, and these domains have a large
intersection (where the results are equivalent), but none of them includes any
other completely.

The history of stochastic mechanics is presented, for example, in [45, 136,
187, 188, 190]. Apparently, the idea was first suggested by I. Fenyes [73], but
it only became widely known, and obtained a natural form, following the
appearance of Nelson’s independently developed work [187, 188]. At present,
among other things, a description of spinning particles, relativistic particles,
the uncertainty principle and some parts of quantum field theory have been
given in the language of stochastic mechanics (see, e.g., [45, 55, 136, 141, 142,
237, 238]). Nelson’s book [190] surveys the main developments of the theory
up to 1985.

In the version of stochastic mechanics pioneered by Nelson, the trajectory
of a particle was assumed to be a Markov diffusion process. It is important to
point out that in the works of V.P. Dmitriev and of H. Grabert, P. Hanggi and
P. Talkner (see, e.g., [52, 137] and the references therein) physical reasoning
is used to conclude that such a trajectory must be a non-Markov process.
In addition, in his later work, E. Nelson discovered that in the framework of
his “Markov” approach some higher momenta of two independent particles
could be dependent.

We develop another approach to stochastic mechanics where the equation
of motion is that of Nelson (the Newton-Nelson equation) but the trajectory is
allowed to be an It6 diffusion type process that may not be a Markov process.
Nevertheless we show that this version is related to quantum mechanics in an
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analogous way to Nelson’s original version. Moreover, following the ideology
of equations with mean derivatives of Section 8.1 (see Definition 8.21) we
suggest an equation of It6 type for finding solutions of the Newton-Nelson
equation such that for two independent particles it splits into two independent
equations. Another (very simple) modification is that we find the diffusion
term of the process from a separate equation with quadratic mean derivative
and do not postulate its value a priori.

The intersection of the domains of applicability of stochastic mechanics
and ordinary (Hamiltonian) quantum mechanics is as follows: for the case of
forces for which the Schrédinger equation is well-defined (i.e., for potential
forces, certain forces with friction and the magnetic field), there exists a
natural interrelation between the processes of stochastic mechanics and wave
functions, the solutions of the corresponding Schrodinger equations (see, e.g.,
[187, 188, 233]). Below in Section 15.1.1 we describe this interrelation for the
case of potential forces. Note that in the paper [38] (see also [27, 192, 240]) this
interrelation and the methods of partial differential equations were applied to
obtain the existence of trajectories for non-relativistic stochastic mechanical
systems with potential forces in R” where the potential belongs to the so-
called Rellich class. It should be pointed out that the trajectories obtained in
[27, 38, 73, 240] are Markov diffusion processes, as was postulated in Nelson’s
pioneering works [187, 188].

15.1 Stochastic Mechanics in R™

This section consists of two subsections. In Subsection 15.1.1 we present
the basic ideas of stochastic mechanics and, in particular, we describe the
Newton-Nelson equation and its relation to the Schrodinger equation.

In Subsection 15.1.2, following [102, 105, 128, 129], we prove the existence
of trajectories for non-relativistic stochastic mechanical systems under vari-
ous initial conditions and with forces in R™ which are a sum of a force inde-
pendent of velocities and a force linearly dependent on velocities. We do not
assume the forces to be potential or gyroscopic; i.e., we include cases where
other methods of quantization are not applicable (e.g., where the Schrodinger
equation does not exist).

We apply the methods developed in Chapter 8.

15.1.1 Principal ideas of Nelson’s stochastic mechanics

Let &(t) be a stochastic process and assume that the mean derivatives (see
Section 8.1) exist for £(¢).
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Definition 15.1. The vector &(DD, + D, D)&(t) is called the acceleration of
the stochastic process &(¢).

Of course there exists a Borel vector field on R™ (the regression) such that
the above acceleration is the composition of that vector field and &(¢).
Direct calculations show that

%(DD* + D,D)E(t) = (DsDs — DaDA)E(t) = Do (t) — Daus(t) (15.1)

(see Definitions 8.15 and 8.16).
In this Section we shall mainly deal with a process of type (8.15), i.e., of

the form &(t) = & + f(f a(s)ds + ow(t). For such a process, from formulae
(8.24) and (8.25) it follows that

Dgvt(t) = —v*(t) + (v°(t) - V)ut (t) (15.2)

and )
o

7VQuf(t). (15.3)
(Note that the right hand side of (15.2) has the form of an ordinary derivative
of a non-autonomous vector field in the direction of itself in R™.) Thus, from

(15.1)—(15.3) we obtain for a £(t) of type (8.15) that

Duf(t) = (ub(t) - V)us(t) +

%(DD* + D.D)E(1) (15.4)

Ug 02
= (aa—t(t) + (v5(t) - V)uﬁ(t)) - (Evzuf(t) + (ub(t) - V)u’f(t)> :

Consider a Newtonian mechanical system in R™ with the vector force field
a(t,x, X). Here Newton’s law (11.2) takes the following trivial form:

() = —alt, a(t), &(t)), (15.5)

1
m
where m is the mass of a particle, () is the acceleration vector and &(t) is
the velocity vector of the curve z(t).

In stochastic mechanics the trajectory of a particle is assumed to be a
stochastic process, not a deterministic curve. More precisely, we have the
following:

Definition 15.2. A diffusion type process £(¢) in R™ is called a stochastic-
mechanical trajectory of a particle with mass m > 0 under the action of the
force field a(t, z, X) if it satisfies the system

L(DD. + D.D)&(t) = La(t,(t), vé(t)
(15.6)
Doé(t) = L1
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where h = %, h is Plank’s constant and I is the unit n x n matrix. In this
case we also say that the stochastic-mechanical system with force a(t, z, X)
is given. The equality (15.6) is called the Newton-Nelson equation.

From the second equation of (15.6) it follows that £(¢) is a process of type
(8.15) with o such that % = -
If 0 = 0, the process £(t) from Definition 15.2 turns into a deterministic
curve and (15.6) becomes the ordinary Newton law (15.5). Without loss of

generality we assume m = 1.

Remark 15.3. Equality (15.6) for the Euclidean space R™ was first obtained
by Nelson in [187]. It was also shown there that among all possible definitions
of the acceleration of a stochastic process which are symmetric in time (i.e.,
well-defined physically) and coincide with the ordinary definition for smooth
trajectories, only Definition 15.1 gives the correct result for some particular
examples in quantum mechanics. Later equation (15.6) (for potential forces
and in the form where the right-hand side is transformed according to (15.4))
was derived from some variational principles (see [190]).

Note that in stochastic mechanics one deals with the “quantization” of
Newton’s second law, while in the ordinary quantization procedures some
other equations of motion (Euler-Lagrange or Hamilton) are involved.

The correspondence between stochastic mechanics and ordinary (Hamil-
tonian) quantum mechanics was established for potential forces (see, e.g.,
[187, 188, 190]) and for certain forces with friction [233] where both the
Schrodinger equation and Newton-Nelson equation (15.6) are well-defined.
We illustrate this correspondence with an example of potential forces. The
arguments here are close to those in [187], but since we apply Lemmas 8.17
and 8.18 instead of classical results for Markov diffusions, we show that the
correspondence is also valid under the assumption that the trajectories are
1t6 processes of diffusion type.

Let the force field & of the mechanical system be a potential, i.e., it does
not depend on velocity and & = —grad V', where V is the potential energy.
Let £(t) be a trajectory of the stochastic-mechanical system as in Definition
15.2 with this force. Recall that for the osmotic velocity u®(t) = u(t,&(t))
the vector field u® (¢, z) is always described in the form u¢ = o2grad R, where
R = $logp®(t,x) (see (8.18)). Let us suppose that for the current velocity
vé(t) = v8(t,£(¢)) the vector field v (¢, x) is also a gradient v¢ = o?grad S for
some real function S(¢, x). Note that S(¢, x) is defined to within the functions
depending only on ¢, i.e., whose gradient is zero. Consider the complex-valued
function ¥ on M of the form ¥(¢,z) = exp(R + iS).

Theorem 15.4 ¥ satisfies the Schridinger equation

ov o2 9 1
— =1—VV —-i-VVY, 15.
5 12V 1hV (15.7)
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Proof. From Lemmas 8.17 and 8.18 it follows that aa—f = —";grad div v€ —
grad (v*ut). From (15.4) and (15.62 for @ = —gradV it follows that 88—”5 =
—grad V — (v - V)v¢ + (ué - V)ub + & V2ut. Then straightforward calculations

show that ow OR oS
—=|=+i= |V 15.
ot <8t+18t> (15:8)
In order to find (%}f —|—1 ) we note that grad ( %If —|—1 2) = (aaut +i2 ) and

so, by the above expressions for # and 2 at , since uE and V¢ are gradlentb,

we obtain the formula

rad 87R+1§
& ot ot

1 .
= —graddive® — — grad (S - uf) — %gradV
o o

—ﬁ(v5 V)b + ﬁ(ug SV)ub + %szﬁ
i i

202

1 1
— €. ¢
= grad (2d1vv -3 (vs - ut) — 2V "5

(06)? 4 — (uf)? + %div u€>

= grad 1(divu5 +idive®) + ;(ug +iv®)? — ~v).
2 202 o?

Hence,
OR .98 i 1 i
AT IPT I3 .86\ & : 1
(_[% 1+ 815) —g5(div wt +idiver) + o (ur +i07) = 5 V+i f(T) (15.9)

where f(t) is a real function, depending only on ¢, i.e., grad f(¢) = 0. On the
other hand,

1
V0 =W (0 (u? +iv?)? + —4(divu5+idivvf)). (15.10)

o
Comparing (15.8), (15.9) and (15.10), we see that the following equality holds:

Adding to S an appropriate constant depending on ¢, one can obtain the
equality f = 0. So (15.11) turns into the Schrodinger equation (15.7) with
potential V. O

So, ¥(t,x) is a Schrodinger wave function corresponding to the above
mechanical system. Conversely, let ¥ satisfy the Schrodinger equation (15.7)
with potential V. Consider the functions R = Relog¥ and S = Imlog¥
and the vector fields u(t,r) = o%grad R, v(t,z) = o’grad S and a(t,z) =
v(t, z) + u(t, ).
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Theorem 15.5 Solutions £(t) of the Ito equation
d¢(t) = a(t, &(t))dt + odw(t), (15.12)

where a(t,x) and o are as introduced above, satisfy equation (15.6) with & =

—grad V.

We leave the proof to the reader as a simple exercise. Note that for a
solution &(t) of (15.12) we have v¢(t,x) = v(t,z) and ué(t,z) = u(t,z), and
it should be emphasized that in this case the assumption that v¢(t, ) is a
gradient is fulfilled automatically. Note also that strong solutions of (15.12)
are Markov diffusion processes (see Definition 6.17). Thus we can formulate:

Proposition 15.6 If a stochastic-mechanical trajectory ((t) with the force
a = —gradV is an unique strong solution of (15.12) corresponding to a
Schridinger wave-function W as described above, then ((t) is a Markov dif-
fusion process.

Indeed, pS(t,z) = |¥(t,x)|> = p*(t,z), where p¢(t,z) is the probability
density of the diffusion process £(t), the solution of (15.12) constructed from
W (t,z), which corresponds to ((t). The above diffusion process (trajectory)
can be shown to exist when V belongs to the very broad so-called Rellich
class (see [38]).

15.1.2 Existence theorems

In this Section we prove the existence of the trajectory assuming neither the
Schrodinger equation to be well-defined nor its solution to exist. In this case
the trajectory is not a diffusion process but an Ité process of type (8.15).
First we consider deterministic initial data for the solution which leads to a
singularity at ¢ = 0 resembling the Big Bang (see Remark 15.10 below). Then
we obtain another version of the construction that yields the existence of a
solution, for random initial data, such that its distribution is nowhere zero.
In the latter case no singularity at time zero arises.

Everywhere below in this Section we consider the vector force field &
of the form a(t,z,X) = ao(t,z) + a1(t,x)X where ap(t,x) is a vector
field on R™ depending on t € [0,!] and @;(t,z) is a linear operator in
R™ depending on the parameters ¢ € [0,{] and = € R", i.e., @ (t,z) is a
(1.1)-tensor field on R™. Consider the derivative of a;(t,x), i.e., the field
of bilinear operators &j(t,z))(-,-) : R™ x R® — R”, and the vector field
tra) (¢, z)(ar)ds = >0, & (t, ) (au (¢, x)e;, €;), where ey, ..., e, is an arbi-
trary orthonormal frame in R™. We assume the following condition to be
fulfilled:
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Condition 15.7 The vector field ao(t,z) and the tensor field ay(t,x) are
Borel measurable jointly int and x, tra (s, W(s))(a1) exists and is also Borel
measurable jointly in t, x and there exists a constant C' > 0 such that

l
/O (o (t, x(E))II* + llax (£, ()1 + [[trady (¢, (1)) (@) [*)dt < C

for any continuous curve x(t) in R™, ¢t € [0,1], where ||@1 (¢, z)|| is the operator
norm.

Condition 15.7 is fulfilled, for example, if @y(t,«) is continuous and uni-
formly bounded, a; (¢, ) belongs to the functional space C1 (R x R™ x R, R")
and has a bounded norm in that space.

For the sake of simplicity, without loss of generality we may assume o = 1.
We shall deal with stochastic processes starting at a non-random point in R™,
and for the sake of simplicity we assume this point to be equal to the origin.

Consider the probability space (2, F, v) where 2 = C°([0,1], R™), F is the
o-algebra generated by the cylindrical sets, and v is a Wiener measure (see
Section 6.2.1). Denote by B; the o-algebra generated by the cylindrical sets
with the bases over [0,¢]; all the B; are completed by the sets of v-measure
Zero.

Recall that the coordinate process W (t, z(-)) = z(t), z(-) € 2, on (2, F,v)
is a Wiener process in R"”.

Let tg € (0,1) and for ¢t € [0,1] denote by to(t) the function

% if t < t,
to(t) = (15.13)
1if ¢ > to.

Recall that we are looking for a solution as a process of type (8.15) that under
the above assumptions takes the form £(t) fo s)ds+w(t) where a(t) is to
be found. Pick a deterministic initial condition ag € R™ for a(t) and consider
in R™ the equation

alt) = ao + /0 Gols, W())ds + /0 dl(s,W(s))dW(s)—i—% /O tr, (G )ds

¢ ¢
71/ to(s)a(s)der}/ to(s)dW(s) — 1to(t)I/V(t) (15.14)
2 Jo 2 Jo 2
Equation (15.14) has a unique strong solution for ¢ € [0,1]. Indeed, the coef-
ficients of (15.14) are either Lipschitz continuous and have a linear growth
with respect to a or do not depend on a. Since the solution is strong, it exists
for any Wiener process and is non-anticipative with respect to P}V = B;. In
what follows we will consider a(t) for the realization of W (t) as the coordinate
process on (2, F,v).
From Condition 15.7 it follows that a(t) satisfies (8.32).
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Below in this Section we will use the notation introduced in Section 8.3.
Consider the function 6(1) on 2 determined for the process a(t) by formula
(8.33). From the above condition it easily follows that 6(l) is a probability
density on (fZ, F, v). Denote by ué the corresponding measure on (fZ, .7:"), ie.,
du® = 0 dv (note that ué and v are equivalent), and by &(¢) the coordinate
process on (12, F, u€). Then (see Section 8.3) the process £(t) is expressed in
the required form

£(t) = /0 a(s)ds + w(t) (15.15)

where w(t) is a Wiener process on (£2, F, u¢) adapted to P* =PV =B,
Since £(t) and W (¢) coincide as coordinate processes on (£2,F), (15.14)
clearly turns into

a(t) :ang/O do(s,f(s))ds+/() &1(5,5(5))a(5)d5+/0 a1(s,€&(s))dw(s)

1

+§/0 trdi(s@(s))(dﬂds—i—%/o to(s))dw(s)—%to(t)é“(t). (15.16)

Lemma 15.8
(i) Diai(s,&(s))dw(s) = —trd} (t,€(8)(an) + au(t, () <2

—an (1, E(1)) B (5(1)).

(i) D% fg to(s)dw(s) = % — Ef (#) fort > to,
where k(t) is as in Lemma 8.35.

In order to prove (i) one should replace the It6 integral by a backward It6
integral according to formula (6.7) and then apply formula (8.37) with the
same arguments as in the proof of Lemma 8.26(ii). Assertion (ii) follows from
formula (8.37), the definition of the It6 integral, and the definition of to(t)
given by formula (15.13).

Theorem 15.9 For t € (to,l) the process £(t) satisfies (15.6), i.e., it is a
trajectory of the stochastic mechanical system with force a(t,m, X).

Proof. Recall that for t € (to,) we have to(t) = 1. From (15.15) and Theorem
8.7 it follows that DE(t) = EF(a(t)). By (8.36) we obtain D,&(t) = ES(a(t))+
g(t—t) — E5(k(t)). In particular

o5(1) = Dse) = Efa) + 10— Lpfs()  (15.7)
and
(1) = Dag(t) = -2 80 | Lpea, (15.18)
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Then for ¢t > tg, using formula (8.38) and equation (15.16), as well as Lem-
mas 8.36, 8.37 and 8.38, one can obtain

DD.E(1) = ao(t,£(1)) + (1, 6(1) B (alt) + 5110t (s, () (@)
a®)\ ) 1. [a®\  1a()
+E; () — ~E! () + =5

t 2 t 2 2

Analogously, using in addition formula (8.39) and Lemma 15.8, one can cal-
culate

D.DE(t) = ao(t, £(t)) + ar (£, £(t)) ES (a(t)) + an (£, (1)) <@)

So

From formula (15.17) it follows that (15.19) coincides with the first equation
of (15.6).

Since £(t) is a process of the form (8.15) (see above), by Theorem 8.12
Dy¢ = I (recall that we set ¢ = 1) and so system (15.6) is fulfilled. O

Remark 15.10. Generally speaking, £(t) for t € (0,¢p) does not satisfy
(15.6). Thus &(t) can be interpreted only as a trajectory of the stochastic
mechanical system beginning at the instant ¢y in the random configuration
£(to) with the initial forward derivative ES(a(t)). It is clear that ¢, may be
chosen arbitrarily close to zero, and so we can bring the initial values of the
trajectory to the origin for the configuration and, again as close as we want,
to ag for the forward derivative. But we cannot put ¢ty = 0, since the integral
fot Ldw(s) does not exist ( fot L ds diverges, see, e.g., [162] and Section 6.2.2),
i.e., when ¢ty = 0 equations (15.14) and (15.16) are ill-posed. This behavior
of the solution is interpreted in Section 15.3 as a possible description of the
Big Bang (see Remark 15.51).

Remark 15.11. If @ = —grad V' then there may exist a trajectory of the
stochastic mechanical system obtained by Carlen [38] (see above). Suppose
that both our and Carlen’s trajectories are connected with the same solu-
tion ¥ of the corresponding Schrédinger equation. Then those trajectories
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determine different probability measures on the space of sample paths but
the densities p on R x R™ coincide and are equal to |¥|2.

Since the function ty(t) is piecewise smooth (see its definition by formula
(15.13)) we may consider its derivative t((t) defined by the formula

Con 0 ift < to,
th(t) = {_%2 s (15.20)

Theorem 15.12 Fquations (15.14) and (15.16) are equivalent to the follow-
ing equations of Stratonovich type

a(t) = ag — %/0 to(s)a(s)ds — %/0 to(s)W(s)ds

+/O ao(s,W(-))ds+/o G (s, W (s)) o dIW(s)  (15.21)

and
a(t) = ag %/0 to(s)a(s)ds — %/0 tg(s)g(s)ds+/o Go(s, £())ds
+/0 641(3,5(3))a(s)ds+/0 a1(s,€(s)) o dw(s), (15.22)

respectively.

Proof. Indeed, by the It6 formula (6.10) for f(¢,x) = to(t)z we have
d(to()W (1)) = to(H)W (t)dt + to(t)dW (t)

and
d(to(t)E(t)) = (to(t)a(t) + to()(t))dt + to(t)dw(t).

An application of formula (6.23) (which follows from (6.6)) to A = @; com-
pletes the proof. a

Remark 15.13. Equations (15.21) and (15.22) show that a(t) is a vector
(belongs to the tangent bundle), a fact which plays a significant role in the
transition to manifolds. Note also that if &; = 0, a(t) becomes a process with
a.s. smooth sample paths.

Now we are in position to prove the existence of a solution of the Newton-
Nelson equation (15.6) with random initial data. Here we shall obtain a pro-
cess that is a solution for all positive times, i.e., without singularity at ¢ = 0.
However, the initial density must be nowhere equal to zero.

The main technical difference from the above case is that here we can
calculate some derivatives “beforehand” and then use them to construct a
solution of (15.6).
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As above, consider equation (15.6) with a(t,z, X) = ao(t, z) + a1 (¢, )X
and suppose that &y and @; satisfy Condition 15.7. Consider the initial data
for (15.6) of the form

€0) =9, DE(0) = ap, (15.23)

where xy and ag are random elements with values in R", xy has a smooth
distribution py with respect to Lebesgue measure on R™ with p(z) # 0 for all
z and ag is bounded.

All processes below in this section are considered on some finite time in-
terval [0, 1].

Let Wy(t) be the standard Wiener process on R”, i.e., the coordinate
process on the probability space (!NZ7 F, v) introduced at the beginning of this
section. The filtration PtW ° is generated by cylinder sets with bases on [0, ¢].

Consider the process W (t) = o+ Wy(t). Its density, denoted by p" (¢, ),
satisfies the diffusion equation

1
1% 1%
— oW (t,x) = =Ap" (¢
with initial condition p"(0,2) = po. Thus the density p" (¢,2) can be
considered as given a priori and we use it in the further construction. By
Lemma 8.17 the osmotic velocity u"V (¢, W (t)) of W (t) can be found by the
formula

1
uV(t,x) = igrad log W (t, ).

Hence u" (t, z) is uniquely constructed from p" (¢, x) (and, like p" (¢, x), will
also be used later in the construction).
Consider the It6 equation

a(t) = ag +/Ot o (s, W (s)) ds (15.24)
+/0t G (s, W (s)) AW (s) + %/OttrVal(al(s,W(s)))ds

+ /0 DWW (5, W (s)) ds + /0 (a(s) - V)u (s, W(s)) ds,

where D" is defined in (8.7) and may be represented as DV = £ + 1 A (see
(8.22) and (8.24)). Thus DWu" (s, W(s)) is known and we can prove the
existence of a solution a(t) of equation (15.24) by imitating the method used
for equation (15.14). Since (15.24) is linear in a, under the above conditions
this equation has a unique strong solution that we shall again denote by a(t).
Let 6(1) be defined by formula (8.33) with a(t) and W (t) as above. Clearly

(t) is a martingale with expectation 1. Introduce a new probability measure
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pon (2, F) by the relation dy = 6(1) dv. On the probability space (£2, F, )
the coordinate process W () turns into £(t) = g +f(f a(s)ds+w(t) where w(t)
is a “new” Wiener process on (£2, F, ), adapted to P}V = P (Girsanov’s
theorem). Note that by construction a(t) is not anticipative with respect to
’Pf, i.e., &£(t) is a diffusion type process.

Theorem 15.14 The process £(t) satisfies equation (15.6) and the initial
conditions (15.23).

Lemma 15.15 The random element x¢ has the same probability distribution
on (£2,F,v) and on (£2,F, ).

Proof. Let f be an arbitrary bounded Borel measurable function. As in Sec-
tion 8.3 we denote by E°(y | B) the conditional expectation for ¢ with
respect to B on the probability space (2, F,v) and by E’(¢p | B) the same
conditional expectation on (£2, F, ). Then

E'[f(x0)] = E°[f(20)0(1)] = E°[f (w0) EgO()] = E°[f (&),

because EQ0(1) = 6(0) = 1 (since §(t) is a martingale). The assertion of the
Lemma follows from the fact that f is arbitrary. O

Proof. [of Theorem 15.14] On the probability space (£2, F, 1) equation (15.24)
turns into
t t
at) =a0-+ [ ao(s. €N ds + [ ar(s.gls)ats) ds
0 0
t 1t
+ [ @ gndus) + 5 [ avases)ds
0 0

! w, W ' . qu S S
+/0 DWa (s,g(s))ds+/0(a(s) V)u' (s,£(s)) ds.

Now the proof is reduced to the verification that the required formulae are
satisfied. This is done by application of formulae from Section 8.3 (for details,
see [128] and [129]). O

Let a1 be an arbitrary bounded random element with values in R™.

Corollary 15.16 Let there exist a § > 0 such that for all x € R™ the in-
equality po(x) > & holds and let in addition gradlog py be uniformly bounded.
Then for ag = a; + u™ (0,30) the process &(t) from Theorem 15.14 satisfies
equation (15.6) with initial conditions £(0) = xg and Ds&(0) = a4 .
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15.2 The Geometric Form of Stochastic Mechanics

15.2.1 Some comments on stochastic mechanics on
Riemannian manifolds

Stochastic-mechanical systems are influenced by the geometry of configura-
tion space even more so than the systems of classical mechanics. As in the
classical case the Riemannian metric on the configuration space determines
the kinetic energy of the system, but it also defines the field of Wiener pro-
cesses in terms of which the motion is described, so that the quadratic deriva-
tive of a trajectory yields the (2,0) metric tensor. In addition, the curvature
of the configuration space is involved in the stochastic version of Newton’s
law.

Let M be a n-dimensional Riemannian manifold. We study the exponential
map, parallel translation and other geometric objects on M generated by the
Levi-Civita connection.

Let &(t) be a stochastic process in M and assume that the mean derivatives
in the sense of Definition 9.1 and formulae (9.14) and (9.15) exist for £(t).

Definition 15.17. The vector (DD, +D.D)(t) is called the acceleration
of £(t) (cf. Definition 15.1).

As in Section 15.1.1 there exists a Borel vector field on M (the regression)
such that the acceleration is the composition of that field and £(¢).

On determining the covariant mean derivatives Dg = %(D + D.) and
D, = 1(D - D.), we then obtain the following analog of formula (15.1)

5 (DD. +D.DJE(1) = (DsDs ~ DaDAYE() = Dsvf (1) ~ D (1) (15.25)

Now suppose that Do£(t) = 02§ where D, is the quadratic mean derivative,
o > 01is a constant and g is the metric (2, 0)-tensor. According to the material
of Section 9.4 this means that we determine the forward and backward mean
derivatives with respect to the Levi-Civita connection of Riemannian metric
given by Dy&(t). In this case we derive from formulas (9.17) and (9.18) the
following analogs of formulas (15.2) and (15.3):

Dgv®(t) = %vf(t) + Ve v* (1), (15.26)
Daub (1) = Ve s (1) + %UQVQuE (), (15.27)

where V is the covariant derivative of the Levi-Civit4 connection and V2
is the Laplace-Beltrami operator (see Definition 2.58). Thus from formulae
(15.25)—(15.27) it follows that for such £(¢) the following formula
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0.2
3D, +D.D(0) = ( 5050+ Ve ()) — (G V004 Va0

ot
(15.28)
holds (this is the analog of formula (15.4)).

Let M be the configuration space of a mechanical system as in Section 11.1
with a force field a(t,m, X), i.e., the trajectory of the system is governed
by equation (11.2). It seems to be natural to determine Newton’s law for
stochastic mechanics in this case by complete analogy with equation (15.6),
i.e., by setting the acceleration equal to the force. But in doing this we will
not obtain the correspondence with the solutions of the Schrodinger equations
analogous to those described in Section 15.1.1. More precisely, the situation
is as follows. One can easily make a minimal modification of the construction
and prove an analog of Theorem 15.4 (we leave this to the reader as a simple
exercise) but one obtains the Laplace-Beltrami operator V2 in the analog of
equation (15.7), while physicists would normally use the Laplace-de Rham
operator A = dd+4d from Definition 1.73 (this difference seems to have been
first highlighted in [45]).

So, in order to obtain the correspondence mentioned above we might re-
place the Laplace-Beltrami operator by the Laplace-de Rham operator in the
right hand side of (15.28), i.e., change the above definition of acceleration (a
variant of such a change is discussed below in Remark 15.19). Instead we take
into account Weitzenbock’s formula (2.37) and define a stochastic mechanical
system on M as follows (cf. Definition 15.2):

Definition 15.18. A process £(t) in M is called a stochastic-mechanical tra-
jectory in M of a particle with mass m, under the action of the force field
a(t,m, X), if it satisfies the system

L(DD. + D.D)E(t) = La(t,&(t),v8(t)) + = Ric(€(1)) o ué(t),
(15.29)

DQé(t) = %gv

where g is an autonomous positive definite symmetric (2,0)-tensor and all
mean derivatives and the Ricci tensor in the first equality of (15.29) are de-
termined with respect to the Levi-Civitd connection of the Riemannian (0, 2)-
metric tensor inverse to g. In this case we say that a stochastic-mechanical
system with force a(t,m, X) is given on M. Relation (15.29) is called the
Newton-Nelson equation on M.

Note that (15.29) determines the Riemannian metric which defines the
kinetic energy for a classical mechanical system whose quantization is de-
scribed by (15.29). In particular, the Newton law (11.2) for the latter system
is given in terms of the covariant derivative of the Levi-Civitd connection of
that metric.

In what follows we shall look for solutions of (15.29) in the class of 1td
processes that are It6 developments of processes in tangent spaces of the form
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¢(t) = fot a(s)ds + ow(t) where o = /2 (see Section 9.3). In this case it is

evident that if % ~ 0 (i.e., if the mass is very big in comparison with Plank’s
constant), similarly to the trajectories in R™, {(¢) turns into a deterministic
curve and the first equality of (15.29) becomes the classical Newton law
(11.2) if the metric determined from the second equality of (15.29) remains
unchanged (recall that for a deterministic curve its quadratic derivative is
zZero).

We shall not deal with limits as % — 0 and so without loss of generality
in what follows we shall suppose the mass % =1.

Now the correspondence between stochastic mechanics and ordinary quan-
tum mechanics on manifolds is analogous to that of Section 15.1.1 and is
proved via the same argument (cf. [190]).

Remark 15.19. In order to make natural the definition of acceleration in
the form (%vg(t) + Ve yv& (1)) — (=5 Au 4 Ve(yu(t)) with the Laplace-
de Rham operator A (see above), in [53, 54] the construction of the parallel
translation along stochastic processes was modified so that the parallel trans-
lation obtained takes into account the deviation of geodesics. Having defined
D and D, by formula (9.15), where the new parallel translation is involved,
one obtains the Newton-Nelson equation in the form

L DD, + DD = alt, (1), v (1)), (15.30)

[\

completely analogous to the usual form. Of course, (15.30) is equivalent to
(15.29). Note that the Newton-Nelson equation in the form (15.30) is given
in [53, 54, 190]. We do not use the form (15.30) since our constructions below
are based on the usual parallel translation.

15.2.2 FExistence theorems

The main purpose of this section is to generalize the existence theorem of Sec-
tion 15.1.2 to a rather broad class of Riemannian manifolds, not necessarily
Euclidean spaces (see [106, 107, 115]).

Our generalization follows the same scheme as the basic existence theo-
rems of Section 15.1.2; the necessary modification is based on the methods
developed in Chapters 8 and 9. Using parallel translation along stochastic
processes we construct a special stochastic equation in the tangent space at
the initial configuration of the motion (a certain stochastic version of the
velocity hodograph equation (11.20), different from (14.10)) and prove the
existence of its solutions. Then we show that the developments of the solu-
tions satisfy the Newton-Nelson equation (at least after a certain non-zero
instant, fixed in advance, if the initial configuration is deterministic). Note
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that the trajectory is an It6 process of diffusion type on a manifold, not
necessarily a diffusion process.

We consider a vector force field & of the same kind as in Section 15.1.2,
namely of the form a(t,m,X) = ao(t,m) + a1 (t,m)X where ay(t,m) is a
vector field on M depending on ¢ € [0,!] and @;(t,m) is a linear operator in
T;nM depending on the parameter ¢ € [0,1], i.e., @;(¢,m) is a (1,1)-tensor
field on M. Examples of such @ include potential and gyroscopic force fields
(e.g., a magnetic field or an electromagnetic field on a general relativistic
space-time).

As in Section 15.1.2, for the sake of simplicity (and without loss of gener-
ality) we set % =1 (i.e., we work in the system of units with this property).

Let us introduce some notation. For a (1, 1)-tensor field v(¢, m) we will deal
with its covariant derivative, the (1,2)-tensor field Vou(t,m)(-,-) : T,y M x
ToM — T,M, as well as with the tensor Vu(t,m)(v(t,m)-,-) : T\, M x
TwM — T,,M and its trace, the vector field

n

trVo(t,m)(v) = Z Vou(t,m)(v(t,m)e;, e;),

i=1

where ey, ..., e, is an orthonormal frame in T;, M (see formula 6.11).
Examples of the above (1,1)-tensor fields are Ric(m) and aq(t,m), for
which we consider the vector fields (traces) trVRic(m)(Ric) and

—

trVay (t,m)(@1). Note that the field trVﬁE(m)(Ric) is C*°-smooth since

the tensor field Ric is also C°°-smooth.

In what follows in this Section we assume the next two conditions to be
fulfilled.

Condition 15.20 The Riemannian manifold M is complete in the usual
sense (see Definition 1.49 and the Hopf-Rinow Theorem (Theorem 3.68)).
The Ricci tensor, the linear operator f/{E(m) oM — T, M, is bounded
uniformly in m with respect to the operator norm generated in_the tangent
spaces by the Riemannian metric (-,-). The vector field trVRic(Ric) on M is
also uniformly bounded with respect to the norm generated by the Riemannian
metric.

Condition 15.21 The vector field ag(t,m) and the tensor field & (t,m) are
Borel measurable jointly in t and m, the vector field trVay(t,x)(d1) exists
and is also Borel measurable jointly in t and m, and there exists a constant

C > 0 such that
l
| (ot m®) + s (. m(e)) P + eV t.a)(an) ) de < ©

for any continuous curve m(t) on M, t € [0,1], and where ||a1(t,m)|| is the
operator norm.



15.2 The Geometric Form of Stochastic Mechanics 371

Remark 15.22. From Theorem 7.80 it follows that under Condition 15.20
the Riemannian manifold M is stochastically complete.

Let my € M and introduce the probability space (f),f ,v) where 0 =
Co([0,1], Tpn, M), F is the o-algebra generated by the cylinder sets and v is
the Wiener measure (recall that T,, M is an n-dimensional Euclidean space
with respect to the metric tensor (-,-) at mg). Denote by B; the o-algebra
generated by the cylinder sets with bases over [0, ¢], all the B; being completed
by the sets of v-measure zero.

Recall that the coordinate process W (t,w(-)) = w(t), w(-) € £, is a Wiener
process in T,,, M. Since by Remark 15.22 M is stochastically complete, the
It6 development R;yW (t) is well-defined for ¢ € [0,!] and Riemannian parallel
translation is also well-defined along R;W (t) (see Section 7.6.1). Further on
we will use the operator I} s of parallel translation introduced in Section
7.7.1.

Thus for any vector or tensor field v(t,m) we can consider the vector
(tensor) field Iy v(t, RiW (t)) at mg to be the result of parallel translation
of v(t, RyW (t)) along R;yW () from the (random) point R;W (¢) to the point
RiW(0) = mg. Since RyW (t) is an extension of Cartan’s development R,
from the class of piecewise smooth curves onto v-almost all continuous curves
in Ty, M and the analogous fact is valid for parallel translation along R; W (+)
(see Remarks 7.67 and 7.84), Iy ,v(t, RyW (t) is determined along v-almost
all continuous curves in T,,, M. This field along w(-) € 2 will be denoted by
(I'vv)(t,w(-)). Note that it may depend on ¢ (which is compatible with the
notation) even if v(m) is autonomous.

Pick to € (0,1) and for ¢ € [0,]] consider the function #o(¢) defined by
formula (15.13).

Let ag € T}, M and consider in T,,, M the equation

a(t):ao+/0t(ﬂxso‘0)(s’w('))ds_i/ot (1o.strVRic (Ric) ) (s, W (-))ds
+% /Ot(Fo,strVOél(Oél))(svW(S))ds

+% /Ot ((Foysﬁi\c) (s, W(-)) — t0(3)> a(s)ds

t _ 1 — 1
+ /0 ((Fmal)(s,W(-)) -2 (FO,SRIC) (s, W()) + §t0(3)> AW (s)
—%to(t)W(t) (15.31)

(an analog of equation (15.14)).

Equation (15.31) has a unique strong solution for ¢ € [0,[]. Indeed, the
coefficients of (15.31) are either Lipschitz continuous and have linear growth
with respect to a, or do not depend on a. Since the solution is strong, it
exists for any Wiener process and is non-anticipative with respect to P}V. In
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what follows we will consider a(t) for the realization of W (t) as the coordinate
process on (£2, F,v). From Condition 15.21 it follows that a(t) satisfies (7.54).

Consider the probability density 6(I) on (£2, F) defined for the above a
by formula (8.33) (cf. Section 15.1.2). Introduce the measure u¢ = #dv on
(2, F) and denote by ((t) the coordinate process on (£2,F,u). Then (see
Sections 8.3 and 15.1.2) ¢(¢) is expressed in the form

C(t) = /0 a(s)ds + w(t) (15.32)

where w(t) is a Wiener process on (2, F, u¢) adapted to ’%W = Pf = B,.
Since ((t) and W (t) coincide as coordinate processes on (£2, F), (15.31) turns
into

a(t) = ap + /Ot(Fo,sao)(S,C(-))ds _ i/ot (I’O’Ster/{E (ﬁE)) (s,¢(-)ds
+% /Ot(FqstrV@l (a1))(s, ¢(-))ds + /Ot(Fo,s@1)(S, ¢(-)) o a(s)ds

[ () (600 = 5 (1) (5.0 + gto(s)dus)
1

—5to()C(?) (15.33)

(an analog of equation (15.16)).

Since by Remark 15.22 M is stochastically complete and since a(t) satisfies
(7.54), from Theorem 7.98 it follows that for ((¢) the It6 development £(t) =
R;¢(t) is well-defined on the entire interval ¢ € [0,1].

Theorem 15.23 For t € (to,l) the above-mentioned process £(t) satisfies
(15.29) with the force a(t,m, X) = ao(t,m)+a:1(t,m)X, i.e., it is a trajectory
of the stochastic mechanical system with that force.

Proof. By construction £(t) satisfies equation (9.22). This allows us to derive
some technical statements which follow from the results of Section 7.7 and
from those on the calculation of mean derivatives in Chapters 8 and 9.

Lemma 15.24

() D&(t) = Bf (Tuoalt)).
(i) D.&(t) = Ef (Ioa(t)) + ES [FO,t (@ - Ii(t))} , where k(t) is as de-
fined in Lemma 8.35.

Proof. Assertion (i) is in fact formula (9.25), and (ii) is (9.29). O

Corollary 15.25

() Ds&(t) = Bf (Ivoa(t) + 3Ef | Tuo (42 - w(1)) .
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(i) Dag(t) = —3Ef [0 (42 - w(t))].

Corollary 15.25 can be obtained from formulae (9.30) and (9.31).
Lemma 15.26
()  DD.E() = Df (Thoat) + Bf (Do) — Ef (ToH).
(i) D.DE(t) = D5(I palt)).

The assertion of Lemma 15.26 follows from Lemma 15.24, Lemma 8.36
(which can evidently be generalized to the processes in M) and Lemma 8.38.

So the proof of Theorem 15.23 is reduced to the calculation of mean deriva-
tives for I pa(t) which can be done by calculating the derivatives for the
summands in (15.33).

Lemma 15.27 Fort > ty:

( 0
(i) DEn, (40) = B 1o (42 - 2],
(i) Dalo (L) = Ef [0 (42 - 202)].

The proof of Lemma 15.27(i) is analogous to that of Lemma 15.8(ii) with
a modification based on formulae (9.15). The proofs of (ii) and (iii) are anal-
ogous to that of Lemma 8.37.

Lemma 15.28
() DElvo (fy (Tbedn) (5,0 du(s)) =
— Lo (TotrVag (ar)) (¢, ¢(2)
+ Tyo (Dodn) (t,C() 0 BS [ o (@ - m(t))} .
(i) DEro (Jfy (Foafic) (5,¢()) dus) ) =
— Lo (TotrVRic (Ric) ) (5. ¢(5))
+ I (ToaRic) (1¢() 0 Ef o (42 = w()]-

~—

—

To prove Lemma 15.28 one should apply formulae (9.15), the definitions of
the integrands and the expression for It6 integrals via the backward integrals
(6.7) and (6.26) (cf. Lemma 15.8(i)).

All other summands in (15.32) are differentiated directly according to
(9.15).

By the definition of the processes ((t) and &(¢) and of the operator of
parallel translation I3 s the following relations hold:

I‘t,O(FO/,t_f)(tﬂ C()) = i(ja 5(0)7
Iy o(Io,Ric)(t, ¢(+)) = Ric(&(2)).
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Thus by Lemmas 15.26-15.28 and formula (15.33)

(DD, +D.D)(t)

DN | =

= ao(t,&(t)) + ar(t,&(t)) o alt) + %Ef {F“’ (ﬁ - F”(t)ﬂ

+%ﬁ%(g(t>) o { —Ef {Fw (@ - n(t))] } : (15.34)

Taking into account Corollary 15.25 one sees that (15.34) coincides with
(15.29). Theorem 15.23 follows. O

Remark 15.29. As in Remark 15.11 we should point out that () does not

satisfy (15.29) for ¢t € (0,tg) because here to(t) = % and Ef(]}pi_(—ttg) =+

E$ (Fm%). Thus £(t) can be interpreted only as a trajectory of the stochas-
tic mechanical system beginning at the instant ¢y from the random configu-
ration &(to) with the initial mean forward derivative Ef (I oa(to)) (see the
details in Remark 15.10). A certain analog of this situation with ‘big bang’
will be described below in Section 15.3.2, which is devoted to general relativ-
ity.

Remark 15.30. One can easily see that E*(a(t)) is the hodograph of the
forward mean derivative for the process £(t) and that equation (15.33) is a
direct analog of the velocity hodograph equation (11.20).

We now turn to the proof of an existence theorem analogous to Theo-
rem 15.14.

Theorem 15.31 Let Conditions 15.20 and 15.21 be fulfilled. Let n be a ran-
dom element taking values in M with density p(m) # 0 for allm € M. Let a
be a bounded Borel measurable vector field on M. Then there exists a solution
&(t) of (15.29) with initial conditions £(0) = n and DE(0) = a(n). If there
exists a & > 0 such that pg(m) > ¢ for allm € M and Gradlog pg (see (8.20))
is bounded, then there exists a solution &(t) of (15.29) with initial conditions

§(0) =n and Ds&(0) = a(n).

Proof. Denote by W(t) the coordinate process on the probability space
(C°([0,1],R™), F,v) taking values in R™ where F is the o-algebra gener-
ated by cylinder sets and v is a Wiener measure. As above, it is clear that
W (t) is a standard Wiener process in R™. Take some Borel measurable cross-
section by of the bundle OM and consider the It6 development R;W (t) with
initial data bo(n) (see Definition 7.68). RyW (t) exists for ¢ € [0,1] by The-
orem 7.99 since, by Remark 15.22, from Condition 15.20 it follows that M
is stochastically complete. Consider the following objects along R;W (t): the
vector field u" (t,m) constructed for R;W (t) by formula (8.20), the vector
field DWu" (t,m) and the tensor field Vu"V (t,m) = K o T(u" (t,m)) (the
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operator of covariant derivative applied to u" (t,m)). Using the construc-
tion of parallel translation along R;W(t) (see Section 7.6), in this section
the operator I o is applied to a tensor v(t, R;W(t)) yielding the tensor field
I gu(t, W (t)) along W(t) in R™, which is well-defined along a.s. all continu-
ous curves in R™ with respect to Wiener measure (see Section 7.6).

Denote by ag the vector b(0)~[a(n) + u" (0, W(0))] and consider the fol-
lowing stochastic differential equation in R™:

a(t) = ao Jr/o Iy sa0(s, W(s))ds +/O Iy sar (s, W(s)) o dW(s)

—1—/1“0’SDWUW(57 W(s))ds + /Ot (Fo,SVuW(s, W(s)) o a(s)) ds

—%/0 Ty sRic(s, W(s)) o dW(s), (15.35)

where o dW (s) denotes Stratonovich integration in composition with parallel
translation, i.e.,

/Ot I sA(s,W(s)) o dW
= / I s A(s,W(s))dW (s) + %/ I strVA(t,m)(A)ds
0 0

for a (1, 1)-tensor field A on M.
Since (15.35) is linear in a, it has a unique solution a(t). From Condi-
tion 15.21 it follows that a(t) satisfies (7.54). Set

0(t) = exp{—%/ota(s)zds—i—/ota-dW}

Under these assumptions 6(t) is a martingale with Ef(¢) = 1. Thus we can
introduce a new probability measure p on (C°([0,1],R"™), F) by the relation
du = 6(1)dv. Denote by ((t) the coordinate process on (C°([0,1],R"™), F, u).
By Girsanov’s theorem ((t) = fot a(s)ds + w(t) where w(t) is a Wiener pro-
cess on C°([0,1],R™), F, 1) adapted to (t) and a(t) is not anticipative with
respect to Pf, i.e., ¢ is a process satisfying the hypothesis of Theorem 7.99.

Since M is stochastically complete and a(t) satisfies (7.54), there exists an
It6 development £(t) = R;((t) with initial condition .

Lemma 15.32 The process £(t) is the solution of equation (15.29) with ini-
tial conditions £(0) = n and Dg&(0) = a(n).

Proof. From the definition of It6 development it evidently follows that

Lolou' (8,€(8) = u (t,€(t);  LoloVu" oa=Vp, qu”
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Iiolorap =op;  Iyroloron =a1;  Iiolp:Ric = Ric;
Iy oo strVaa (¢, €(t)) (1) = trVaa (¢, €(t)) (ar);
Iy oIo 1trVRic(t, £(1))(Ric) = trVRic(t, £(t)) (Ric)
and so on. Thus the fact that £(t) satisfies (15.29) follows by direct calcula-

tion. O
To obtain a solution with initial conditions £(0) = n and D&(0) = a(n), in
the above construction one should take ag in the form b(0)~*(a(n)). O

15.3 Relativistic Stochastic Mechanics
15.3.1 Stochastic mechanics in Minkowski space

In this section we present a modification of stochastic mechanics which is
well-posed for describing relativistic particles in Minkowski space (see Exam-
ple 13.4). In particular we obtain generalizations of the existence theorems
of Section 15.1 to the relativistic case. In our constructions, following [103],
we apply the relativistic definition of mean derivatives suggested by Guerra
and Ruggiero [55, 142] and Zastawniak’s idea of transition from stochastic
processes in Minkowski space to those in the underlying Euclidean space (see,
e.g., 237, 238]). The material of this section forms the basis for the construc-
tion of stochastic mechanics in the general relativistic case in Section 15.3.2
below (see [130]).

For the sake of simplicity, in this section we work in a system of units in
which the speed of light ¢ = 1. We also consider particles with rest mass 1.

In this subsection we denote by M* the Minkowski space with inner prod-
uct (-,-) (see Example 13.4). Choose a certain orthonormal frame (with re-
spect to (-,-)) in M*. Let R* be the (underlying) Euclidean space in which
the above frame is orthonormal in the Euclidean sense. The (positive-definite)
inner product in R* will be denoted by a dot -. The main idea here is to con-
sider 1t6 processes £(7) of the form (8.15) as processes in M* while Wiener
processes are defined with respect to R*. This idea originated in the work
of Zastawniak (see [237]). Here 7 is an invariant parameter which plays the
role of proper time. For such &(7), according to an idea of Guerra and Rug-
giero [55, 142], we define the relativistic forward mean derivative D &(7) and
relativistic backward mean derivative D_£(7) as follows:

D, &(7)
e R I IGLED
. &(r) —&(r — Ar)
+AhTI?OE ( Ar Aff? (5(7) - 5(7_ - AT))2 > 0> 5
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D_&(7)
= Jm E (5(7) Z(: —47) N, (E(T) — (T — AT))? < 0) (15.37)
. E(T+ AT) = ¢&(7)
+gg5E< A AﬁmaT+Aﬂ—f@ﬂ2>o>.

It should be noted that (15.36) and (15.37) are covariant under the Lorentz
transformations. Below we will deal with both D, and D_ on the one hand
and D, D, and Dy on the other hand, applied to a process {(7) where D,
D, and Dy will be calculated in R* by formulae (8.1), (8.2) and (8.13),
respectively.

Of course, D &(1) = Y4 (7,€(7)) for the vector field

Y+(T, l‘)

(A €], )

= i £ (S E =0 ) i (el + am) - ) < 0)
+lim B (5“) - iﬁ “ A () = . (E(r) — E(r — AT))? 0)

Y_(7,z)
T §(r) = &(r — Ar) _ 2
= Jm E ( Ar §(7) =, (&(1) = &(7 = A7))” < 0)
. E(T+ A1) = £(7)
+£%E( Ar ﬂﬂ:%@v+4ﬂ—aﬂf>®.

Consider the coordinate decomposition of some process ((7) with re-
spect to the frame mentioned above: ((7) = (¢°(7),{(7)) where ((7) =

(¢H(7),¢3%(7),¢3(7)). Then clearly

Dy ((r) = (D¢°(r), DS((T)) (15.38)
and )
D_{(r) = (D$¢°(7), DS¢(7)), (15.39)
where D¢ and D,( are defined in R* by (8.7) and (8.8), respectively.
Let us introduce the relativistic current velocity o¢(7) = 1(D4¢(7) +

D_((7)) and the relativistic osmotic velocity u¢() = (D1¢(1) — D_¢(7)).
We have 0¢(7) = 9(7,((7)) where v(r,2) = 1(Yi(r,2) + Y_(7,z)) and
aé (1) = uS(t,¢(7)) where @S (7,2) = %(Y+(T, xz) = Y_(7,x)).

Lemma 15.33 The relativistic current velocity v(r) and the usual current
velocity v(7), calculated in R* by Definition 8.16, coincide.

To prove that 9¢(7) = v%(7), compare formulae (15.38) and (15.39).
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Lemma 15.34 The relativistic osmotic velocity takes the form
a(r) = (D5¢°(7), D5

while the usual osmotic velocity, calculated in R* by Definition 8.16, takes
the form

u(r) = (D5¢°(7), DY)
and so they do not coincide.
Lemma 15.34 follows immediately from (15.38) and (15.39).

Lemma 15.35 1
ac(t,x) = —EJQGrad log p (1, ) (15.40)

where p¢(7,x) is the density of ((T) with respect to Lebesgue measure, defined
in Section 8.1, and Grad is the gradient calculated with respect to the inner
product (-,-) in M*.

Lemma 15.35 follows from the above coordinate decomposition for ¢ (7),
formula (8.18) and the definition of the inner product (-,-) in M* (note in
particular, that Grad f = (—%, %, %, %) while grad f = (%7 a—zf“ %,
%) for any function f on M*).

Lemma 15.36 Formula (8.19) remains true for v¢ and p¢

Indeed, this follows from the fact that o¢(7) = v$(7) (see above).
For a vector field Z (7, z) on M* define the relativistic forward D, Z (7, ((7))
and backward D_Z(r,((7)) mean derivatives along ((7) by the formulae

D, Z(r.((r) = (15.41)
i p (AT SR I I e (g7 + ) - 7)) < 0)
+

. Z(1,¢(1)) — Z(Tm — A1, ((T — AT))
i 5 - NS (6(r) = 7 = Am))* 2 0)
and
D_Z(r,¢(r)) = (15.42)
L (2(1.0(r) ~ Z(r — Ar.((r — A7) :
s e ( — NE(6(r) = (7 = am)? <0)
+
i p (AT SR I I e (g7 + ) - (7)) 2 0)
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(a modification of (8.22) and (8.23), respectively, by analogy with (7.46) and
(7.47)). Taking into account (8.24) and (8.25), one can easily derive

0 o?
D+Z(T7§(T)) = 7Z+ (Y+,V)Z+ ?DZa

or
0 o?
Dy(1,&(7)) = EZ +(Y_,V)Z - ?DZ, (15.43)
where O = —%—l—%—i—%—&-% is the wave operator (the d’Alembertian,

cf. (8.24) and (8.25)).

Definition 15.37. The vector 3(DyD_+D_D,)¢(7) is called the 4-acceler-
ation of the process £ at 7.

Below we use the ordinary quadratic mean derivative D5 introduced in Def-
inition 8.10. The introduction of a special relativistic quadratic mean deriva-
tive is not necessary in the problems under consideration for the following
reasons.

Introduce “relativistic” increments of the process ((7) as follows:

Ay¢(r) = (7 + A7) = ¢°(7),¢(7) = (7 — A7)

and

A_g(r) = (1) = 1 — A7), {(7 + A7) — ((7))
which are related to ordinary increments in the same way as relativistic for-
ward and backward mean derivatives are related to ordinary forward and
backward mean derivatives.

Lemma 15.38 Let ((7) be an Ité diffusion type process on M* whose dif-
fusion term is given by a Borel measurable field of linear operators A(x) :
Rk — M* that is independent of the past and so depends only on x € M?*.
Denote by Do the ordinary quadratic mean derivative as in Definition 8.10.
Then

DQC(T) _ A}_EI}H) A+C(T)§TA+C(T)
L AN 8ALM)
AT—+0 At

= A(((m)A™(C(7).  (15.44)

The proof of Lemma 15.38 is based on the fact that in the case under
consideration the diffusion term of {(7) and of the process with inverse time
direction coincide. Note that in (15.44) we do not use conditional expectation
since A(x) is Borel measurable and does not depend on the past.

We should recall (see Remark 13.20) that in relativistic dynamics the 4-
force necessarily depends on the 4-velocity. In addition, by definition it is
independent of the proper time 7 since it is an absolute object (independent of
a reference frame: recall that proper time is well-defined only in the reference
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frame of an observer). This is why, below, we consider a force field on M* only
in the form & = a(x)X where a(x) is a (1, 1)-tensor, i.e., a linear operator
in M*, depending on x € M* (an analog of @; from Section 15.1.2).

Definition 15.39. (cf. Definition 15.2) The relativistic Newton-Nelson equa-
tion with 4-force a(x)X is the system in the Minkowski space M* of the form

1 = a((m))vs(r
{ L(DyD- +D_D53§8 - E(If( ))ve(7) (15.45)

where m is the mass (rest mass) of a particle.

We shall look for solutions of (15.45) among all It6 processes. From (15.45)
one can easily see that the stochastic-mechanical world line of a relativistic
particle with rest mass m is an It6 process £(7) in R* of the form (8.15) with
a? h

% = 5= such that it satisfies the first equation of (15.45) as a process in

M*,
Recall that everywhere in this Subsection we assume m = 1 without loss
of generality.

Theorem 15.40 For £(T) as above the following equality holds
1 1
§(DD* + D.D)¢(r) = §(D+D, + D_Dy)¢(7). (15.46)

Proof. This statement is proved by straightforward calculation. Indeed, by
formulae (15.38), (15.39), (15.41) and (15.42) we have

D D_¢(7) = (DEDSE°(7), DEDEE(7))

and ~
D_D&(r) = (DD (r), DSDE(T))

which leads to (15.46). 0

Let the force field a(x)X on M* satisfy Condition 15.7 (with ag(7,2) =0
and @; = @) relative to the Euclidean metric of R*. Then for any initial
forward derivative ag € M* and for the function to(7) defined by formula
(13.13), we can apply the construction of a(7) and @ of Section 15.1.2 and so
obtain the corresponding It process £(7) in R*.

The following statement is a simple corollary of Theorems 15.9 and 15.40.

Theorem 15.41 For 7 € (to,1) the process £(7) in M*, mentioned above,
satisfies (15.45) and so it is a stochastic-mechanical world line.

Let the tensor field a(z) be a closed 2-form, i.e., & = dw where w is a
I-form on M* (a particular case is an electromagnetic field ' = dA, see
Section 13.1.5). The trajectory of the stochastic-mechanical system with 4-
force @X on M*, where as usual @& is physically equivalent to o with respect
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to (+,-), is connected with the solution of the corresponding Klein-Gordon
equation, so there is a link between relativistic stochastic mechanics and
relativistic quantum mechanics. This is a generalization of the construction of
Section 15.1.1 for the non-relativistic case. We describe it briefly, following the
scheme of Guerra and Ruggiero [55, 142] developed for the electromagnetic
field. In order to avoid confusion, in the case of an electromagnetic field we
assume (without loss of generality) that the electric charge e of the particle
is equal to 1.

Let £(7) be a stochastic-mechanical world line. Let us make the additional
assumption that there exists a function S such that ¢?GradS = o€ + @
where @ is the vector physically equivalent to w with respect to (-,-) and
Grad is defined in Lemma 15.35. Introduce the complex-valued function ¥ =
exp(R+1S) where R = 1 log p. Then, taking into account Lemmas 15.35 and
15.36, imitating the proof of Theorem 15.4 one can deduce that ¥ satisfies

the equality
o o? i i

ih— = — - —o,V——o|V¥ 154

iho 5 (V hw,v hw) (15.47)
where in the right hand side we have the formal inner product (with respect
to (+,-)) of differential operators, considered as formal vectors (cf. Lemma
8.20 where the definition of V is also given). Note that (V,V) = O.

Suppose that ¥(7,z) = exp(—ig;7)¢(z). Then from (15.47) it follows that

o(z) satisfies the equality

S U

Formula (15.48) is the Klein-Gordon equation. In particular, if w = 0, (15.48)
takes the form

(D _ %)% ~0. (15.49)

The inverse construction is more straightforward. We describe it briefly
according to [237, 238] where it was derived for the electromagnetic field.

Let a complex-valued function ¢ on M* satisfy (15.48). Represent it in the
form p(x) = exp(R+1iS) and consider the vector fields ¥(x) = 0?>GradS — @
and u(z) = 0?Grad R = 30%(Grad log p) = %02% on M* for p = .

Theorem 15.42 Equation (15.48) is equivalent to the following system:

L, (15.50)
hdivo +2(a,v) = 0. (15.51)

To prove Theorem 15.42 one should substitute ¢ = exp(R + 1S) into
(15.48) and then, after natural transformations similar to those in the proof
of Theorem 15.4, separate real and imaginary parts.
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The vector fields ¥ and @ generate the vector fields Yy (z) = v(z) + a(z) =
Grad S 4+ Grad R + @ and Y_(z) = 9(z) — u(x) = Grad S — Grad R + @.
Having made the coordinate decompositions Y +(z) = (Y?,Y) and Y_(z) =
(Y2 Y_), introduce the vector fields Y (z) = (Y?,Y_) and Y, (z) = (Y°,Y}).
Consider the diffusion process £(7) on R* satisfying the It6 equation

d¢(r) =Y (&(r))dr + o dw(7) (15.52)
where o > 0 is as above.

Lemma 15.43 For £(7r) from (15.52) Dy &(1) = Y, (&(7)), D_&(r) =
Y_(&(7)) and so v¢ = v and u¢ = u.

The assertion of Lemma 15.43 is a trivial consequence of the construction.

Theorem 15.44 £(7) from (15.52) satisfies the Newton-Nelson equation
(15.45) with aX physically equivalent to dw(-, X) with respect to (-,-).

Proof. By straightforward calculations of D, D_&(7) and D_D,&(7) one ob-
tains the formula

%(D@, + DD )E(r) = —%V(ﬁdiva +(ma) - (8,0) +av  (15.53)

where @ is physically equivalent to dw(-, X') with respect to (-, -). From (15.50)
it follows that the first summand on the right-hand side of (15.53) vanishes
so that (15.53) is equal to (15.45) with the above a. O

Theorem 15.45 Let the Klein-Gordon equation (15.48) be well-defined for a
given 4-force & and let £(7) be a solution of the corresponding Newton-Nelson
equation (15.45). Then

E((v°)? + (u®)?) = —1. (15.54)

Proof. Clearly (v%)2+(u®)? = (=hdiv us + (v)% — (uf)?) + (hdiv u +2(uf)?).
Direct calculations show that (hdiv ué +2(uf)?) = %4% where V2 = V-V
and so

E (hdivu® +2(u®)?) = —

Note that £(7), as a solution of (15.52), is a diffusion process in R*. Thus the
Kolmogorov-Fokker-Planck equation

) 2
_pE — U—VQ,OE _ div(ng)

or 2

is valid for p¢ where Y is as in (15.52). By construction p¢ is independent of 7.
Hence E(hdivu® + 2(u)?) = 02 [}, div(p*Y)d\ where the latter integral is
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equal to zero by a standard application of the divergence formula. So (15.54)
follows from (15.50). O

Remark 15.46. Equality (15.54) may be considered as the characteristic
feature for 7 to be a proper time along a stochastic-mechanical world-line
&(7) (ct. Definition 13.12). This idea, as well as the proof of (15.54), was
apparently first suggested by Zastawniak [237].

15.3.2 Stochastic mechanics in the space-times of
general relativity

In this subsection M* is a 4-dimensional Lorentz manifold with metric (-, -)
whose signature is (—, +, +, +) (see Section 13.1.1). For the sake of simplicity
we assume from now on that M* is orientable and oriented in time. In other
words, a well-defined ‘future’ time direction is specified in every tangent space
T M*, m € M*.

Consider the principal bundle L(M*) with structural group L, the proper
orthochronous Lorentz group (see [72]). The action of LT on Minkowski space
preserves the standard and time orientation. The bundle L(M?*) is a sub-
bundle of the principal bundle of Lorentz-orthonormal frames. Denote by H
the restriction of the Levi-Civita connection to L(M?) and by V the vertical
distribution on L(M?). As on OM in Section 2.7, the bundles H and V over
L(M*) are trivial. In particular H is trivialized by the basic vector fields on
L(M*).

The generalization of Itd processes to the Lorentz manifold M* requires
some modification with respect to the case of Minkowski space. Choose a
point mg € M* and a Lorentz orthonormal frame b in T,,, M*. Introduce a
Euclidean structure in 7T},,, M* by setting b to be orthonormal in the Euclidean
sense. We may now consider a Wiener process w(7) in Tj,,, M* as well as Ito
processes with this w(7). One can easily show that the entire construction of
1t6 developments on manifolds can be clearly generalized to the above case
of processes on the Lorentz manifold M* by using connections on L(M?*)
instead of on OM. Those developments will be called Ité processes on the
Lorentz manifold M*.

The above parameter 7 will play the role of proper time. So for a process
&(7) we may expect that (15.54) is fulfilled.

In order to avoid any possible confusion we assume in this section that
M* is stochastically complete. This means that the development of a Wiener
process in the above-mentioned sense exists for 7 € [0, 00) (see Section 7.6.2).
Unfortunately nothing like the criterion of stochastic completeness of Theo-
rem 7.80 is known for Lorentz manifolds.

It6 processes on M*, which are the developments of It6 processes of diffu-
h

sion type of the form z = fOT a(s)ds 4+ ow(r) with o = /%, are of particular
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interest to us. Let £(7) be such a process in M*. In a chart (U, ) we can
apply formulae (15.36) and (15.37) to define relativistic forward and back-
ward, respectively, mean derivatives D &(7) and D_&(7) and represent them
as compositions of ?Y?(7,m) and ?Y?(r, m) (determined in the chart (U, ¢))
with &(7) (cf. Section 9.1). As in Section 9.1 we determine X9 (r,m) and
X9 (r,m) by formulae X{(r,m) = Y°(r,m), and X°(7,m) = Y2(7,m),,
respectively, for any m € M? where n denotes the calculations in the nor-
mal chart at m. Then we define the relativistic forward and backward mean
derivatives of € on M* with respect to H by the formulae

Di&(r) = X4(r,&(7)),  D-&(r) = X2(r,&(7)) (15.55)

(cf. Definition 9.1).

The derivative Dg = (D4 + D_) is called the relativistic symmetric
mean derivative. Consider the vector v¢(r,m) = (X9 (r,m) + X°(r,m));
v8(7,&(7)) = Ds&(r) is called the relativistic current 4-velocity of the pro-
cess {(7); Da = $(Dy — D_) is called the relativistic antisymmetric mean
derivative. Consider for £(7) as above the vector @*(r,m) = (X% (r,m) —
XO(r,m)); @é(7,&(7)) = Da&(7) is called the relativistic osmotic velocity of
£(r).

Let Y (7, m) be a C2-smooth vector field on M*. Making the same modifica-
tion for formulae (9.15) as above in this section, we can define the covariant
relativistic mean derivatives D, Y (,&(7)) and D_Y(7,£(7)). Here we use
parallel translation with respect to the Levi-Civitd connection on L(M*).

We can also apply the Levi-Civitd4 connection on L(M?) (i.e., its normal
charts on M*, parallel translation of vectors in TM*, etc.) to define DE(7),
D,&(7), Déq(r), Din(r), DY (r,£(r)) and D,Y (r,£(7)) as in Chapters 8
and 9. In spite of the fact that these objects differ from those in the above
sections, since the connections are different, we use the old notation without
any ambiguity.

Let us pick a Lorentz orthonormal frame in T,, M* at some m and represent
a vector in terms of its coordinates with respect to the frame X = (X, X)
where X denotes the ‘time-like’ component and X the 3-dimensional ‘space-
like’ component. Note that this coordinate decomposition is covariant with
respect to Lorentz transformations in T},, M* for D, &(7) and D_£(7) and not
covariant for DE(7) and D,£(7). Nevertheless v¢(7) is covariant, since one can
can easily see that v¢(7) = #%(7). Indeed, direct calculations show that both
v¢(7) and ©¢(7) have the same coordinate decomposition: (DggO(T), DgE(T))
(cf. Section 15.3.1).

As in Section 15.3.1, for the osmotic velocity u¢(7) we have

a€(r) = (DSE'(r), ~D5E()

while ué(7) = (ngo (1), DiE(T)). The following formula holds:
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1
ut(t,x) = 502 Gradlog p* (7, x), (15.56)

where Grad is the gradient calculated with respect to the Lorentz metric.

Definition 15.47. The vector 2(DD_+D_D,)(7) is called the 4-acceler-
ation of the process £ at 7.

Theorem 15.48 For an Ité process £(7) in M* as above the following equal-
ity holds

%(DD* + D.D)E(r) = %(D+D_ +D_Dy (). (15.57)

As for formula (15.46), this statement is proved by direct calculation.
Indeed, -
D, D_¢(r) = (DED€(r), D DEE(T))

and also
D_D ¢{(r) = (D*D5¢%(r), DS DE()),

which yields (15.57).
Here we consider the relativistic Newton-Nelson equation of the form

$(DyD_+D_Dy)¢(r) = a(¢(r),v5(r.£(7))),
{ * 525(7) g (15.58)

where @ is a 4-force, i.e., it does not depend on 7 and necessarily depends on
4-velocity. This is why we consider below the force field on M* in the form
a(m, X) = a;(m)X, where &;(z) is a linear operator in T, M*, as above.

There is no Ric term in (15.58) (for the same reasons that such a term
appeared in (15.29); see Section 15.2.1). In the relativistic case a natural
relation between the Newton-Nelson equation and the Klein-Gordon equation
is established (for Minkowski space this was illustrated in Section 15.3.1,
see also, e.g., [55, 142, 189, 190, 228, 237, 238]). But in the Klein-Gordon
equation (unlike the Schrédinger equation on a Riemannian manifold) the
wave operator O = V* - V is involved, where V is the covariant derivative of
the Levi-Civit4 connection on M* (see, e.g., [49]). Since we need not obtain
A = dd + dd in the corresponding equation of Schrodinger type, here we do
not include the Ric term in (15.58) (cf. Section 15.2.1).

Definition 15.49. An It6 process £(7) on M* of the type mentioned above
is called a trajectory of a relativistic stochastic-mechanical system with force
field a(m, X) if it satisfies (15.58).

Let M* be stochastically complete. Specify a point mg € M* and con-
sider the Ito development R;W (7) of a Wiener process W (7) in T,, M* as
described above in this section. Choose a Lorentz-orthonormal frame b in
Ty M2,
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Let the force field a(m,X) = a;(m)X on M? be such that the tensor
a1(m) and its covariant derivative have bounded absolute values of compo-
nents with respect to the frames, parallel to b along RyW (7). The simplest
example of such an & is @ = 0, it holds when no external forces but gravitation
alone are under consideration.

Make the parallel translation of a@;(R;W(7r)) and trVay(a;) along
Rr(W(-)) to mg. Introduce the Euclidean inner product in 7,,, M* by consid-
ering b as an orthonormal frame in the Euclidean sense. Fix some tq € (0,1).
Now, having omitted all summands with a Ric term in equations (15.31),
(15.33), etc., one can apply the construction of Section 15.2.2 and easily ob-
tain the existence of the corresponding ((7) and its development &(7).

Theorem 15.50 For 7 € (to,1) the process &(7) satisfies (15.58).
This is a simple corollary of (15.57) and the equality v¢(7) = v¢(7).

Remark 15.51. It should be pointed out that £(7) does not satisfy (15.58)
for 7 € (0,%0) since here to(7) = ;- and EE(FT’OQ_li(.—IO)) # BS(I 00~ <3,
Thus £(7) can be interpreted only as a trajectory of a stochastic mechanical
system beginning at the instant ¢ of proper time from a random configuration
&(tp) with initial mean forward derivative ES(I; ga(tp)). It is clear that tg
may be chosen arbitrarily close to zero, and so we can bring the initial values
to mg and ag as closely as desired. However, we cannot set tg = 0, since
the integral fOT %dW(s) does not exist (indeed, fOT S%ds diverges, see, e.g.,
[162]), i.e., when to = 0 the analogs of equations (15.31) and (15.33) are ill-
posed. We suggest the hypothesis that this situation may be thought of as a
description of the ‘big bang’, the initial point for all the trajectories. Indeed,
all the equations of physical laws are ill-posed at the ‘big bang’; we can set
initial conditions for any time greater than the instant of the ‘big bang’, but
cannot do this for the ‘big bang’ itself.

The following analog of Theorem 15.31 holds.

Theorem 15.52 Let the Levi-Civitd connection on L(M?*) be stochastically
complete and the (1,1)-tensor field a(m) be continuous and have compact
support. Then for n as in Theorem 15.31 and for a continuous vector field
a(m) with compact support there exists a solution £(7) of equation (15.58)
with initial conditions £(0) = n and Dg&(0) = a(n).

The analogous statement with initial condition for the forward mean
derivative D&(0) = a(n) is also true.

Taking into account formula (15.57) and the fact that ©¢(7) = v%(7) (see
above) it is easy to see that Theorem 15.52 is a simple generalization of
Theorem 15.31 (here we use another bundle and another connection). Note
that the hypothesis of Theorem 15.52 has been expressed in a form that is
easy to verify. It can be replaced by the corresponding analogs of Conditions
15.20 and 15.21.



Chapter 16
Hydrodynamics

16.1 The Lagrangian Formalism of the Hydrodynamics
of an Ideal Barotropic Fluid

Following the lines of Chapter 11, we can apply the results of Section 5.1 to
study mechanical systems on the configuration spaces D*(M), H*(M, M),
or H*(M,N) with kinetic energy given by the (weak) Riemannian metric.
Here we analyze those systems which are naturally related to certain prob-
lems of hydrodynamics. Note that according to the Lagrangian formalism, a
trajectory of such a system gives the flow of a fluid.

16.1.1 Diffuse matter

In what follows, we use the notation and the hypotheses of Section 5.1. In
particular, M denotes a compact Riemannian manifold without boundary
and (-,-) is its Riemannian metric.

Consider a mechanical system on H*(M, M) with zero potential energy
and kinetic energy K(X) = (XéX), where (+,-) is given by (5.1). Then New-
ton’s equation for the system is

%g(t) =0, (16.1)

where % is defined as in Section 5.1.

Definition 16.1. The mechanical system defined above by (16.1) is called a
Lagrangian hydrodynamical system (LHS) of diffuse matter (with zero exter-
nal force).
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It is clear by (16.1) that the trajectory of every particle of diffuse matter
is a geodesic of (-,-) on M. In other words, the trajectory of the LHS with
initial condition e = id is given by the vector field X € T,D?(M) of the initial
velocities and the metric (-, -).

The kinetic energy is constant along a trajectory of the LHS on H* (M, M)
and the trajectory is an extremal of the action functional with the Lagrangian
L=K.

Similarly, one may define an LHS of diffuse matter on a manifold M with
boundary. This time, however, the motion takes place on a larger manifold
N without boundary (dim N = dim M). The construction still holds if we
take H*(M, N) as the configuration space. One may also consider an LHS of
diffuse matter with an external force.

Note that by Proposition 3.67 the curve (g(t), g(t)) in TD?(M) is an inte-

), i.e.,

gral curve of the geodesic spray Z (see (5.4)),
d ) .
390, 9(t) = 2(g(2), 4(1))- (16.2)

Proposition 16.2 For every X € T,D*(M) there exists a unique solution
9(t) of (16.1) with initial conditions g(0) = e and Lg(0) = X that is well-
defined for t in a sufficiently small interval [0,¢).

Indeed, (16.1) is equivalent to (16.2) (which has a smooth right-hand side).

Recall that the group D*(M) is an open neighborhood of e in H*(M, M)
and so a solution of (16.1) that starts at e, for ¢ in a sufficiently small in-
terval [0,¢), belongs to D*(M). A key role in the Euler description of diffuse
matter is played by the vector v(t) € T.D°(M) obtained by right transla-
tion of the velocity §(t) € Ty D*(M) to the tangent space at the unit, i.e.,
u(t) = TR;é)g(t) (see Section 11.2). Specify some t and consider the right-
invariant vector field 9(t) on D*(M) constructed by right translations of v(t)
to all points of D*(M). Note that the derivative %v(t) is a vertical vector in
Tiew(tyyTD*(M) and from (16.2) it follows that %v(t) equals the difference
between Z and its component “tangent” to the submanifold #(t) at the given
t with respect to the decomposition T\ ,4))TD*(M) = V(e,v(t)) ST e v(t))V(t).
In fact, if v(¢) is an H*-vector field on M, ©(t) is only continuous (see Section
5.1), but if it is H5T* for some integer k > 0, then %(t) is C*-smooth and so
it really has the tangent space at (e, v(t)).

We introduce the notation g(t + At) = Rgfé) g(t+ At). From the construc-

tion of the geodesic spray and of %(t) it follows that

- ot gt+ A=) o L (gt + At)) — u(t)
Z(e,v(t) = A}I—IE&-O At -k A}I—I)I}i-o At

where the first summand on the right-hand side is tangent to v(¢). Then
%v(t), as the difference between Z and the latter summand takes the form
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0 o kgt A) — ()
c’)tv(t)i KA}LmH) At ’

Since K A}/im . %Ap)w(t) = Vypo(t), taking into account that the vec-
—+

tor v(t) € T.D*(M) is a vector field v(¢,m) on M and that the connector K
is defined via the connector K of the Levi-Civitd connection on M by formula
(5.2), we obtain that v(t) satisfies the equation

0

av—i-vvv =0 (16.3)
on M. This is the so-called Hopf equation describing the motion of diffuse
matter in the framework of Euler’s approach. Sometimes it is also called the
Burgers equation without viscous term. Note that on the flat torus (16.4)
takes the form

0
50T (- Ve =0 (16.4)
It should be pointed out that, unlike (16.1), equations (16.3) and (16.4) lose
derivatives, as is typical in Euler’s approach.

The motion of diffuse matter is not of much interest for hydrodynamics
and we shall use it only as a starting point for our further analysis.

16.1.2 A barotropic fluid

Let us now turn to Lagrangian hydrodynamical systems of an ideal barotropic
fluid. The major difference between such an LHS and that described in Sec-
tion 16.1.1 is the presence of a force field, the potential of which is called the
internal energy of the fluid. Strictly speaking, an LHS of an ideal barotropic
fluid is not covered by the general construction of Chapter 11 because the
force field loses smoothness, i.e., it is an H*~'-smooth “vector field” on M. If
we considered only C°°-diffeomorphisms, then the force field would be C'°°-
smooth. However, then the configuration space D°>°(M) would be modeled
on a locally convex space, rather than on a Banach space. As a consequence,
the whole analysis would become much more complicated.

Here we briefly outline some definitions and results on LHSs of a barotropic
fluid on a closed manifold. A more detailed account can be found in [59, 210,
211].

Let M be a compact Riemannian manifold without boundary and let
D*(M) be the group of H*-diffeomorphisms of M with s > n/2 + 2. De-
note by V*~! the space of H* '-smooth volume forms v on M such that

for= o
M M
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where £ is the Riemannian volume form. Following Smolentsev [210], consider
the map ¥,,: D*(M) — V*~! defined as ¥,(g) = (¢~ ')*u, where (g7)*u is
the pull-back of x under the map g~!. Since any two volume forms differ
by a multiplier (see Section 1.6) which is a scalar function on M, we have
@, (9) = p(g)p, where p(g): M — (0,+0c) is an H*"! function called the
density of the fluid at g € D(M).

Let U;: (0,00) — (0,00) be a smooth function. The composition
Ui (p): M — (0,00) is called the specific internal energy of the system. Then
the internal energy U: D*(M) — (0, 00) is defined as

Ug) = /Mul(p)puz /Mw(p) v,

where v = ppu = ¥,(g). In a true physical system, the function U/; depends
on the properties of the fluid.

Consider also the function p: M — R given by p(p) = p? ddz’;l, which
is known as the state equation in mechanics. The function p is called the
pressure of the fluid at g, where ¥,(g) = pp.

Remark 16.3. To explain the terminology, we emphasize that the fluid un-
der consideration is compressible, since we have taken the entire group D*(M)
as the configuration space. In mechanics a compressible fluid is said to be
barotropic if the pressure depends only on the density.

The gradient of U with respect to (-,-) on D*(M) might not exist because
(+,+) is just a weak Riemannian metric. However, as the following theorem
shows, the gradient exists in the class of H% !-vector fields on M.

Theorem 16.4 Let F' be the vector field on D*(M) defined by the equation

1
Fy=TR, (,0 gradp(/’)) )

where ¥, (g) = pu. Then for any Y € T,D*(M), we have dU(Y) = (Y, F,),
i.e., ' =gradl.

Proof. [219] Let g(t) be the flow of ¥ on M. Differentiating the equation
1= g*(p(t)p), we see that - g*(p(t)p) = 0 or, equivalently, %eriv (pV)=0
where V' = TRg_é) Yyt Therefore, we have
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W,

= — [ Ui(p) pdp
o dt Sy

oy

= [ S v () i+ [ () (~div ()

d
:/ <grad (pﬂ) ,Y> pdu+/ (gradih,Y) pdp
M dp M

d
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d
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M P M P
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g

auey) = Sulgn)

t=0

Definition 16.5. An LHS of an ideal barotropic fluid without external force
) — (X1X)

is the mechanical system on D*(M) with kinetic energy (X 2= given

by (5.1) and potential energy U.

The force field in such an LHS is —grad U, so that Newton’s equation takes
the form

D
ag(t) = —gradll. (16.5)

Using standard properties of the Levi-Civita connection, it is not hard to
show that the total energy F = K + U o 7 is constant along a trajectory of
the LHS and that every trajectory is an extremal with fixed end-points of
the action functional with the Lagrangian L = K — U o 7.

Let @ be a vector field on M and @ the induced right-invariant vector field
on D*(M).

Definition 16.6. An LHS of an ideal barotropic fluid with the external force
@ is the mechanical system on D*(M) with K as in Definition 16.5 and the
total force field —gradUf + @. Newton’s equation for this system is

D _
T g(t) = —gradU + &. (16.6)

Let us now show how to pass to Euler’s equation for a barotropic ideal
fluid. Let g(¢) be a trajectory of the LHS (16.6). Consider the curve u(t) =
TR;é)g(t) in T,D*(M). According to the definitions given in Section 11.2,
the curve u(t) satisfies Euler’s equation, which, in this particular case, co-
incides with Euler’s equation of an ideal barotropic fluid. To see this, we
observe that by the definition of & and Theorem 16.4, the right-hand side
of (16.6) turns into f%gradp + & after being right-translated to T.D*(M).
Then, applying the same arguments as in Section 16.1.1, we obtain that
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%u(t,m) = —Vue,mu(t,m) — Loradp + @ where u(t,m) is u(t) considered
as a vector field on M. On the other hand, similarly to the proof of Theo-
rem 16.4, we can deduce that g—’t’ + div(pu) = 0. As a result, we obtain the
system of Fuler equations

ou 1 _
{at+Vuu+ sgradp = (16.7)

% +div (pu) = 0.

Remark 16.7. We finish this section by giving some general references on
the material presented here. The manifold of C'*°-diffeomorphisms was stud-
ied in [210, 211]. In this case the principle of least action in Maupertuis’
form has been proved and the integrals of motion have been analyzed. The
manifold D*(M) was studied in [59]. Note that, in general, it is harder to
work with D*(M) than with D> (M), yet the existence theorems have been
proved only for D*(M). In [59], an LHS of an ideal barotropic fluid was re-
garded as a system with a strong constraint force given by a potential having
a minimum on the manifold D}, (M) of volume preserving diffeomorphisms.
The latter group is the configuration space for an ideal incompressible fluid.
It has been shown that a trajectory on D*(M) approaches the submanifold
D;, (M) as the parameters of the system go to infinity, so that the fluid be-
comes incompressible.

16.2 Lagrangian Hydrodynamical Systems of an Ideal
Incompressible Fluid

The LHS of an ideal incompressible fluid is described as the LHS of dif-
fuse matter subjected to a constraint in the sense of Section 11.6. This
constraint is described as follows. Both in the case of a finite-dimensional
manifold M without boundary and with boundary introduce the notation
8= TeDZ(M ) C T,D*(M) and translate this subspace to tangent spaces at
all points of D*(M). As a result we obtain the distribution 3, a sub-bundle
of TD?(M) that plays the role of a constraint. This constraint is holonomic,
its integral manifold passing through e is ’DfL(M ) and so we shall generally
restrict the constraint equations to T, D*(M). However, in our considerations
below it is sometimes more convenient to deal with 3 as a constraint rather
than restricting ourselves to D, (M).

Note that in this case the covariant derivatives V = P o V and % =

Po % introduced by formulae (5.8), where the operator P is defined by
formula (5.6), coincide with the reduced covariant derivatives by means of
Section 11.1.

Let F be an H*-smooth vector force field on M, i.e., a vector in T.D*(M).
Construct the right-invariant field F' on D*(M) (F. = F) and consider the

Newton law on D*(M) of the obtained system with constraint in the form
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D o

—g(t)=PoF. 16.8

2oty =Po (16.5)
Remark 16.8. P o F' is a right-invariant vector field on D*(M) such that
(PoF), = PoF is the divergence-free (and tangent to the boundary if M
is with boundary) component of F' in the Hodge decomposition (5.7) ((5.10),
respectively). For this reason, without loss of generality, we may consider F as

divergence-free (and tangent to the boundary, respectively), i.e., as belonging
to T D;,(M).

Since, as mentioned above, 3 is integrable, following the general theory
we can restrict the system to the integral manifold D;(M ) that yields a
mechanical system without constraint on that integral manifold.

Definition 16.9. A Lagrangian hydrodynamical system of an ideal incom-
pressible fluid without external forces is a mechanical system with configura-
tion space D (M) and kinetic energy K(X) = 5(X, X), X € TD5(M) where
(+,+) is a weak Riemannian metric (5.1), and so Newton’s law takes the form

90 =0, (16.9)

where £ is as defined in (5.8).

Note that % is the covariant derivative of the Levi-Civitd connection of
the metric (-,-) on D} (M), as follows from general results of Riemannian
geometry. Thus the trajectories of the LHS (16.9) are the geodesics of that
metric (i.e., in particular, they are extremals with fixed ends for the action
functional with Lagrangian L = K).

Let F' € T.D;,(M) and F be the corresponding right-invariant vector field
on D5 (M).

Definition 16.10. A Lagrangian hydrodynamical system of ideal incompress-
ible fluid with external force F is a mechanical system with configuration
space and kinetic energy as in Definition 16.9, with external force F' and
hence with Newton’s law in the form

%g(t) =F. (16.10)

Taking into account Remark 16.8, one can easily see that we do not lose
generality by choosing the external forces from T.D;, (M).

Recall that the geodesics of the Levi-Civitd connection of the metric (-, -)
on D;,(M) are described by the geodesic spray § (see Theorem 5.9).

Theorem 16.11 For every X € T.D;,(M) there exists a unique solution g(t)
of equation (16.9) with g(0) = X that is well-defined on some sufficiently
small interval t € 0,¢).
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Indeed, the solutions of (16.9), and only these solutions, are described as
curves 7y(t) where 7 : TD; (M) — D;, (M) is the natural projection and
7(t) is an integral curve of the geodesic spray 8§ on TD;,(M). Such a curve
7(t) locally exists and is unique for every initial condition X € T'D}, (M) (in
particular, X € T.D;,(M)) since § is smooth.

Remark 16.12. Since § is right-invariant, the choice of initial condition X €
T.D;,(M)) does not restrict generality. Indeed, by a right shift the initial point
of a trajectory can be translated to e.

Theorem 16.13 Let F be a divergence-free (and tangent to the boundary if
M is with boundary) H'-vector field on M where | > s+2. Ifl>s> 5 +1,
for every X € T.D;, (M) the solution g(t) of (16.10) with g(0) = e and
g(0) = X, exists for t > 0 small enough, and is unique.

Proof. I generates on T'D;, (M) the second order differential equation (special
vector field) § 4 (F)! (where (F)! is the vertical lift of F). Its integral curves
are sent by the mapping 7 to the solutions of (16.10). The field 8 + F' on
TD; (M) is at least C'-smooth (see Theorem 5.4) which yields the local
existence and uniqueness of a solution. If s =1 > & + 2, the existence and
uniqueness of a solution on 7Dy, (M) follow from its existence and uniqueness
on TDZ_I(M ) and from the smooth dependence of the flows on T'M on the
initial data (cf. Theorem 5.5). 0

Note the following hydrodynamical interpretation of Theorem 5.10: the
flow of an ideal incompressible fluid without external forces can realize every
configuration of the fluid that is sufficiently close to the initial configuration.

Now we can derive the Euler equation in “space coordinates” (see Sec-
tion 11.2) corresponding to the LHS (16.9) or (16.10). Let g(t) be a solution
of (16.10) and consider u(t) = R, " o g(t) € T.D;(M). As in the derivation

of the Euler equation (16.7), using the definition of % =P %, one can easily
show that u(t) in T.D;,(M) satisfies the equation P(%—? + V,u) = F. Since
u € T, D}, (M), we have P% = %—’t‘. Hence, since P(V,u) = V,u+gradp (see
(5.7) and (5.10)), we obtain the classical Euler equation of the motion of an

ideal incompressible fluid:

0

6—?+Vuu+gradp:F. (16.11)
Remark 16.14. Usually one finds the coefficient % before grad p in the Euler
equation, where p is the fluid density. Since the fluid is incompressible, its
density is constant and we can conveniently adopt a system of units in which

p=1

Remark 16.15. The condition divu = 0 (and the condition that u is tangent
to the boundary if M is with boundary) is also incorporated into the Euler
equation. We emphasize that this condition is equivalent to u € TeDz(M).
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Remark 16.16. When we prove the existence and uniqueness of solutions
in Theorems 16.11 and 16.13 in the framework of Lagrangian formalism,
we use the fact that the field § on T'D;,(M) is smooth and right-invariant.
When we pass to the Euler description, i.e., to the Euler equation (16.11) in
T.D;,(M), we lose information about 8. We emphasize that the Euler equation
is a partial differential equation that is well-defined only on the everywhere
dense subset T, D5 (M) of T, D;,(M). The proof of the existence of solutions
for the Euler equation (16.11), which is independent of Theorems 16.11 and
16.13, is rather complicated.

The Newton Law

(1) = F(t,0(0), (1) (16.12)

with non-right-invariant vector force field F(t,g,Y),Y € T,D;,(T") describes
fluid motion under a force that depends on the fluid configuration and on
velocity. Equation (16.12) can obviously be reduced to the first order equation
on TD;,(T") with special vector field 8+F'(t,9,Y)|(gy) Recall that 8 is C*°-
smooth. Hence, if F(t,g,Y) is smooth enough, (16.12) has a solution g(t) of
the Cauchy problem g(0) = e, §(0) = Xo € T.D,(7"), well-defined on a
sufficiently small time interval. Denote by u(t) the curve in T.D;,(7") (i.e., a
divergence-free vector field on 7™) obtained by right translations of vectors
g(t), ie., u(t) = gt)ogt(t) = TR;é)g'(t). Applying the above arguments
one can easily see that u(t) satisfies the Euler equation

%u + (u- V)u —gradp = TR;(i)F‘(t,g(t), u(t, g(t))). (16.13)

16.3 The Regularity Theorem and a Review of Results
on the Existence of Solutions

As we have shown, a trajectory of an LHS of an ideal incompressible fluid
exists locally on D;, (M) provided that s > n/2+1. (See Theorem 16.11 and,
for a system with external force, Theorem 16.13.) Passing from the LHS to
(16.11), we obtain the local existence of solutions of Euler’s equation. The
solutions belong to H® with s > n/2 4+ 1, and so are smooth in the stan-
dard sense. The existence of solutions on the interval (—oo,c0) has so far
been proved only on two-dimensional manifolds. For various two-dimensional
problems, results of this kind were obtained in [157, 230, 236]. In higher
dimensions, proving global existence is an important and still unsolved prob-
lem. This difference between hydrodynamics on two- and three-dimensional
manifolds has its roots in the fact that the geometric properties of the group
of volume preserving diffeomorphisms DZ(M ) change drastically as we pass
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from dim M = 2 to higher dimensions. (See [3, Appendix 2] and [178] for a
detailed discussion of this matter.)

Consider an LHS of an ideal incompressible fluid without external force on
a manifold M. Geometrically, the existence of trajectories on (—oo, c0) means
that the weak Riemannian manifold Dy, (M) with the metric given by (5.1) is
geodesically complete. Note that here we have no analog of the Hopf-Rinow
theorem, i.e., geodesic completeness does not mean that any two points of
D;,(M) can be connected by a geodesic. Later in this section we discuss the
problem of whether or not any element of D}, (M) can be obtained as a flow
of an incompressible fluid with the initial condition e € D;,(M).

Now let us turn to the regularity theorem, which is a very important result
in higher-dimensional hydrodynamics. This theorem claims that on the inter-
val where the flow of the fluid exists, the diffeomorphisms forming the flow
are as smooth as the initial conditions. (In two-dimensional hydrodynamics
the regularity theorem follows from the existence and uniqueness theorem.)

Let M be a compact orientable Riemannian manifold, possibly with
boundary, and let n = dim M. Assume also that s > n/2+ 1, ¢ > 0, and
the external force fo(t) € T.D; 4(M) C T.D;,(M) is continuous in ¢ in the
topology of T, D *4(M). Select the initial condition Xo € T.D;,(M) to be an
H***_smooth vector field on M with 0 < k < ¢. Denote by n(t) € D;, (M)
the flow of an ideal fluid on M with external force fy such that (0) = e and
i(0) = Xo.

For the case of M with boundary we need the following technical state-
ment. Let N be a compact orientable Riemannian manifold without bound-
ary, dim N = dim M, such that M is a compact submanifold of N. For
example, if M is a given Riemannian manifold, we may set N = double M
(see Section 1.1) and equip N with a Riemannian metric which coincides with
the original metric on one of the copies of M C N. Assume that s > n/2+1
and denote by Dj (M) and Dj,(N) the groups of volume preserving diffeo-
morphisms of M and N, respectively. Also, let j: Vect N — Vect M be the
restriction morphism of vector fields, § the spray on 7Dy, (N) (Theorem 5.9),
and m: TD;,(N) — D;,(N) the natural projection.

Theorem 16.17 [18, 19] There exists a C°-smooth right-invariant sub-
bundle Z° of T'D;,(N) and a C*°-smooth fiber-wise right-invariant projection
R: TD;,(N) — Z° with the following properties:

=S

(i) The projection j: =5 — T.D;, (M) is an isomorphism. (Here =7 is the
fiber of =% overe.)

(ii) The distribution Z° is non-holonomic. The fibers of Z*° have infinite
dimension and infinite codimension in the fibers of TD;,(N).

(ili)  Denote by TR: TTD:(N) — TE* the tangent map of R. Let X (t) be
the integral curve of TR o8 with the initial condition X (0) =Y € Z%.
Then the curve n(t) = wX(t) consists of diffeomorphisms which pre-
serve M, and n(t) |a is a curve in Dy, (M). This curve is a trajectory
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of the LHS of an ideal incompressible fluid (without external force) on
M with the initial condition Yo = j(Y).

A detailed proof of Theorem 16.17 is given in [106, Section 26].

Note that the family of diffeomorphisms 7(¢) does not correspond to the
motion of the fluid on N\M, even though n(N \ M) = N \ M. We should
also point out that a “free” geodesic on D;,(NN) with initial condition Y is a
flow of the fluid on N that mixes M and N \ M.

Let f(t) € Z2 be a time-dependent external force and f(t) the right-
invariant vector field on Dj,(N) corresponding to f(t). To obtain the results
on the flow of a fluid with external force, we just need to slightly refine (ii).
We replace the field TR o § by the field TR o (8 + f(t)!), where f(t)! is the
vertical lift of f(t) to TD;,(N). With this modification in mind, we have:

Corollary 16.18 The curve n(t) |a in D;,(M) is a trajectory of the LHS
of an ideal incompressible fluid on M with the external force fo(t) = j f(t).
Theorem 16.17 (suitably modified) still holds for n(t) as above.

It is clear from (i) that f(¢) and Y are entirely given by specifying fo(¢)
and Yy, respectively.

Remark 16.19. It is clear by definition that the vector bundle Z* defined
for all k > s is the intersection of 5% with TD}(N) C TD;(N) and R is a

vector bundle morphism TDﬁ (N) — Z*,

Note that we have two equivalent descriptions of the flow of an ideal in-
compressible fluid on a manifold M with boundary. The first one uses an
LHS on Dy, (M), while the second one is in terms of an LHS on D;,(N) with
constraint =. This means that the solutions of flow equations in both descrip-
tions must exist for the same values of ¢ simultaneously. It turns out that the
use of the second description sometimes simplifies the argument. We apply
this in the proof of the following.

Theorem 16.20 (Regularity theorem) Let Xy and fy belong to the space
TeDZ+k(M) C TeD;, (M) and n(t) be the flow of an ideal incompressible fluid
on M with external force fy such that n(0) = e and 1(0) = Xo. For M both
with and without boundary the diffeomorphism n(t) belongs to DZ*’“(M) for
all t for which the flow exists in D;,(M). Equivalently, the solution X(t),
X(0) = Xo, of Euler’s equation with external force fo is an H***-smooth
vector field on M (i.e., X(t) € TEDZ”’“(M)) for all t such that X (t) ewists
as an element of H®.

Proof. Following [15, 17, 18, 19], we first analyze the more complex case where
OM +# 0, and then conclude the proof by indicating what modifications can
be made when OM = ().

Let, as before, IV be a closed Riemannian n-manifold and let M be isomet-
rically embedded in N via an embedding ¢. Recall that one may, for example,
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take the double of M as N. Then the metric on N is chosen to coincide
with the original metric on one of the copies of M C N. First, let us use
the constraint =* introduced in Theorem 16.17. Let Yy = R, o0 i(X,) and
f = R.oi(fy). By definition, we have (see Remark 16.19)

Yo € ZENT.DPH(N) =E5TF and  f € E;NT.DITYN) =E57 .

Denote by Yj the right-invariant vector field on D% (N) such that (¥p)e = Yj.
Clearly, Yy is a C*-section of = which is C*-smooth as a vector field on
D;,(N) (see Theorem 5.4).

Consider the mechanical system with the constraint = and the vector field
TR(S+ f') on =% introduced above. (Recall that f! is the vertical lift of the
right-invariant vector field f(t).) By definition, TR(S + f!) is right-invariant
on D5 (N). This field is also C*-smooth, since f(t) is C*-smooth on D5 (N)
and TR and § are both C*°-smooth. Denote by ¢; the flow of TR(S + f!) on
=%, The local existence of ¢; is guaranteed by the smoothness of the field. In
other words, for any initial condition V' € =%, the map ¢ — ¢;(V) is defined
for a sufficiently small ¢. Since the field is D;, (IV)-right-invariant, so is the flow
¢¢. For a fixed t, the diffeomorphism ¢; is a C'?%-smooth map =° — =*. Since
Yy and ¢; are both right-invariant, the domain of the function ¢ +— ¢;(V)
is independent of V' € Yj. For the same reason, the field Y (t) = ¢:(Yo) is
right-invariant for every ¢. Note also that because Y is a C’*-submanifold of
=, the field Y (¢) is C*-smooth on D%(N) for every t. Denote by Y(t) the
vector of Y (t) that belongs to 55 C T, D5 (N). The results of Chapter 5 yield
that Y.(t) is an H*"*-smooth vector field on N for all ¢ such that ¢;(Yp)
exists, i.e., Yo(t) € T.D5(N).

Let 7(t) be the flow of Y, (¢) on N. It follows from the results of Chapter
5 that 7j(t) € D***(N) as long as Y.(t) € T.D,,(N). Furthermore, 7(t) is a
C*-smooth curve on D%(N) (Section 5.1). In particular,

% A(t) = Yo(t) 0 i(t) = V(#) |iq0) -

By Corollary 16.18, we see that n(t) = 7(t) |a is a trajectory of the LHS
of an ideal incompressible fluid on M and X(t) = Y.(¢) |as is a solution of
Euler’s equation. It is clear that n(t) € D5TF(M) and X (t) € T.D5T (M) for
all ¢ for which 7(¢) and X (t) exist and belong to H*.

If OM = (), the proof is easier; there is no need to pass to Yy, f, and the
fields on =*. Instead, working with Xy, fo, and 8 + f* on TD;, (M), one can
apply the same argument. 0O

Corollary 16.21 Let the force fo(t) be a continuous curve in T.D;°(M)
and let Xo € T.D;?(M). Then n(t) € D;°(M) as long as n(t) € T.D,,(M).
Equivalently, X (t) is C*°-smooth as long as it is H*-smooth.

Remark 16.22. The idea of our proof of Theorem 16.20 was originally used
in [61] to prove the regularity theorem on a closed manifold or on M\OM. It is
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essential that in our method (developed in [17, 18]) we deal with vector fields
on Z* right-invariant under D;,(N) and that the latter group can “move” the
boundary OM. On the other hand, the group D;,(M) used in [61] preserves
OM. As a consequence, one cannot obtain regularity in the normal directions
to OM by working only with the fields on 7D}, (M).

Remark 16.23. In [151], the regularity for a manifold with boundary was
proved in the particular case of a potential external force. The proof of this
result can be reduced to the study of the flow of a free fluid. In our proof the
force is only assumed to be divergence-free. As pointed out in Remark 16.8,
the general case can be formally derived from the case we have analyzed. Note
also that the regularity theorem for a general external force on a bounded
domain in R™ was announced in [219, 220]. However, as the author later
pointed out (see [221]), the proof was incomplete.

Let us now turn to the problem of whether or not two given elements of
D;,(M) can be connected by a flow of an ideal incompressible fluid with-
out external force, i.e., by a geodesic of the weak Riemannian metric. For
dim M = 2 and dim M = 3, this problem was studied by Shnirelman [209] in
the following context. Let n € D}, (M) and let there exist a piecewise smooth
curve 7(t), t € [0,1], in Dj,(M) which joins id with 7 (i.e., 7(0) = id and
n(1) = 7). In other words, we assume that n belongs to the path-connected
component of id. Denote by lo(n(+)) |§ the length of the curve n(t) evaluated
with respect to the H%-metric defined by (5.1). Thus,

1 1
= / VD, 7)) d.

Taking into account that the flow of an ideal incompressible fluid is a
geodesic of (5.1), we see that the question is whether or not there exists a
smooth extremal of [y with fixed end-points id and 7.

The main result of [209] (Theorem 1.1) is as follows. Let M be the three-
dimensional cube. Then there is a diffeomorphism 7 in the path-connected
component of id such that for any piecewise smooth path 7(-) with n(0) = id
and n(1) = 7, there exists a path n/(-) with the same end-points and strictly
smaller length: Io(n'()) |§< lo(n(-)) |3- As a consequence, 1 cannot be joined
with id by a flow of the fluid.

For a two-dimensional manifold M, it is still unknown whether or not a
given diffeomorphism 7 from the connected component of id in Dy, (M) can
be connected with id by a flow of the ideal fluid. However, it was conjectured
in [209] that such a flow always exists.

The proof of the main theorem of [209] is based on the following important,
though technical, results. Let dist(£7, £2) be the infimum of the lp-lengths over
all curves in Dj,(M) which connect & and &. As in the finite-dimensional
case, dist is a metric (i.e., a Riemannian distance) on Dj,(M). This metric
induces the weak (i.e., H’-) topology on D% (M). (According to a result of

lo (n(+))
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[209], the closure of Dy, (M) with respect to dist contains no interior points.) It
is shown in [209] that the diameter of D}, (M) with respect to dist is finite if M
is three-dimensional and contractible, and infinite if M is a two-dimensional
domain. When M is three-dimensional, we have the following estimate for
dist. Let A¢(z) = p(x,&(x)) be the distance from z to {(x) on M. It is not
hard to see that A¢ € L2(M). As shown in [209], there exist constants o > 0
and C' > 0, which depend on M only, such that for every & € DZ(M )

dist(id, §) < C (| A¢llz=)" -

Let n = dimM and s > n/2 + 1. Recall that, by Theorem 5.14 (proved
originally in [61]), for any manifold M, there exists an H®-neighborhood W
of id € Dj,(M) such that every element of W belongs to a flow of a free
ideal incompressible fluid starting at id. It is shown in [13] that W is also
filled out by flows of the fluid with an external force, provided that the
following smoothness hypothesis holds. We assume first that s > n/2+1 and
either the external force f is independent of time and H**!-smooth (i.e., f €
T. Dy (M) or, if f is time-dependent, then f(t) is H**'-smooth for every ¢,
continuous in ¢ in T, D5+ (M) and C*-smooth in ¢ in T, Dj;(M). Furthermore,
if s > n/2 + 2, then these assumptions can be relaxed: f € T.D;,(M) for an
autonomous f; or, otherwise, f(t) is continuous in ¢ in 7D}, (M).

To prove the latter assertion one passes to the group ijl(M ) and then
applies the regularity theorem (Theorem 16.20) together with the relative
version of the theory of topological degree [13].

Remark 16.24. As is shown in [14], the neighborhood W is also covered by
flows of a viscous incompressible fluid. The problem of determining the size
of W seems to be interesting and important. The aforementioned results of
[209] show that in the three-dimensional case W is strictly smaller than the
connected component of id in Dj,(M).

In conclusion, let us prove that the flow of a free incompressible fluid
has a first integral. This result is analogous to the angular momentum con-
servation law for the motion of a rigid body with a stationary point. (See
Section 11.2 and, in particular, Remark 11.4.) The existence of such a first
integral is known in hydrodynamics as the circulation conservation law [3].
Apparently, this integral was originally considered in [211] by means of the
Lagrangian approach for the group of C*°-diffeomorphisms. Similarly to the
finite-dimensional case, the existence of a first integral follows from the fact
that the metric (the Lagrangian) is invariant with respect to the group
structure (Noether’s theorem). The proof below is obtained by adapting the
standard finite-dimensional argument to the infinite-dimensional setting on
D;, (M) (cf., [3]). An essentially new point in the proof is that now we apply
the regularity theorem (Theorem 16.20).

Let s > n/2 + 1. Consider the set 57! of H* !-smooth divergence-free
vector fields on M which are tangent to the boundary. The fields from 357!
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are continuous on M, but may not be C'-smooth. Thus, the vanishing of the
divergence means only that 3°~! is orthogonal to the space of exact forms in
the Hodge decomposition. (See (5.5) and (5.9).)

Denote by 3°~! the bundle over DZ(M ) obtained by right-translations of
Bt = 71, de., with fibers 357! = {X og | X € 57!, g € D;(M)}. For
V € 3571, let V be the left-invariant cross-section of 3°~ 1, i.e., Vg =TgoV.
Observe that the fibers of 4*~! inherit the right-invariant inner product given
by (5.1). Since T.D;, (M) C =1, the inner product (V,, X,),, where X, €
T,D;,(M), is well-defined.

We emphasize that the metric given by (5.1) is simply the restriction of
the metric on the fibers of 3°~! to the fibers of 1Dy (M).

Let Xo € T.D;,(M) and let n(t) be the geodesic on D;, (M) (the flow of
fluid) with initial conditions 7(0) = id and 7(0) = X.

Theorem 16.25 For any V € 7', the inner product (V,ﬁ) 18 constant
along n.

Proof. First, let us assume that
VeB=TD;,(M) and X,e€T.D;"(M)CT.D;(M).

Then by Theorem 16.20, we have 7(t) € D5t (M) as long as n(t) exists as

an element of D}, (M). Hence, V,=TgoV € T,D;,(M). Denote the flow of

V by g(7). In what follows we regard g(7) as a one-parameter subgroup of

f;(M) and consider the right action Ry(;) on D;,(M). Since n € D;,(M), we
ave

d d d _
T Bamyon=1-(nog(r)) =Tno —g(r) =TnoV =V,

Thus, V is the generator of Ry(r). Since the spray 8§ on TD; (M) is right-
invariant under the action of D}, (M) (see Section 5.1), the curve t = Rgmyn(t)
is a geodesic for every fixed 7.

Let

, d
n(t,7) = Ryryn(t) and n(t,7)= T n(t, 7).

By definition, we have {1n(t,7) = V. It is easy to see that the fields 7(¢, 7)
and V commute on the intersection of their domains, i.e., [7(t,7), V] = 0.
Clearly,

Gt )0, 7)) = - (it ) (6, 7)) = 0,

where V (5)(t, 7),7(t, 7)) is the derivative of the scalar function (r(t, 7), 7(t, 7))
in the direction of V. Because 7(¢,7) and V commute and the Levi-Civita
connection is torsion-free, we have
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Observe that

) D
vﬁ(t,T)n(taT) = &ﬂ(tﬁ) =0.

Then, by the definition of the Riemannian connection (see formula (2.29)),
0= V(i) = 2(Vvini) =2 (V4V.1)

=2(VV0) +2 (Vi V) = 2% (V. ilt, 7))
along n(t, 7). Therefore, %(V,T’](t)) = 0 along the geodesic n(t) = n(t,0).
This completes the proof of the particular case.

Now let us turn to the general case where V' € 357" and X, € T.D;,(M).
Recall that 3 = T,D5;(M) is dense in 3°~' and T,D5*!'(M) is dense in
TEDZ(M). Thus, there exists a sequence V; € B~ converging to V in the
H* '_topology and a sequence X; € TQDZ‘H(M) converging to Xg in the
H?*-topology. We pass to the limit as follows.

Let 7;(t) be the geodesic in Dy, (M) with 7,(0) = X;. Since the solution
of a differential equation depends continuously on its initial condition, n;(t)
converges to 7(t) uniformly on every finite interval. Note that for n;(t), X;,
and I_/j, the theorem has already been proved.

It is not hard to see that the linear map V +— (V,-), where (-,-) is the
weak inner product (5.1), is a continuous embedding of 3 into T3 Dy, (M). The
convergence of the vector fields in the H*~!-topology implies the convergence
in the space H*®. Recall that in the theory of Sobolev spaces the latter space
is identified with the dual to H*® by means of the H’-inner product. It is clear
that the sequence (Vj,7;) converges to (V,n) as i,j — oo. Since (Vj,7;) is
constant along 7;, the function (V7)) must also be constant along 7. a

16.4 Description of Deterministic Viscous
Hydrodynamics Via a Stochastic Version of
Newton’s Law on Groups of Diffeomorphisms

Everywhere in this section we deal with fluids moving in a flat n-dimensional
torus 7™. Recall that 7" is the quotient space of R™ with respect the integral
lattice where the Riemannian metric is inherited from R™ (see Sections 5.2
and 10.2).

16.4.1 General construction

This section is devoted to the approach to hydrodynamics in terms of the
geometry of groups of diffeomorphisms, suggested for perfect fluids by Arnold
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[2] and Ebin and Marsden [61] (see the previous sections). It turns out that
to give an adequate description of viscous fluids in this language requires the
involvement of stochastic processes (see, e.g., [106] and [107]). In particular,
Newton’s second law on the groups of diffeomorphisms, used in the case of
perfect fluids, is replaced by its special stochastic analog in terms of Nelson’s
mean derivatives.

Here we use the material from Chapters 5 and 10. We shall deal with It6
type equations on D*(7™). Since the connection on D*(7") is generated by
the flat connection on the torus, the corresponding exponential map is like
that on a linear space. So, without loss of generality we use a notation that is
typical for It6 equations in linear spaces (see Remark 10.4). Below we consider
a certain equation on the manifold 3 (a sub-bundle of TD*(7") introduced
in Section 16.2) in general Belopolskaya-Daletskii form with respect to the
exponential map of some special connection. The equations on DZ(T”) are
considered as those on D*(7™) subjected to a constraint 3 as described in
Remark 10.4.

The main idea of the description of viscous hydrodynamics in the language
of mean derivatives is as follows.

Let a random flow £(¢,m) with initial data £(0,m) = m € T™ be given
on a flat n-dimensional torus 7. Suppose that it is a general solution of a
stochastic differential equation of the type

&(t,m) =m + /0 a(s,&(s,m))ds + ow(t) (16.14)

modulo factorization with respect to the integral lattice, with real constant
o> 0. Let D.&(t,m) = v(t,&(t,m)), where v(t,m) is a Ct-smooth (in t) and
a C?-smooth (in m € T™) vector field on 7™. Let £(t,m) satisfy the relation

D,D,£(t,m) = F(t,m), (16.15)

where F'(t,m) is a vector field on 7. Taking into account formula (8.25), we
obtain

2 2
D.D.&(t,m) = (%1} + (v, V)v — %Vzv) = ﬁv + (v, V)v — %VQU.

ot
(16.16)
Thus (16.15) means that v(¢,m) satisfies the equality
0 o?_,
Py + (v, V)v — 7V v=F(t,m), (16.17)

which is the Burgers equation with viscosity %2 and external force F'(t,m).
We interpret (16.15) as a stochastic analog of Newton’s second law on the
group of Sobolev diffeomorphisms D*(7").
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The case of viscous incompressible fluids requires some additional con-
structions. Consider the vector space T,D*(7") of all Sobolev H?*-vector
fields (s > % + 1) on 7™ with the L?-inner product introduced by formula
(5.1) where M is replaced by 7". Consider the subspace g = T.D;(7")
consisting of all divergence-free vector fields and the orthogonal projector
P : T,D*(T") — T.D;,(T") = (3 introduced in Section 5.1. Recall that by
formula (5.7) for any Y € T,D*(T™) we have P.(Y) =Y — gradp where p is
a certain H**! function on 7™ that is unique to within an additive constant
for given Y.

Let a random flow £(¢) be given on 7™. Suppose that £(¢) is a general
solution of a stochastic differential equation of the type (16.14). Let D.&(t) =
u(t,&(t)), where u(t, z) is a divergence-free vector field on 7", C''-smooth in
t and C?-smooth in m € 7", and that £(¢, x) satisfies the relation

P.D,D.£(t) = F(t,£(t)), (16.18)

where F'(t,z) is a divergence-free vector field on 7". Taking into account
formulae (8.25) and (5.7), we obtain

0 % _,
P.D.D.{(t,x) = P, P + (u, V)u — 7V u

0 % _,

= —u+ (u,V)u — —V?u — gradp. (16.19)
ot 2

Thus (16.18) means that the divergence-free vector field u(t,z) satisfies the

relation 9

%u + (u, V)u — %VQU —gradp = F, (16.20)
which is the Navier-Stokes equation with viscosity %2 and external force
F(t,x).

We interpret (16.18) as a stochastic analog of Newton’s second law on the
group D*(7™), subject to the mechanical constraint 3 that is introduced in
Section 16.2. In spite of the fact that the constraint is holonomic (i.e., inte-
grable), we do not restrict attention to its integral manifolds. This allows us
to apply both the finite and infinite-dimensional language to the investigation
more easily.

Now we are in a position to describe this approach in detail. We present it
for the case of a viscous incompressible fluid. The compressible case (leading
to the Burgers equation as above) can be investigated by a simplification of
the incompressible arguments and we leave it for the reader.

For simplicity of presentation, we suppose s > 5 + 2. This means that the
H* vector fields on 7" are at least C2.

The definition of mean derivatives for processes on D*(7 ™) is analogous to
that on R™ and on 7™. In order to distinguish the derivatives on D*(7") and
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on 7™ we denote the former by D, D, and Dy while D, D, and D, remain
valid for 7™.

Let a(t,z) be a divergence-free H® vector field on 7". Denote by a(t, f)
the corresponding right-invariant vector field on D?*(7™). Consider also the
right-invariant field of the linear operators A introduced in Section 10.2, Ag :
R"™ — TyD*(T™). The flow on 7" generated by equation (16.14) is a solution
of the equation

dé(t) = a(t, £(t))dt + oA (£(t))dw(t) (16.21)

on D?(7T™). One can easily see that for the quadratic mean derivative for
such £(t) we obtain the equality

Dot(t) = oI (16.22)

where I is the field of unit operators in tangent spaces to 7. It is also evident
that if £(¢) is described by an equation in It form and satisfies (16.22), the
diffusion term of the equation is o A(£(t))dw(t).

The mechanical interpetation of the sub-bundle 3 introduced in Sec-
tion 16.2 is a constraint. According to the ideology of the geometric de-
scription of constraints from Section 11.6, we give the following definition.

Definition 16.26. A stochastic process £(t) is said to be forward admissible
to the constraint 3 if DE(t) € Bg(t) a.s. for all ¢. B
A stochastic process £(t) is called backward admissible to the constraint 3
if D.&(t) € By a.s. for all ¢.
A vector field X is called admissible if Xy € 3¢ at any f € D*(T").

Following general ideas of mechanics with constraints we can introduce

the notions of covariant mean derivatives with respect to a constraint. By P
we denote the right-invariant field of projectors introduced by formula (5.6).

Definition 16.27. For an admissible vector field X and forward admissible
process &(t) the expression PDX (t,£(t)) is called the covariant forward mean
derivative with respect to the constraint [.

For an admissible vector field X and backward admissible process £(t) the
expression PD, X (t,£(t)) is called the covariant backward mean derivative
with respect to the constraint (3.

Let 7n(t) be a backward admissible process. Then, according to Definition
16.27, we can consider the covariant backward mean derivative PD,D,£(t).
Let F(t,z) be a divergence-free H®-vector field on 7", i.e., F(t,z) can be
considered as a time-dependent vector F(t) € (.. Denote by F(t, f) the
right-invariant vector field on D*(7 ™) generated by F(t).

Theorem 16.28 Let for a process £(t) on D*(T") the relation D.E(t) =
(t, &(t)) holds where u(t, f) is a right-invariant vector field on D*(T™), gen-
erated by a divergence-free H®-vector field u(t,x) on T™. If £(t) satisfies
(16.22) and the constrained Newton law
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PD.D.£(t) = F(t,£(t)) (16.23)
u(t,z) on T™ satisfies the Navier-Stokes equation (16.20).

The proof of Theorem 16.28 is reduced to the finite-dimensional arguments
used above.

The divergence-free vector field u(¢,z) on 7™ from Theorem 16.28, i.e., a
time-dependent vector in 8, C T.D*(7"), can be obtained by right transla-
tion of the backward velocity D,£(t) at e, and so the Navier-Stokes equation
(16.20) plays the role of the Euler equation in the “algebra” T.D; (7") ac-
cording to the general approach to Euler equations described in Section 11.2.
The flow of u(t,z) on 7", which is a curve on D*(7™) describing the motion
of a viscous incompressible fluid, may be considered as the expectation of the
process £(t).

So, we need to construct a backward admissible process on D*(7™) sat-
isfying (16.22) that also satisfies (16.23). It is a difficult problem to find a
process with given backward mean derivatives. That is why we shall try to
construct £(¢) by solving first a certain equation of type (16.21) and then
changing the time direction in its solution.

Let a process 7)(t) on D;,(7") be a solution of the stochastic differential
equation of type (16.21) with initial condition 1(0) = e and suppose it exists
for t in a non-random time interval [0, 7]. Consider the process with inverse
time direction £(t) = n(T —t). Our aim now is to construct an equation for n
such that (16.23) is fulfilled for £(t), and D.&(t) = u(t, £(t)) where a(t, f) is an
admissible right-invariant vector field with initial condition w(0,e) = up € (e
where ug = ug(z) is a divergence-free H?*-vector field on 7".

Since the backward mean derivative for £(t) is equal to the negative of
the forward mean derivative for n(T — t), we have Dn(t) = —D.&(T —t) =
—u(T — t,n(t)). Hence, taking into account Theorem 8.7 and the fact that
TrS(X) = X and TwF' = 0, we deduce that £(t) satisfies (16.23) if n(t)
satisfies the equality

dn(t) = —a(T — t,n(t))dt + oA(n(t))dw(t) (16.24)
and the process u(T — t,n(t)) in 3 satisfies the equality
DT — t,5(t)) = —S((T — t,1())) — F'(T — t,&(T — (1)) (16.25)

where FY(T —t,a(T —t,n(t))) is the vertical lift of F(T — ¢, a(T — t,n(t))).

Denote by AT the horizontal lift of the field A onto T'D*(7™). Introduce on
3 the connection from Section 2.8. Recall that the projections of its geodesics
onto D*(7™) are geodesics of the connection H. Denote the exponential map
of this connection by exp?.

Theorem 16.29 Let the process u(T — t,n(t)) on B satisfy the Ité equation
in Belopolskaya-Daletskii form
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du(T = t,1(t)) = expgir_y oy (=S(@(T = t,(t)))dt (16.26)
—F!(t,a(T — t,n(t)))dt + AT(a(T — t,n(1)))dw(t)).

Then the process 1(t) and the right-invariant admissible vector field @ on
Ds(T™) satisfy (16.24) and (16.25), respectively, and so §(t) = n(T —1t) satis-
fies (16.23) and (16.22). Hence the divergence-free vector field u(t,z) on T"
is a solution of (16.20).

Theorem 16.29 follows from the infinite-dimensional version of Lemma 9.3.

The following finite-dimensional interpretation clarifies the construction.
The process 7n(t) with initial condition 1n(0) = e on D*(7™) that satisfies
(16.24) is a random flow on 7™. Denote this flow by n(t,z) with n(0,z) =
x. The flow n(t,x) is the general solution of the Ité stochastic differential
equation on 7"

dn(t,x) = —u(T — t,n(t,z))dt + odw(t) (16.27)

with divu(t,z) = 0, the finite-dimensional version of (16.24). By direct cal-
culation of the forward mean derivatives for the finite dimensional process
n(t, ) we show that Dn(t,z) = —u(T — t,n(t,z)) and

PDDy(t,2) = 4T~ tn(t2) + (u(T ~ £, ), V)ulT ~ t,n(t,2)

2
—%VQU(T —t,n(t,x)) — gradp.

The latter equality is turned into (16.19) under the change of variables
n(t,x) = &(T — t). Thus equation (16.26) guarantees that for the process
n(t) satisfying (16.27) the relation PDDn(t,x) = F(t, ) holds.

For a stochastic differential equation with respect to a process ((t) on
D#(T™) denote by (:(s) its solution with initial condition (¢(¢) = e. Consider
the following system on D*(7™):

dn(t) = —a(T —t,n(t))dt + oA(n(t))dw(t)
u(t) = PEQc(ug o nr—i( / F(s (16.28)
where Q. is introduced in Definition 5.16 and ug = u(0) € 3. is the initial
value for u(t) (see above). Notice that the first equation of (16.28) is (16.24).

Theorem 16.30 If the process n(t) and the vector u(t) satisfy (16.28), then
u(t), considered as a divergence-free vector field on T™, satisfies (16.20).

Indeed, taking into account the routine stochastic presentation of solu-
tions of PDEs one can easily derive from the second equation of (16.28) that
PDDn(t,z) = F(t,x).
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The system (16.28) is similar to the system considered by Ya. Belopol-
skaya in [22] (see also [24]). Equation (16.27) is a part of another system of
stochastic differential equations, connected with the Navier-Stokes equation,
that was also studied by B. Busnello [36].

We should also mention [42] where the theory of forward-backward stochas-
tic differential equations on the diffeomorphism group of a torus is used to
describe viscous incompressible hydrodynamics, and [39] where the infinite-
dimensional Wiener process in the stochastic differential equations on that
group is used.

16.4.2 Solutions of Burgers, Reynolds and
Navier-Stokes equations via stochastic
perturbations of inviscid flows

If the backward mean derivative of a process satisfying the stochastic Newton
law of the previous section is not generated by a right-invariant vector field,
in the “algebra”, after passing to the Euler approach, some other types of
hydrodynamical equations may arise.

In this section we introduce a special stochastic perturbation of a flow of
diffuse matter such that the perturbed flow satisfies the stochastic Newton
law of type (16.15), and show that the corresponding curve in the tangent
space at the unit satisfies Burgers’ equation. The same perturbation of a flow
of a perfect incompressible flow without external force satisfies the stochastic
Newton law (16.23) with F' = 0, but yields a curve in the tangent space at
the unit that is a solution of a Reynolds type equation. Nevertheless, under
the action of a certain special external force on the flow, this curve becomes
a solution of a Navier-Stokes equation without external force. As above, we
consider a fluid motion on the flat n-dimensional torus 7.

In this section we take s > 5 + 2 so that the diffeomorphisms from
D*(T") and D;,(T") are C*-smooth and T,D*(T™) consists of C*-smooth
vector fields. We often use the operator Q introduced in Definition 5.16(iii).

Everywhere below we use the same process W (7)(t) constructed from a
Wiener process w(t) in R™ by formula (10.5) (see also Theorem 10.5). If, in
the formula, several random elements appear with subscript w, this means
that they all are taken at “the same” w € (2, i.e., sometimes the formula may
be considered as a description of a non-random element depending on the
parameter w € 2.

Let g(t) be a solution of (16.1) with initial conditions g(0) = e and §(0) =
vg € TeD*(T™). Recall (see Proposition 16.2) that such a solution exists on
some time interval ¢ € [0,7] (for the sake of convenience we take a closed
interval inside the domain of g(t)). Recall also that g(t) is a flow of diffuse
matter without external forces. Consider v(t) = R;é)g(t) =g(t)og (t) €
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T.D*(T™). This infinite-dimensional vector, considered as a vector field on
7™, will also be denoted by v(t,m). Recall that this vector field satisfies the
Hopf equation (16.4).

Consider a process on D*(T") of the form 5(t) = W) (t)o g(t), t € [0,T],
where W) (t) is defined by (10.5). In the finite-dimensional terminology,
n(t) is a random diffeomorphism of 7™ of the form n(t,m) = g(t,m) + cw(t)
modulo the factorization with respect to the integral lattice. Introduce the
process £(t) = n(T —t), i.e., in the finite-dimensional notation, £(t,m) =
g(T' —t,m) + ow(T —1).

Since w(t) is a martingale with respect to its own “past”, one can easily
derive from the properties of conditional expectation that D.&(t) = ¢(T —
t,m) =v(T —t,g(T —t,m)) and so PD,D.&(t) = 2g(s)js=r— = 0.

Consider the random process

Ei(s) = E(5) 0 &1 (t) = WOT —5) 0g(T —s) o g~ (T —t) o (WN(T — 1)) .
Notice that the random diffeomorphism (W) (¢))~! acts by the rule
(W ()" (m) = m — gw(?).

Obviously &(t) = e. A finite-dimensional description of this process can be
given as follows.

By construction m = £(¢,£71(t,m)) = g(T — t,£71(t,m)) + ow(T — t).
Then g(T —t,&£(t,m)) = m —ow(T —t) and so £~ (t,m) = g Y (T —t,m —
ow(T —t)). Thus,

&(s,m) = &(s,97 (T — t,m — ow(T — 1))
=g(T—59 " (T—t,m—owT —1t))+owT —s).

We have &(t,m) = m — ow(T —t) + ow(T — t) = m, indeed, &(t) = e on
Ds(T™).

Since &(t) = e, the “present” o-algebra N is trivial and so the con-
ditional expectation with respect to it coincides with the ordinary mathe-
matical expectation. Hence, using the relation between v(t) and g(¢) and the
definition of D,, one can easily derive that

D.&i(s)js=t = E (o(T = t,m — ow(T - 1)))

= B (QT Ry iy p_yo(T = 1)) (16.29)

(here t is fixed and the derivative is taken with respect to s).
Introduce on 7™ the vector field V(¢,m) = E(v(t,m — cw(t))). As an
infinite dimensional vector, we denote it also by V(t) = E(Q.T Ry} (1)).

w6
Formula (16.29) means that D.&;(s)js— = V(T —1).

Theorem 16.31 The vector field V(T —t,m) satisfies the Burgers equation
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d 2
EV(T—t,m)—i—(V(T—Lm)-V)V(T—t, m)—%V2V(T—t,m) =0, (16.30)
where V? is the Laplace-Beltrami operator which on the flat torus coincides
with the ordinary Laplacian.

Proof. For t € [0,T] and w € (2, define the curve (; ,(s) in s € [0,T] depend-
ing on the parameter w by the formula
Ctw(s) = R;VEU)(Tit)g(T — 5,9 YT —1t) = g(T — 5, YT —t,m — ow(T))).
Note the only difference between (., (s) and & ., (s): the stochastic summand
ow(T — s) appears in the expression for & ,,(s) while it is absent in (. (s).
This means that ¢; ., (s) is an a.s. smooth curve with random initial condition
Gruo(t) = (WET(T = 1)), » . _
We have $-Cto(8)[s=t = —TRWLU)(T%)U(T — 5). Since g(T' — s) is a
geodesic, from Proposition 5.7 it follows that “for almost all w” (i.e., a.s.
for w € £2) the curve (., (s) is also a geodesic, i.e., 2L, ., (s) = 0. From the
construction of the operator L, in Section 5.2 it follows that the action of the
diffeomorphism Wu(,a) (t) coincides with that of L, ). Hence, by Theorem
5.19 the curve (WQ(JU)(T —1))Ctw(8) = Ligw, (1—1))Ctw(8) is a.s. geodesic as

well, i.e., 241, (r—4)Cw(s) = 0. Note that

d d _
El(aww(Tft))Ct,w(S)b:t = Qe&(t,w(shs:t = _QeTRWE”)(T—t)v(T - t)
Recall that EQeTR;Vl(U)(Tit)v(T—t) = V(T —t) and D,&(s) 5=t = V(T —1)

(see above). Then from the above arguments and constructions we derive
that

D d
DD (8)e = DVT 166 )ems = ~E (2 Geliomaionil)mt ) =0

But since D.&:(s)|s=¢ = V(T —t), by formula (8.25) the backward derivative
D, V(T —t,&(s)) coincides with the left-hand side of (16.30). Hence (16.30)
is satisfied. O

Now, let us turn to the case of viscous incompressible fluids. Let g(t) be a
solution of (16.9) on D;,(7") with initial conditions g(0) = e and §(0) = ug €
T.D,;,(T"). Theorem 16.11 tells us that such a solution exists in some time
interval ¢ € [0, 7] (for the sake of convenience we again take a closed interval
inside the domain of g(¢)). Recall that g(¢) is a flow of a perfect incompressible
fluid without external forces. Consider u(t) = g(t)og~"(t) € T.D;(T™). This
infinite-dimensional vector, considered as a divergence-free vector field on
7", will be denoted u(t,m). Recall that this vector field satisfies the Euler
equation (16.11) without external forces (see Section 16.2).
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Since W(?)(t) takes values in D;,(T") (see Theorem 10.5), we can repeat on
D;,(T™) the above constructions for D*(7"), i.e., define n(t) = W) (t)og(t),
where ¢t € [0,T], and &(t) = n(T —t) (i.e., in the finite-dimensional notation
£(t,m) = g(T'—t,m)+ow(T —t)). It is easy to see that D.£(t) = g(T—t,m) =
u(T —t,g(T —t,m)) and so PD,D.£(t) = 2§(s)s—r—, = 0 on Dy (T™).

As above, the process &(s) = £(s) o &~ ( ) has the property ft( ) =e. Its
finite-dimensional description is quite analogous to the case of D*(7T™).

Introduce on 7™ the vector field U(t,m) = E(u(t,m — ow(t))) (a direct
analog of V' (t,m)). We also denote this field as an infinite dimensional vector
by U(t) = E(QeTRwl((,) nyul(®))-

Lemma 16.32 The vector field U(t,m) is divergence-free.

Proof. By construction, for an elementary event w € (2, the diffeomorphism
(W@ (t),)~! is a shift of the entire torus by a constant vector. Hence, Q.
applied to T RW(r,) ) u(t) is the parallel translation on the torus of the entire
divergence-free vector field u(t) by the same constant vector into the opposite
direction. Thus Q(,TRwl(g) (iU u(t) is a random divergence-free vector field on
the torus. Hence its expectation is divergence-free. 0O

So, U(t) € T.D;,(T"). In particular, we have proved above that
D.&(8)|s=¢ = U(T —1). (16.31)

Since nothing like Theorem 5.19 holds on D;,(7™), we have PDy D.&¢(s)[s=t =
D.U(T —t,&(s))s=¢ # 0 (the value of this mean derivative is calculated in
Remark 16.34 below). Hence there is no analog of Theorem 16.31. We can
prove only the following:

Theorem 16.33 The vector field U(t,m) satisfies the following Reynolds
type equation (see, e.g., [207)):

%U + E[((u-V)u) (t,m — ow(t))] — %QVQU —gradp = 0. (16.32)

Proof. 1t follows from the It6 formula that

du(t,m — ow(t))
_ Ou

2
= 5 (tm = ow(®))dt + %v%(t, m — ow(t))dt — o’ dw(t),

where V2, as above, is the Laplace-Beltrami operator and ' is the linear
operator of the derivative of w in m € 7.

Recall that u(t, m) satisfies the Euler equation without external force, i.e.,
9u — —P((u- V)u). Since

E (;tu(t,m - Uw(t))) = %Eu(t,m —ow(t)) = %U(t)
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and E(o(Vu)dw(t)) = 0, we derive that

%U =F (%u(f,m - mu(t)))
-y [—P ((u- V)u) (t,m — ow(t)) + %v%(t, m — ow(t))

=—FE[((u-V)u) (t,m — ow(t))] + %VQU + grad p.
O

There are standard methods for transforming (16.32) into the standard
Reynolds form (see [207]). For a divergence-free vector field X(m) on 7™
(i-e., for a vector X € T.D;(7")) introduce the random divergence-free
vector field Uy (t,m) = X (m — ow(t)) — E(X(m — ow(t)) (ie., the vector

Ux(t) = QT Ry (y X — E(QT Ry (yX) in T.D;(T™)). For X = u(t),

we obtain [?u(t)(tm) = u(t,m — ow(t)) — U(t,m) and so u(t,m — ocw(t)) =
U(t,m) + ffu(t)(t,m) and Elju(t)(hm) = 0. Then one can easily see that
E([(u- V)u](t,m — ow(t))) = (U - V)U + E[(Uyq) - V)Uys)- Thus, (16.32)
transforms into

0 2 o o
U+ (U-V)U = VU — gradp = —E[(Uuy - V)lun). (16.33)
which is the standard form of the Reynolds equation. It differs from the

Navier-Stokes type relation with viscosity "72 by the external force —F [((ju(t) .

V]

V)Uy )] which depends on u(t,m), not on U(t,m). Recall that (16.33) de-

9 9

scribes the turbulent motion of a fluid if the dependence of E[(Uy ) - V)Uy )]
on U is given (say, derived from experimental data, see [207]).

Remark 16.34. For {;(s) as introduced above, formula (16.31) tells us that
D.&(8)js=¢ = U(T —t). Then, taking into account formula (8.25), one can
easily derive that

_ _ 9 2
PD.D,&()s—t = PDU(T—s,6(s))ss = EU+(U~V)U—%V2U—gradp.

Thus, (16.33) implies that PD, D& (s)s—t = fPE[(U'u(T_t) . V)Iju(T_t)].

Our next aim is to show that a slight modification of the above argument
allows us to annihilate the external force in (16.33) by introducing a special
random force field on D, (7") into (16.12).

For a random divergence-free a.s. H**!-vector field X, (m) on 7" (i.e.,
for a random vector X,, € T.D;*H(T") C T.D;(T™)), construct the random

vector field U x,, (t,m) which, for any w € {2, is given by the formula
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Ux, (t,m) = Xu(m — ow,(t)) — E(X,(m — ow,(t)).

Introduce the non-random H* vector field PE [(U X, V)ﬁxu} and then con-
struct the random vector §,, (¢, X,,) in TeDZ(T") by the formula

%w(t7Xw) = QGTRWLU)(t)PE[(ﬁXw . V)(?XW}

Note that PE[(Ux, - V)Ux,] and hence ,(t, X.,) lose their derivatives, i.e.,
they are H*-vector fields only since X,, (and so Ux_) is H*T1. Thus §., (¢, X.)
is well-defined only on an everywhere dense subset T, D5 (T") of T.D5(T™).
Now introduce the right-invariant vector force field §,, (¢, g, Y,,) on D;(T™),
where Y, € T, D5 (T™), which for g € DST(7") and w € 2 is determined by
the formula
gw(t 9, Yw) = TRg&w(u TRg_lyw)a

where TR;le is a divergence-free a.s. H5t1-vector field.
Consider the equation

%gﬁw(t) =Fu(t, 9o (1), §u (1)) (16.34)

on D;(7") whose right-hand side is well-defined on the everywhere dense
subset D5 tH(T™) in D5 (7). Equation (16.34) has no diffusion term and
so it is an ordinary differential equation with parameter w € (2. Here we
do not investigate the solvability of (16.34) but suppose that for the initial
conditions g,(0) = e and §,(0) = uo € T.D5T(T") it a.s. has a unique
H*+1.solution g, () which is a.s. well-defined on a non-random time interval
t € [0,T] for some T > 0. Consider the divergence-free a.s. H"1-vector field
U, (t,m) on T™ given by the relation g, () = uy (¢, g (t)). The analog of the
above-mentioned vector U now takes the form

U(t,m) = E(u,(t,m — ow,(t))) = EQGTR;VEM(”uw(t). (16.35)
As in Lemma 16.32 it is easy to see that the vector field (16.35) is divergence-
free.

Theorem 16.35 The divergence-free vector field U given by (16.35) satisfies
2

the Navier-Stokes equation without external force and with viscosity % :

o 2
22U+ (U-V)U- %VzU — gradp; = 0. (16.36)
Proof. For the random field w/,(t,m) of linear operators and the random
field w/’(t,m) of bilinear operators (here the primes denote derivatives of u

in m € T™) the stochastic integrals fot ul,(t, m)dw, (t) and
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¢ t ¢
/ u! (t,m)(dwy (t), dw, (t)) = / tru/dt = / V2u,, dt
0 0 0

are well-defined. Then by applying standard arguments to the Taylor series
expansion of u,, one can easily see that the It6 formula is well-defined for
Uy, (t,m — ow,,(t)) and so

E (dug(t,m — ow,(t)))

2
—F <§tuw(t, m — ow, (£))dt + -V (t,m — oww@))dt) :

From (16.34) it follows (see (16.12) and (16.13)) that %uw = —P|(uw-V)uy,]+
Sw(t,uy(t)). Thus, in the same manner as in the proof of Theorem 16.33 and
the derivation of (16.33), we obtain

%U(t,m) =F (%uw(t,m - wa(t))> = —E[((uw . V)uw) (t,m — ow,(t))

+ V2U + gradp + EQETRW<U>(t)§w(ta uy(t))
—U-VU+Z VQIU +gradp — E[(Uu. ) - V)Uuu))
+EQ.TR; (a)(t)&)(t Uy (t)). (16.37)
But by construction and by formulae (5.13) and (5.14) we get
EQ.TR, ., (oS (b s (1))
= EQeTR‘;,m( t Wf,“)(t)PE [( w(t) V)T, Uy (t) }

= EQ.TR_ wio i L Bw o o Qwio - PE [((j"“(” ' v)ﬁ”“(“}

QTR

= PE (U V)] - (16.38)

Since U is divergence-free, the vector fields 2 5 U and V2U are divergence-
free as well. Hence, gradp in (16.37) is taken from relation (5.7) for ¥ =
E([(uw - V)ugl(t,m — ow,(t))), i.e.,

PE ([(uw - V)ugl(t,m — owy, (1)) = E ([(uy - V)uy](t,m — ow,,(t))) —grad p.

Define gradp; and gradps by the relations P(U - V)U = (U - V)U — grad p
and PE[(Uuw(t) . V)Uuw(t)} = E[(Uuw(t) V)Uuw(t)] fgradpg. Clearly, gradp =
gradp; + gradps (i.e., to within an additive constant p = p; + p2). Thus
(16.36) follows from (16.37) and (16.38) in the natural form 2U+(U-V)U—

%QVQIU —gradp; = 0. O
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4-acceleration, 379, 385
4-momentum, 304
4-velocity, 304
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e-approximation, 99
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of a stochastic process, 357
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curve, 267
tangent vector, 267
vector field, 405
algebra of a group, 108
almost lower semicontinuous
set-valued force field, 289
set-valued mapping, 98
anticipating integral, 125
antisymmetric mean derivative, 194
relativistic, 384
associated bundle, 16
atlas
continuous, 77
uniform Riemannian, 144

backward admissible stochastic process,
405
backward differential, 126
backward It6 bundle, 150
backward Itd equation (section of backward
It bundle), 151
backward It6 formula, 128
backward It6 integral, 125
backward It6 process, 127
backward martingale, 119
backward mean derivative, 188, 198
relative to the future, 188
with respect to H, 225
covariant, 405
relativistic, 376
backward stochastic differential, 228
backward stochastic flow, 138
backward Wiener process, 201
Banach manifold, 4
barotropic fluid, 390
base of a bundle, 14
basic vector field, 63
Bianchi identity, 61
bilinear form
non-degenerate, 19
signature, 300
body coordinates, 258
Bohnenblust-Karlin fixed point theorem,
295
Borel o-algebra, 119
boundary, 4
bracket
Lie, 7
of vector fileds, 13
Poisson, 96
trivial, 13
Bressan-Colombo Theorem, 99
Brownian motion, 122
bundle, 14

Index

associated, 16
base, 14
cotangent, 9
cross-section, 16
frame, 16
principal, 15
projection, 14
standard fiber, 14
structure group, 14
tangent, 5
tensor, 23
total space, 14
vector, 15
zero-section, 17
Burgers equation, 403
without viscous term, 389

canonical 1-form, 95
canonical 2-form, 95
canonical correspondence with respect to a
connection, 151
Cartan’s development, 87
Cauchy problem
locally well-posed, 71, 75
regular, 75
Chow-Rashevsky Theorem, 270
Christoffel symbols
of the first kind, 57
of the second kind, 45, 51
tetrad, 52
closed form, 28
closed set-valued mapping, 98
co-gradient, 108
codifferential, 31
commuting vector fields, 34
compactness lemma, 89
compatible connection and metric, 155
complete
connection, 54
flow of a vector filed, 67
Riemannian manifold, 19
Riemannian metric, 19
stochastic flow, 135, 158
vector field, 67
completely continuous vector field, 78
components of a tensor, 22
conditional expectation, 117
conditional probability, 117
configuration space, 255
conjugate
operator, 23
point, 54
connection
complete, 54
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connector, 42

Euclidean, 41, 326

flat, 55

form, 61

Levi-Civitd, 58

on a manifold, 50

on a principal bundle, 61

on a vector bundle, 40

reduced, 268

Riemannian, 56
connector, 42

local, 43, 326
conservation law, 263

of angular momentum, 266
conservation of energy law, 259
conservative mechanical system, 258
constraint, 267

holonomic, 267

non-holonomic, 267

totally non-holonomic, 267
continuous

atlas, 77

covector field, 10

scalar field, 4

set-valued mapping, 98

vector field, 6
contraction of a tensor, 24
contravariant rank, 22
controllability problem, 284
convective representation, 258
coordinate process, 116

coordinate-momentum phase space, 255

coordinate-velocity phase space, 255
coordinates
curvilinear, 3
local, 3
cotangent
bundle, 9
mapping, 11
space, 8
vector, 8
coupled It6 equations, 230
covariant
backward mean derivative, 405
derivative, 46, 48, 51
derivative (reduced), 267
differential, 61
formula, 47
forward mean derivative, 405
mean derivative, 232
rank, 22
covector, 8
physically equivalent, 20
covector field, 10
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continuous, 10

smooth, 10
cross-section

of a bundle, 16

parallel, 49
current 4-velocity

relativistic, 384
current velocity, 195
curvature

form, 61

Gaussian, 59

scalar, 59

tensor, 55

Ricci, 59

curve, 4

acceleration, 66

admissible, 267

variation, 260

variation with fixed ends, 260
curvilinear coordinates, 3
cut locus, 54
cylinder set, 116

decomposable set, 99
degree, 25
density of electric charge, 313
derivative
covariant, 46, 48, 51
of a function in the direction of a vector
field, 7
differential
s-form, 25
backward, 126
covariant, 61
exterior, 28
forward, 126
of a function, 10
of a mapping, 8
symmetric, 126
differential equation with mean derivatives
first order, 239
differential form, 26
differential inclusion, 100
forward mean derivatives, 211
with forward P-mean derivatives, 222
diffusion
coefficient, 129
process, 128
type process, 128
type stochastic differential equation, 130
direction
to future, 303
to past, 303
displacement form, 63
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dissipative set-valued vector force field, 347  field of variation, 260

distance Filippov’s method, 271
internal, 19 filtration, 117
Riemannian, 19 first fundamental form, 18
distribution, 17 first integral, 263
integrable, 17 first order differential equation
involutory, 17 with current velocities, 219
of a process, 116 with forward mean derivatives, 209
divergence, 32, 34 flat connection, 55
domain of possible motion, 263 flow
double of a manifold, 4 of a vector field, 7
drag force, 340 complete, 67
drift, 129 stochastic, 135
dual operator, 23 L'-complete, 163
backward, 138
Eells-Elworthy development, 169 complete, 135, 158
Einstein equation, 314, 315 continuous at infinity, 160
Einstein tensor, 314 of diffeomorphisms, 138
Einstein’s Convention, xxii of homeomorphisms, 138
Einstein-de Sitter space-time, 301 strictly complete, 135
electric charge strongly complete, 135
density, 313 force, 9
three-dimensional density, 313 force field, 255
electric field form
potential, 313 s-form, 26
strength, 313 bilinear, 19
electromagnetic field, 312 canonical 1-form, 95
elementary tensor, 22 canonical 2-form, 95
EMD, 199 closed, 28
equation in backward differentials, 203 connection, 61
equation with P-mean derivatives, 221 curvature, 61
equation with mean derivatives (EMD), differential, 26
199 differential s-form, 25
kth-order, 199 displacement, 63
essential extension of a vector field, 272 exact, 28
Euclidean connection, 41, 326 exterior, 26
Euler equation, 258, 392, 394 exterior s-form, 25
Eulerian representation, 258 first fundamental form, 18
event, 303 horizontal 1-form, 255
exact form, 28 identically zero, 27
explosion time, 136 tangent, 110
exponential map, 54 torsion, 63
exterior volume, 30
s-form, 25 forward admissible stochastic process, 405
codifferential, 31 forward differential, 126
differential, 28 forward mean derivative, 187, 198
form, 26 with respect to H, 225
product, 26 covariant, 405
extremal, 260 relative to the past, 188
values of controlling force, 274 relativistic, 376
with fixed end-points, 260 forward stochastic differential, 152
extreme point, 274 frame bundle, 16

Friedman universe, 301
fiber bundle, 14 Frobenius’ Theorem, 17
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functional

calculus of variations, 260

of action, 260

of length, 260

variation, 260
fundamental vector field, 60
future

o-algebra, 116

domain, 306

proper, 306

Gaussian curvature, 59
general linear group, 11
generalized Langevin equation, 332
generator

of a stochastic flow, 137

backward, 138
of a one-parameter diffeomorphism
group, 264

geodesic, 53

spray, 93
Glicksberg-Ky Fan Theorem, 100, 291
global chart, 166
gradient, 20
group action, 12
gyroscopic force field, 263

Hamilton’s principle of least action, 262
Hamiltonian, 95
system, 96
vector field, 95
Hausdorff
continuous set-valued mapping, 98
metric, 98
submetric, 98
Hilbert manifold, 4
holonomic constraint, 267
Hopf equation, 389
Hopf-Rinow Theorem, 95, 262
horizontal
1-form, 255
component, 94
lift, 49, 50, 169-171
subspace, 40, 61
vector, 40

identically zero form, 27
induced Riemannian metric, 168
inertia

operator, 257

tensor, 257
infinite-dimensional manifold, 4
infinitesimal generator, 137

backward, 138
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integrable distribution, 17
integral
curve of a vector field, 6
manifold, 17
of motion, 263
interior
of light cone, 303
product, 29
internal
distance, 19
energy, 389
involutory distribution, 17
isometrical embedding, 18
isotropic
vector, 303
world line, 304
1t6 algebra, 147
It6 bundle, 148
backward, 150
principal, 148
1t6 condition, 131
1t6 development, 170, 171
It6 equation
backward, 151
coupled, 230
in backward differentials, 228
in Baxendale’s form, 153
in Belopolskaya-Daletskii form, 153
section of an It6 bundle, 148
1t6 formula, 127
backward, 128
1t6 group, 147
1t6 integral, 123
backward, 125
line It6 integral with Riemannian
parallel translation, 178
It6 process, 126
backward, 127
on a Lorentz manifold, 383
on a manifold, 176
1t6 stochastic differential equation, 125,
129
1t6 vector field, 140, 157

Jacobi identity, 8
Jacobi metric, 262

Killing form, 14

kinetic energy, 255

Kodaira-Hodge Laplacian, 31
Kolmogorov-Fokker-Planck equation, 382

Lagrangian hydrodynamical system (LHS)
of an ideal barotropic fluid, 391
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of an ideal incompressible fluid, 393
of diffuse matter, 387
Lagrangian of a natural mechanical system,
260
Lagrangian representation, 258
Langevin equation, 336
Langevin inclusion, 342
Laplace-Beltrami operator, 59
Laplace-de Rham operator, 31
least constrained non-holonomic geodesic,
269
left action of a group, 12
left-invariant vector field, 12
length minimizing non-holonomic geodesic,
269
less than quadratic growth, 288
Levi-Civita connection, 58
LHS
of an ideal barotropic fluid with external
force, 391
of an ideal barotropic fluid without
external force, 391
of an ideal incompressible fluid with
external force, 393
of an ideal incompressible fluid without
external forces, 393
Lie algebra, 13
of a Lie group, 13
Lie bracket of vector fields, 7
Lie derivative, 33, 34
Lie group, 11
light cone, 303
interior, 303
light-like
vector, 303
world line, 304
line It6 integral with Riemannian parallel
translation, 178
linear constraint, 267
local connection coefficient, 43, 326
local connector, 43, 51, 326
local coordinates, 3
local martingale, 119
local solution, 165
locally well-posed Cauchy problem, 71, 75
Lorentz equation, 312
Lorentz manifold, 300
Lorentz metric, 300
Lorentz transformation, 311
standard form, 311
lower semicontinuous set-valued mapping,
97

magnetic field

Index

strength, 313

vector potential, 313
manifold

Banach, 4

complete Riemannian, 19

connection, 50

double of, 4

Hilbert, 4

infinite-dimensional, 4

integral, 17

Lorentz, 300

non-orientable, 30

orientable, 30

oriented, 30

parallelizable, 17

Poisson, 96

Riemannian, 18

second order differential equations, 92

semi-Riemannian, 19

smooth, 3

stochastically complete Riemannian, 173

symplectic, 96

topological, 3

trivializable, 17

uniformly complete, 178

with boundary, 4
Markov process, 118

simple, 118
Markov time, 118
martingale, 118

backward, 119

with respect to a connection, 149
mass, 304
material coordinates, 258
mathematical expectation, 341
Maupertuis principle of least action, 262
maximal set-valued vector force field, 347
Maxwell’s equations, 312, 314
mean derivative

JF-mean derivative, 188

P-mean derivative, 188

antisymmetric, 194

antisymmetric relativistic, 384

backward, 188, 198

with respect to H, 225

backward covariant, 232, 405

backward relative to the future, 188

backward relativistic, 376

covariant, 232

forward, 187, 198

with respect to H, 225

forward covariant, 232

quadratic, 192, 234, 335

quadratic P-mean derivative, 192
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quadratic relative to the past, 192
relativistic symmetric, 384
symmetric, 194
mechanical system, 255
on a Lie group, 257
metric
complete Riemannian, 19
Hausdorff, 98
induced Riemannian, 168
Lorentz, 300
Riemannian, 18
semi-Riemannian, 19
weak Riemannian, 107
metric tensor, 20, 299
Michael’s Theorem, 98
Minkowski space, 301
model space, 3
momentum
4-momentum, 304
conservation law, 265
of a mechanical system, 257

Nash’s theorem, 18
Navier-Stokes equation, 404
Newton-Nelson equation, 358, 368, 385
Noether’s theorem, 264
non-anticipative process, 117
non-conjugate point, 297
non-degenerate bilinear form, 19
non-holonomic constraint, 267
non-holonomic dynamics, 270
non-orientable manifold, 30
normal chart, 54

normal neighborhood, 54

one-parameter diffeomorphism group, 263
orbit
of a flow, 67
of a one-parameter diffeomorphism
group, 263
of a stochastic flow, 135
orientable manifold, 30
orientation, 30
oriented manifold, 30
Ornstein-Uhlenbeck coordinate process,
341
Ornstein-Uhlenbeck velocity process, 341
orthogonal
matrix, 12
operator, 310
osmotic velocity
of a process, 195
relativistic, 384
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parallel cross-section, 49
parallel translation, 49, 52, 62

along a stochastic process, 176
parallel vector field, 52
parallelizable manifold, 17
parameter of velocity, 309
past

o-algebra, 116

domain, 306

proper, 306

path, 4
phase space

coordinate-momentum, 255

coordinate-velocity, 255
physically equivalent

covector, 20

vector, 20
Poisson bracket, 96
Poisson manifold, 96
polyvector, 26

field, 26
potential

energy, 259

of an electric field, 313
power, 9
present o-algebra, 116
pressure, 390
principal bundle, 15
principal It6 bundle, 148
principal lemma of Riemannian geometry,

57

principle of least action

Hamilton’s form, 262

Maupertuis form, 262
probability measure, 119
projection of a bundle, 14
Prokhorov’s Theorem, 120
proper

function, 68

future, 306

mapping, 68

past, 306

time, 305
pull-back, 11

quadratic P-mean derivative, 192

quadratic bound, 289

quadratic mean derivative, 192, 234, 335
relative to the past, 192

random diffeomorphism, 138
random homeomorphism, 138
random time, 118
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realization of a Wiener process in tangent
space, 172
redshift, 302
reduced connection, 268
reduced covariant derivative, 267
reference frame, 306
regression, 118, 192
regular Cauchy problem, 75
Regularity Theorem, 397
relatively weakly compact set, 77
relativistic antisymmetric mean derivative,
384
relativistic backward mean derivative, 376
relativistic current 4-velocity, 384
relativistic forward mean derivative, 376
relativistic mass, 308
relativistic Newton-Nelson equation, 380
relativistic osmotic velocity, 384
relativistic symmetric mean derivative, 384
rest mass, 308
Ricci curvature tensor, 59
Riemannian connection, 56
Riemannian distance, 19
Riemannian manifold, 18
complete, 19
stochastically complete, 173
uniformly complete, 178
Riemannian metric, 18
complete, 19
induced, 168
weak, 107
Riemannian volume form, 30
right action of a group, 12
right-invariant vector field, 12
rotation, 32

sample path, 116
scalar, 4
scalar curvature, 59
scalar field, 4

continuous, 4

smooth, 4
Schwarzschild space-time, 302
screw gradient, 95
second order differential equation on a

manifold, 92

second order tangent bundle, 65
second order tangent space, 65
second order tangent vector, 65
second tangent bundle, 38
selector of a set-valued mapping, 98
semi-martingale, 119
semi-Riemannian manifold, 19
semi-Riemannian metric, 19

Index

set-valued force field, 272
almost lower semicontinuous, 289
set-valued mapping, 97
almost lower semicontinuous, 98
closed, 98
continuous, 98
Hausdorff continuous, 98
lower semicontinuous, 97
selector, 98
upper semicontinuous, 97
value, 97
set-valued vector force field, 272
dissipative, 347
maximal, 347
signature of a bilinear form, 300
simple Markov process, 118
skew-symmetric tensor, 25
smooth
change of coordinates, 4
covector field, 10
manifold, 3
mapping of manifolds, 4
scalar field, 4
vector field, 6
space coordinates, 258
space of sample paths, 116
space of trajectories, 116
space-like
vector, 303
world line, 304
space-time, 300
time-oriented, 303
special orthogonal group, 12
special vector field, 92
specific internal energy, 390
spray, 93
standard fiber of a bundle, 14
standard form of a Lorentz transformation,
311
state equation, 390
stochastic differential
backward, 228
forward, 152
stochastic differential equation
in It6 form, 129
in Stratonovich form, 129
in Stratonovich form on a manifold, 140
section of an It6 bundle, 148
with constraints, 271
stochastic evolution family, 135
stochastic flow, 135
L'-complete, 163
complete, 135
continuious at infinity, 160
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of diffeomorphisms, 138

of homeomorphisms, 138

strictly complete, 135

strongly complete, 135
stochastic process, 115

acceleration, 357

backward admissible, 405

forward admissible, 405
stochastic-mechanical trajectory, 357, 368
stochastically complete Riemannian

manifold, 173
stopping time, 118
Stratonivich process, 128
Stratonovich integral, 125
Stratonovich stochastic differential
equation, 129

stress-energy tensor, 315
strictly complete stochastic flow, 135
strong Riemannian metric, 111
strong solution, 130, 182, 337, 343
strongly complete stochastic flow, 135
strongly unique solution, 131
structure equation, 61
structure group of a bundle, 14
submanifold, 4
symmetric

differential, 126

mean derivative, 194

tensor, 25

tensor product, 25
symplectic

form, 96

manifold, 96

tangent bundle, 5
second, 38
second order, 65

tangent form, 110

tangent mapping, 8

tangent space, 5
second order, 65

tangent vector, 5
admissible, 267
second order, 65

tensor
(r, s)-tensor field, 23
bundle, 23
components, 22
contraction, 24
curvature, 55
elementary, 22
field, 22, 23
force field, 333
inertia, 257
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metric, 20
of type (r,s), 21
Ricci curvature, 59
skew-symmetric, 25
stress-energy, 315
symmetric, 25
torsion, 55
trace, 24
type (r,s), 21
tensor product, 22, 24
symmetric, 25
tetrad
Christoffel symbols, 52, 58
connector, 52
three-dimensional current density of
electric charge, 313
time-like
vector, 303
world line, 304
time-oriented space-time, 303
topological manifold, 3
torsion
form, 63
tensor, 55
total energy, 259
total space of a bundle, 14
totally non-holonomic constraint, 267
trace of a tensor, 24
trajectory, 256
of a one-parameter diffeomorphism
group, 263
of a relativistic stochastic-mechanical
system, 385
of a stochastic process, 116
of a system with discontinuous force
field, 273
stochastic-mechanical, 357, 368
trivial bracket, 13
trivializable manifold, 17
trivialization, 6, 15

uniform Riemannian atlas, 144

uniformly complete Riemannian manifold,
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upper Carathéodory condition, 98, 289

upper semicontinuous set-valued mapping,
97

vakonomic dynamics, 270
valency, 22
value of a set-valued mapping, 97
variation

of a curve, 260

of a curve with fixed ends, 260
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of a functional, 260

vector

3-vector, 306

r-vector, 25

cotangent, 8

horizontal, 40

isotropic, 303

light-like, 303

physically equivalent, 20
space-like, 303
time-like, 303

vertical, 36, 60, 255

vector bundle, 15

connection, 40

vector field, 6

r-vector field, 25
admissible, 405

basic, 63

complete, 67
completely continuous, 78
continuous, 6
divergence, 34
essential extension, 272
flow, 7

fundamental, 60
Hamiltonian, 95
integral curve, 6

1t6, 140

left-invariant, 12

Lie bracket, 7

parallel, 52
right-invariant, 12
rotation, 32

smooth, 6

special, 92

vector fields

commuting, 34

vector force field, 256

set-valued, 272
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vector potential

of a magnetic field, 313

of an electromagnetic field, 313
velocity

4-velocity, 304

of a mechanical system, 257
velocity hodograph, 276
vertical

component, 94

lift, 50

subspace, 36, 50, 60

vector, 36, 60, 255
volume form, 30

weak convergence of measures, 119
weak Riemannian metric, 107
weak solution, 130, 182, 209, 211, 221, 222,
239, 240, 337, 343
weak uniqueness, 131
weakly proper function, 71, 78
weakly relatively compact set of measures,
120
Weitzenbok formulae, 59
white noise, 120
Whitney’s Theorem, 3
Wiener measure, 122
Wiener process, 121, 172
backward, 201
on a manifold, 173
standard, 122
‘Wong-Zakai Theorem, 134
world line, 303
isotropic, 304
light like, 304
space-like, 304
time-like, 304

zero-section, 17
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